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Towards the continuum limit of nucleon form factors.... Ryutaro Tsuji

1. Introduction

In the standard model of modern particle physics, protons and neutrons, known as nucleons,
are composite particles of quarks and gluons, and the interaction among them is formulated as
Quantum Chromodynamics (QCD). This indicates that the nucleon has a non-trivial structure due
to the complex dynamics of QCD. One of the topics that have recently come under the spotlight is
the “size” of the nucleon such as electric (〈𝑟2

𝐸〉), magnetic (〈𝑟2
𝑀 〉) and axial (〈𝑟2

𝐴〉) radii, which can
be extracted from the corresponding form factors [1].

The experimental measurement of the electric radius has a significant puzzle, which is known
as the proton radius puzzle [2]. This puzzle arises from the experiments and is not solved yet. As
for the magnetic radius, there is still large uncertainty. It has been reported that the experiments
give a different behavior of the magnetic form factor depending on the parametrization [3, 4].
This uncertainty leads to the fact that the magnetic radius is not well determined experimentally
yet. There is also some tension in the axial radius between the experiment and lattice QCD [1].
This tension causes a large discrepancy in the neutrino-nucleon scattering amplitude, which has an
important role in dark matter search experiments [5].

The lattice QCD community has also computed the size of the nucleon. Towards the high-
precision determination by lattice QCD, the major sources of uncertainties are identified as follows:
statistical noise, excited-state contaminations, model dependences for extracting radii from data,
finite-size effects, and chiral-continuum extrapolation [6]. Recent lattice QCD calculations have
succeeded in reproducing the results being consistent with the experiments [7–10]. However, they
are not enough precise to draw a firm conclusion on the above mentioned issues.

This work presents the preliminary result of our study. In our previous work [11], although
most of the uncertainties are handled, the discretization uncertainty is not examined yet. Therefore
we calculate on the second PACS10 ensemble in order to study the discretization uncertainties of
the nucleon form factors.

2. Method

We calculate the electric and magnetic form factors, 𝐺𝐸 (𝑞2), 𝐺𝑀 (𝑞2) and the axial form factor
𝐹𝐴(𝑞2). The first two are relevant for the electron-nucleon scattering experiment, while the latter
provides crucial information for building neutrino-nuclear cross-section from neutrino-nucleon
scatterings.

We simply focus on the isovector quantities, where the disconnected contributions are canceled
by each other under the exact SU(2) isospin symmetry [12]. Therefore the isovector electric and
magnetic form factors are given by the combination of proton’s and neutron’s form factors,

𝐺𝑣
𝑙 (𝑞

2) = 𝐺 𝑝
𝑙 (𝑞

2) − 𝐺𝑛
𝑙 (𝑞

2), 𝑙 = {𝐸, 𝑀}, (1)

colorwhich are used for comparison with experimental values. On the other hand, the axial form
factor can be directory compared with phenomenological values provided by the neutron 𝛽 decay.
As for the axial form factor, the axial vector coupling, 𝑔𝐴 = 𝐹𝐴(𝑞2 = 0), is experimentally well
determined as 𝑔𝐴 = 1.2756(13) [13]. Therefore, we also calculate this quantity as a good reference
for checking calculation accuracy.
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The nucleon 2-point function with the nucleon interpolating operator located at either smeared
(S) or local (L) sources (𝑡src), and local sink (𝑡sink) is constructed as

𝐶𝑋𝑆 (𝑡sink − 𝑡src; 𝒑) =
1
4

Tr
{
P+〈𝑁𝑋 (𝑡sink; 𝒑)𝑁𝑆 (𝑡src;− 𝒑)〉

}
with 𝑋 = {𝑆, 𝐿}, (2)

where P+ = (1 + 𝛾4)/2, which can eliminate the unwanted contributions from the negative-parity
state for | 𝒑 | = 0 [14]. In this study, the smeared operators are constructed by the exponentially
smeared quark operators, so as to maximize overlap with the nucleon ground state as

𝑁 (𝑡, ®𝑝) =
∑

®𝑥 ®𝑥1 ®𝑥2 ®𝑥3

e−𝑖 ®𝑝 · ®𝑥𝜀𝑎𝑏𝑐
[
𝑢𝑇𝑎 (𝑡, ®𝑥1)𝐶𝛾5𝑑𝑏 (𝑡, ®𝑥2)

]
𝑢𝑐 (𝑡, ®𝑥3) × Π3

𝑖=1𝜙( ®𝑥𝑖 − ®𝑥), (3)

where the smearing function 𝜙( ®𝑥𝑖 − ®𝑥) = 𝐴e(−𝐵 | ®𝑥𝑖−®𝑥 |) is parameterized with two parameters (𝐴, 𝐵).
For simplicity, ®𝑥1 = ®𝑥2 = ®𝑥3 is chosen.

The nucleon isovector form factors can be extracted from the nucleon 3-point functions,

𝐶𝑘
O𝛼

(𝑡; 𝒑′, 𝒑) = 1
4

Tr
{
P𝑘 〈𝑁 (𝑡sink; 𝒑)𝐽O𝛼 (𝑡; 𝒒 = 𝒑 − 𝒑′)𝑁 (𝑡src;− 𝒑)〉

}
, (4)

where P𝑘 is a projection operator as P𝑡 = P+ and P53 = P+𝛾5𝛾3, and 𝐽O𝛼 represents isovector local
current operators as 𝐽O𝛼 = 𝑢̄O𝛼𝑢 − 𝑑O𝛼𝑑 with O𝛼 = 𝛾𝛼, 𝛾𝛼𝛾5 for the vector (𝑉𝛼) and axial-vector
(𝐴𝛼) currents, respectively. In a conventional way to extract the form factors, we take an appropriate
combination of 2-point function (2) and 3-point function (4),

R𝑘
O𝛼

(𝑡; 𝒑′, 𝒑) =
𝐶𝑘
O𝛼

(𝑡; 𝒑′, 𝒑)
𝐶𝑆𝑆 (𝑡sink − 𝑡src; 𝒑′)

√
𝐶𝐿𝑆 (𝑡sink − 𝑡; 𝒑) 𝐶𝑆𝑆 (𝑡 − 𝑡src; 𝒑′) 𝐶𝐿𝑆 (𝑡sink − 𝑡src; 𝒑′)
𝐶𝐿𝑆 (𝑡sink − 𝑡; 𝒑′) 𝐶𝑆𝑆 (𝑡 − 𝑡src; 𝒑) 𝐶𝐿𝑆 (𝑡sink − 𝑡src; 𝒑)

,

(5)

which leads to the following asymptotic values,

𝑅𝑡
𝑉𝑡
(𝑡; 𝒑) = 1

𝑍𝑉

√
𝐸𝑁 (𝑝) + 𝑀𝑁

2𝐸𝑁 (𝑝) 𝐺𝐸 (𝑞2), (6)

𝑅53
𝑉 𝑖 (𝑡; 𝒑) =

1
𝑍𝑉

𝑖𝜀𝑖3𝑘𝑞𝑘√
2𝐸𝑁 (𝑝) (𝐸𝑁 (𝑝) + 𝑀𝑁 )

𝐺𝑀 (𝑞2), (7)

𝑅53
𝐴𝑖
(𝑡; 𝒑) = 1

𝑍𝐴

√
𝐸𝑁 (𝑝) + 𝑀𝑁

2𝐸𝑁 (𝑝)

[
𝐹𝐴(𝑞2)𝛿𝑖3 −

𝑞𝑖𝑞3

𝐸𝑁 (𝑝) + 𝑀𝑁
𝐹𝑃 (𝑞2)

]
(8)

under the condition of 𝑡sink � 𝑡 � 𝑡src, where the excited-state contaminations are negligible. We
determine the form factors in the asymptotic region (hereafter denoted as the plateau method).

The RMS radius of a form factor GO (𝑞2) can be read off from the slope at 𝑞2 = 0,
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〈𝑟2
O〉 = − 6

GO (0)
𝑑GO (𝑞2)

𝑑𝑞2

����
𝑞2=0

(9)

with GO = 𝐺𝐸 , 𝐺𝑀 , 𝐹𝐴. In this study, the z-expansion method, which is known as an model
independent analysis, is employed [15, 16]. We make a fit to form factors GO (𝑞2) by the following
functional form,

GO (𝑞2) =
𝑘max∑
𝑘=0

𝑐𝑘 𝑧(𝑞2)𝑘 = 𝑐0 + 𝑐1𝑧(𝑞2) + 𝑐2𝑧(𝑞2)2 + 𝑐3𝑧(𝑞2)3 + . . . , (10)

where a new variable 𝑧 is defined by a conformal mapping from 𝑞2 as

𝑧(𝑞2) =
√
𝑡cut + 𝑞2 − √

𝑡cut√
𝑡cut + 𝑞2 + √

𝑡cut
(11)

with 𝑡cut = 4𝑀2
𝜋 for 𝐺𝐸 and 𝐺𝑀 , or with 𝑡cut = 9𝑀2

𝜋 for 𝐹𝐴. In this study, 𝑘max = 3 is adopted.

3. Simulation details

We mainly use the PACS10 configurations generated by the PACS Collaboration with the
six stout-smeared O (𝑎) improved Wilson-clover quark action and Iwasaki gauge action at 𝛽 =
1.82 and 2.00 corresponding to the lattice spacings of 0.085 fm (coarser) and 0.064 fm (finer),
respectively [17–20]. When we compute nucleon 2-point and 3-point functions, the all-mode-
averaging (AMA) technique [21, 22] is employed in order to reduce the statistical errors significantly
without increasing computational costs. The nucleon interpolating operators defined in Eq. (3) are
exponentially smeared with (𝐴, 𝐵) = (1.2, 0.16) for 1284 lattice ensemble and (𝐴, 𝐵) = (1.2, 0.11)
for 1604 lattice ensemble. As for the 3-point functions, the sequential source method is employed
and calculated with 𝑡sep/𝑎 = {10, 12, 14, 16} for 1284 lattice ensemble and 𝑡sep/𝑎 = {16, 19} for
1604 lattice ensemble.

Table 1: Summary of simulation parameters used in this study.

𝛽 𝐿3 × 𝑇 𝑎−1 [GeV] 𝐿𝑎 [fm] 𝜅𝑢𝑑 𝜅𝑠 𝑀𝜋 [GeV]
1284 lattice 1.82 1283 × 128 2.3162(44) 10.9 0.126117 0.124902 0.135
1604 lattice 2.00 1603 × 160 3.1108(70) 10.1 0.12584 0.124925 0.138

4. Numerical results

In this study, we would like to present the preliminary results of 𝑔𝐴/𝑔𝑉 obtained from the
1604 lattice ensemble. Comparing with the results obtained from the 1284 lattice ensemble, we will
discuss the discretization uncertainty on 𝑔𝐴/𝑔𝑉 that is not renormalized in the continuum limit, and
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Figure 1: Preliminary results of 𝑔𝐴/𝑔𝑉 obtained from 1284 and 1604 lattice ensembles. We show 𝑡sep
dependence (left) and lattice discretization dependence (right), respectively.

thus it is associated with the renormalized axial charge. We then next show the preliminary results
of nucleon’s isovector electric, magnetic and axial RMS radii obtained from the nucleon elastic
form factor for each current. We will also discuss the discretization uncertainties on these radii,
later. Before showing these results, we first examine the dispersion relation of the nucleon at both
the coarser and finer lattice spacings, and then confirm that the ones observed in our simulations
agree well with the relativistic continuum dispersion relation up to our highest momentum transfer.
This indicates that the on-shell 𝑂 (𝑎) improvement works properly at the finite momentum we used
in this study.

4.1 Ratios of 𝑔𝐴/𝑔𝑉 from 1284 and 1604 lattice ensembles

We first present our preliminary results of 𝑔𝐴/𝑔𝑉 obtained from both 1284 and 1604 lattice
ensembles, since the renormalization constants are not yet evaluated at the finer lattice spacing. In
the left panel of Fig 1, we show the 𝑡sep dependence of the ratios of 𝑔𝐴/𝑔𝑉 , which are evaluated by
the standard plateau method. At first glance, the 1284 lattice results suggest that the condition of
𝑡sep ≥ 1 fm is large enough to eliminate the excited-state contaminations within statistical precision.
The preliminary results of 𝑔𝐴/𝑔𝑉 from the 1604 lattice ensemble, keeping the same condition of
𝑡sep ≥ 1 fm, reveal consistent results with the coarser case.

We then examine the discretization uncertainty on 𝑔𝐴/𝑔𝑉 in the right panel of Fig. 1. For both
1284 and 1604 lattices, we plot the results obtained from the combined analysis with the selected
data (𝑡sep/𝑎 = {12, 14, 16} for 1284 lattice and 𝑡sep/𝑎 = {16, 19} for 1604 lattice) by using the
correlated constant fits. The figure shows that both the coarser and finer results well reproduce the
experimental value [13] at the level of the statistical precision of about 2%. This indicates that the
size of the discretization uncertainties on the renormalized axial charge is less than 2% at most.
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Figure 2: Preliminary results of the isovector electric (left), magnetic (center) and axial (right) RMS radii
obtained from the 1284 (red diamond) and 1604 (blue circle) lattice ensembles. The black and orange bands
shown in the isovector electric radius represent the results obtained from lepton-nucleon elastic scattering
and muonic hydrogen spectroscopy. An for the other channels, the orange bands represent their experimental
or phenomenological values.

4.2 Nucleon elastic form factors and Root-Mean-Square (RMS) radii

We next present the preliminary results of three kinds of the nucleon isovector RMS radii, such
as the electric, magnetic and axial RMS radii, obtained from the 1604 lattice ensemble, compared
with those of the 1284 lattice ensemble.

In three panels of Fig. 2, we show results of the RMS radii in the three channels. All of these
values including the 1284 lattice results are given by the z-expansion method [15, 16], which is the
model-independent method in the determination of the nucleon RMS radii from the corresponding
form factors. As for the preliminary results of 1604 lattice, we only use the data of 𝑡sep/𝑎 = 19. This
is simply because the larger value of 𝑡sep/𝑎 yields the smaller systematic uncertainties stemming
from the excited-state contaminations.

As shown in the left panel of Fig. 2, the discretization uncertainty of the electric RMS radius is
evaluated to be more than 10%, which is much larger than their statistical errors of about 3-4%. This
indicates that the 1284 lattice result suffers more severely from the discretization uncertainty than
the preliminary 1604 lattice result. Further studies are needed to confirm that the other systematic
errors from the excited-state contamination are well controlled to draw a firm conclusion. On the
other hand, as for the magnetic and axial RMS radii, the sizes of their discretization errors seem to
be comparable with their statistical errors. This suggests that the discretization uncertainties of the
magnetic and axial RMS radii, are not large in contrast to the electric one.

5. Summary

We have evaluated the appropriate ratio of 𝑔𝐴/𝑔𝑉 and three types of the isovector RMS
radii, such as electric, magnetic and axial ones at two lattice spacings of 0.085 fm and 0.063 fm
towards the continuum limit, using the PACS10 gauge configurations. In this work, we examine
the discretization uncertainties on the nucleon elastic form factors obtained from our lattice QCD
calculations in a large spatial extent of about 10 fm at the physical point. First, we have succeeded
in reproducing the experimental value of the renormalized axial charge with both coarse and fine

6
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lattice ensembles at the level of the statistical precision of about 2%. The resultant values are
obtained under the condition of 𝑡sep ≥ 1 fm, where the systematic uncertainties from excited-state
contamination are kept below 2%.

We have also evaluated three types of the nucleon isovector RMS rasii such as electric, magnetic
and axial ones. First, the discretization uncertainty of the electric RMS radius is evaluated by
comparing the results calculated at two lattice spacings, and then we found that there is a rather
large discretization error on the electric RMS radius in contrast with the quantity of the renormalized
axial charge. On the other hand, as for the cases of both magnetic and axial radii, the size of the
discretization uncertainties seem to be still comparable with their statistical errors, and thus we
do not draw a firm conclusion. In our future projects with the 1604 lattice ensemble, we plan to
further study the systematic uncertainties stemming from the excited-state contamination with other
sets of 𝑡sep so as to make sure they are well under control. Needless to say that additional lattice
simulations using the third PACS10 ensemble [23] is required for achieving a comprehensive study
of the discretization uncertainties and then taking the continuum limit of our target quantities.
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