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Figure 1: Recent estimate of CKM elements from exclusive (bands) and inclusive (black circle) (figure
from Ref. [1]). The blue horizontal band shows |V,,;| determined from B — n{v, whereas the green vertical
band is |V,p| determined from the B — D¢y and By — Dg*)f v exclusive decays. The LHCb estimate of
[Vub|/|Vep| from Ap — puv and By — Kpuv is also plotted by the slanted band. Their average (red region) is
to be compared with the black circle from the inclusive decays.

1. Introduction

Heavy flavor physics provides an interesting testing ground of the Standard Model (SM)
through various flavor changing processes of heavy hadrons. Indeed, theoretical and experimental
investigations of B meson decays have reported intriguing tensions between the SM and experiments,
so-called B anomalies, as hints of new physics beyond the SM. These includes tensions on the
decay rate ratio R(D®))=I'(B— D™ 1v)/T(B— D™ ¢v) (£ =e, u) describing the lepton flavor
universality violation (LFUV), the differential decay rate of the B — Kuu decay and the angular
distribution of the B — K*uu decay.

These anomalies could be established as evidence of new physics together with on-going
experiments, namely LHCb at CERN and SuperKEKB/Belle IT at KEK. They play complementary
roles in the search for new physics: LHCb accumulates large samples both for B and B; mesons
generated through high-energy proton collisions, whereas Belle I is an e*e™ collider experiment of
high efficiency and purity and, hence, advantageous in B decays to final states with neutrinos and/or
multiple photons. Their physics run started in 2019 to accumulate fifty times more data than the
previous KEKB/Belle experiment by the early 2030’s. On the other hand, LHCb recently started
Run 3, and a high luminosity upgrade (HL-LHC) is also planned.

However, there has been a long-standing problem in the determination of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements |V,;| and |V.p|. As shown in Fig. 1, there is a
tantalizing ~ 3 o tension between analyses of the exclusive decays with the specified final state
hadron(s) and the inclusive decays without such specification. While the tension can be explained
by introducing a higher-dimensional tensor-type four fermion interaction beyond the SM, it largely
distorts the Z — bb decay rate, which has been precisely measured [2]. Therefore, it is likely that
the tension is not due to new physics, but theoretical and/or experimental uncertainty has not been
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fully understood. The largest theoretical uncertainty generally comes from relevant hadronic matrix
elements.

Lattice QCD is a powerful framework to non-perturbatively calculate the hadronic matrix
elements. There has been steady progress in the precise calculation of the so-called “gold-plated
quantities”, namely matrix elements for decays to the final state with at most one hadron stable in
QCD. In addition, the past several years have witnessed challenges to the non-gold-plated processes
especially for the inclusive decays relevant to the |V,,;| and |V, | tensions. In this article, we review
such recent progress on the B and D meson decays. We refer the readers to Ref. [3] by Flavour
Lattice Averaging Group (FLAG) for a comprehensive review and their world-average mainly on the
gold-plated quantities. We also leave detailed discussions on the B— D) £y decays to a dedicated
review talk by Alejandro Vaquero at this conference [4].

2. Exclusive semileptonic decays

2.1 B—nlv decay

The B — n{v decay involving the light leptons £ =e, u provides the conventional determination
of |Vup|. As mentioned in the introduction, however, this shows > 2 o (12 %) tension with the
inclusive analysis. This is a CKM suppressed process with the branching fraction of 8(B — nfv) ~
1.5 x 10~ to be compared with 8(B — D) {v) of several %. The accuracy of the previous Belle
measurement is, therefore, limited by the statistics. It is expected to be largely improved by Belle
II with the aimed integrated luminosity of / L ~50ab~', which is fifty times larger than Belle.
Actually, the “Belle II Physics Book” by Belle II-Theory Interface Platform (B2TiP) suggests that
the accuracy of |V,,;| would be limited by the uncertainty of lattice QCD at an early stage of Belle
IT around at f L~10ab~". In addition, B — 7y may provide a hint of new physics through the
LFUV ratio R(n)=T'(B—ntv)/T'(B— ntv) ((=e, u), which is expected to be measured by Belle
II with an accuracy of ~ 14 %. It is, therefore, an urgent task to improve the lattice calculation of
the B — mfv form factors. A target accuracy would be a few % or better in five years.

The recent status of the determination of |V,;| is summarized in the left panel of Fig. 2.
Previous studies by the HPQCD [6], RBC/UKQCD [7] and Fermilab/MILC [8] Collaborations
employed heavy quark actions based on effective field theories, such as the heavy quark effective
theory (HQET) or non-relativistic QCD (NRQCD), to simulate around the physical bottom quark
mass mp phys. The best precision of ~ 4 % has been achieved by Fermilab/MILC by simulating
the lattice cutoffs < 4.4 GeV, pion masses down to M, ~ 165MeV and by using the so-called
Fermilab approach, namely a HQET re-interpretation of the Wilson quark action [10]. Recently,
the JLQCD Collaboration calculated the form factors through the relativistic approach using the
Mobius domain-wall action [11] for all relevant quark flavors [9]. Their accuracy is typically 10 %
at similar lattice cutoffs but with larger M, > 230 MeV. As seen in Fig. 2, therefore, the recent world
averages of |V, | have been dominated by the Fermilab/MILC study about seven years ago.

The uncertainty of the Fermilab/MILC, RBC/UKQCD and JLQCD calculations mainly comes
from the statistics and continuum-chiral extrapolation. Controlling the chiral extrapolation is not
easy for B — nfv, because i) the chiral logarithm involves the B*Bxr coupling [12, 13], which can
not be fixed from chiral symmetry, and ii), compared to B— D) v, it is not suppressed by heavy
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Figure 2: Left: comparison of recent estimate of |V,;| from B — nfv. Blue open circles show previous
estimates by the HPQCD [6], RBC/UKQCD [7] and Fermilab/MILC [8] Collaborations, whereas black open
squares are obtained by HFLAV [1] and FLAG [3] using these lattice data. They are compared with recent
JLQCD’s estimate [9] (filled green circle), and |V,,;| from the inclusive decay (red open diamond) [1].
Right: relative shift of B— n from factor 4, as a function of pion momentum p (figure from Ref [21]). The
time span of the intermediate B*r state is fixed to 1.3 fm.

quark symmetry [14, 15]. Therefore, we need a high statistics simulation close to the physical
pion mass My pnys to achieve the target accuracy comparable to the Belle II measurement. It is
encouraging that Fermilab/MILC is pursuing a relativistic calculation using the highly improved
staggered quark (HISQ) action on the MILC gauge ensembles covering the physical point M phys
as well as the lattice cutoff < 6.6 GeV, where they may directly simulate the physical bottom mass
mp phys [16]. We also note that the RBC/UKQCD [17] and JLQCD studies are being updated.

However, there has been a concern about the (near-)physical point calculations of B meson
observables: multi-particle states with additional pions give rise to non-negligible contamination
as the pion mass decreases. Such excited state contamination to nucleon form factors has been
carefully studied in Ref. [18], and similar contamination to B meson observables has been previously
suggested by Shoji Hashimoto in his review at Lattice 2018 [19]. At this conference, Oliver Bar
and Alexander Broll reported on the B*r state contamination to B meson observables within
heavy meson chiral perturbation theory (ChPT) in the static limit [20, 21]. At the next-to-leading
order (NLO), the relevant low energy constants (LECs) are those characterizing the B meson
interpolating field and heavy-light vector current denoted by 8, and 3, respectively, as well as
a linear combination of LECs in the NLO Lagrangian y. Since these LECs are with the mass
dimension -1 and not known, a conservative bound from a naive dimensional analysis is assumed as
—A;l <P12, Y=< A, where A, ~1GeV is the cutoff scale of ChPT. The right panel of Fig. 2 shows
the relative shift 54, to the form factor 4, = (m(p)|Vr|B(0))/(2Mppy) in the HQET convention.
They found volume-enhanced diagrams leading to a sizable contamination 6/4,. Note that the
differential decay rate for the light lepton channels B — mev, muv is described by the vector form
factor f;, a large fraction of which comes from /4. Therefore, a more detailed investigation is
necessary towards a precision determination of |V,,;|. To this end, the authors also proposed how
to determine the NLO LECs from three- and two-point functions on the lattice.

The B — pfv decay is expected to provide an independent determination of |V, | to resolve the
tension with the inclusive decay. It also serves as new physics probe complementary to B — nfv,
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Figure 3: Left: B— p(— nm){v transition amplitude A through weak vector current (figure from Ref. [22]).
The momentum transfer is denoted by ¢2, and E* represents the invariant mass of the 77 state.

Right: recent LHCb result for angular observable P for B — K*{( as a function of momentum transfer q°
(figure from Ref. [26]). The black symbols show the LHCb result, which are compared with the orange band
representing a SM prediction from Ref. [27]

since interactions with odd intrinsic parity can contribute. Luka Leskovec reported an interesting
progress on this non-gold-plated mode [22]. They simulate Ny =2 + 1 QCD with the clover light
quarks and Fermilab b quarks on a (3.6 fm)? box at M, ~ 320 MeV, where p can decay into 77.
In contrast to the previous quenched study [23], they calculate B meson three-point functions with
sink operators of the single B state as well as / =1 &7 state to extract the ground-state contribution
by generalized eigenvalue problem. Then, finite volume matrix elements of the weak vector and
axial currents can be connected to the infinite volume transition amplitudes based on the formalism
in Refs. [24, 25]. The left panel of Fig 3 shows their estimate of the B — p(— nmr){v transition
amplitude A through the weak vector current. While only the central value is available from
the simulation at single combination of a and M., this is an encouraging progress towards an
independent determination of |V,,;| from B — pfv. It is also interesting to extend this approach to
the B — K*¢{ decay, for which more than 3 o tension in its angular distribution has persisted for
about ten years as shown in the right panel of Fig. 3.

2.2 B, and B. meson decays

The B and B, meson semileptonic decays including By — Dg*)é’ v,B.—J/¥{vand By — K{v,
provide independent estimate of |V,;| and |V, |, as well as the LFUV ratios R(X) =I'(B() —
Xtv) /T (Bg(cy — X{e, u}v) as a probe of new physics. These modes have a few advantages on the
lattice over the conventional B— n{v and B— D )£y decays. First, they suffer from less statistical
fluctuation. According to Lepage’s analysis [28], the relative statistical error of the two-point
function exponentially grows as the source-sink separation At increases

0Cp; My, + Mz
Qq o e[lAl" a = MQ_ _ QQ qq.
Coq ! 2

Cpq = (054 (N0 (0)), (1)

The exponent is significantly reduced by changing the spectator quark from u,d to s or c¢: for
instance, @ ~0.60, 1.02, 0.24 and 0.64 for the D, B, D, and Bg, respectively. In addition, the chiral
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Figure 4: Left: comparison of |V, | from semileptonic decays. The open red square is obtained by HPQCD’s
analysis of By — D3{v [31], whereas the filled red square is from LHCD’s analysis [32] of their data for
B, — Dg*)ﬁv with theoretical input of HPQCD’s By — D v form factors [29]. These are compared with
open black symbols obtained by the conventional exclusive (B — D*{v) and inclusive analyses[1].

Right: comparison of recent estimates of |V,3|/|Vcp| (figure from Ref. [40]). Two top symbols are from
By — K{v and By — D{v using form factors from QCD light-cone sum rule [41] (top symbol) and from
lattice QCD [39] (second top symbol). These are compared with estimates from A, — p(A.)€v [42] and
conventional determination from B — v and D™ ¢y [43].

extrapolation is expected to be better controlled with the reduced M, dependence without valence
pions. And, in some cases, the final state hadron with non-zero strangeness or charmness becomes
stable under the strong interaction.

The HPQCD Collaboration has pursued the relativistic calculation of the By — D‘E*)f v form
factors with the HISQ heavy quarks [29-31]. As shown in Fig. 4, B; — Di*)&/ currently allow
us ~ 5% determination of |V,;|, which is roughly three times worse than B — D) ¢y, and is
consistent with both the conventional exclusive and inclusive analyses. We can, however, expect
future improvement in both theory side (higher statistics on finer lattices) and experiment side (more
data from LHCb Run-II and later). HPQCD also calculated the LFUV ratio for B, — J/W{v as
R(J/W¥)=0.258(4) [33]. This is consistent with the LHCb measurement R(J/¥)=0.71(25) [35].
The experimental uncertainty is expected to be largely reduced to 6R(J/¥) = 0.02 by future
“Upgrade II” of LHCb [36].

The By — K{v form factors have been calculated by HPQCD [37, 38], RBC/UKQCD [7] and
Fermilab/MILC [39]. Recently, LHCb observed this CKM suppressed decay [40], and estimated
[Vub|/|Vep| from the ratio of the branching fractions Rg = B(Bs — K{v)/B(Bs — D tv). As
shown in the right panel of Fig. 4, however, there is ~ 4 o deviation between two estimates from
different data sets: Rg at low g% < 7 GeV? with form factor input from QCD light-cone sum
rule [41] and Rg at high q2 >7 GeV? with Fermilab/MILC’s result for the form factors [39]. This
may be attributed to the inconsistency among the form factor results shown in the left panel of
Fig. 5. Independent realistic simulations are welcome to understand and resolve the discrepancy.
Fermilab/MILC reported their on-going relativistic simulations with the HISQ heavy quarks at the
lattice spacing down to 0.04 fm and the bottom quark mass m, <4m close to its physical value [16].
Preliminary result from their blinded analysis is shown in the same figure.
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Figure 5:

Left: comparison of By — K vector and scalar form factor at zero momentum transfer f(0) = fo(0) at the
time of 2019 (figure from Ref. [39]). The plot includes f(0) from lattice QCD [7, 37, 39], QCD light-cone
sum rule (LCSR) [41, 44] as well as those from relativistic quark model (RQM) [45] and NLO perturbative
QCD [46].

Right: Fermilab/MILC’s preliminary results for B; — K scalar form factor fy(g?) as a function of momentum
transfer g> (figure from Ref. [16]). Different symbols show data at different lattice spacings, light quark
masses and bottom quark masses. Note that these results are obtained from their blinded analysis.

3. Inclusive semileptonic decays

Let us consider the B — X.{v inclusive decay where X, collectively represents the hadron(s)
with single charmness. The hadronic tensor W, describes non-perturbative QCD effects to the
differential decay rate

dr Gy
dqrdgaE, = ol ol e W @

where g7 is the momentum transfer to the £v pair, E; is the lepton energy in the B rest frame, and L v
is the leptonic tensor calculable perturbatively. Through the optical theorem and operator product
expansion (OPE), W, is expressed as the double expansion in the strong coupling @, and inverse
bottom quark mass m;l with B meson matrix elements of local operators as non-perturbative input

War(a) = ;<2n>36<4><p—q—r>ﬁ<B(p>|JZIXc<r>><xc<r>|JV|B<p)>
> isi08). 3)
T M

where J is the weak current, n; is a positive integer depending on the operator O;, and we suppress
the argument p for W, just for simplicity. Therefore, the analysis of the inclusive decay has very
different systematics from that of the B— D) £y exclusive decay. Hence comparison of the CKM
elements between the exclusive and inclusive decays provides a rather non-trivial crosscheck, which
we have not yet completed likely due to inadequate understanding of systematics.

Lattice QCD can provide the first-principles calculation of the non-perturbative inputs, such
as u2(u) = (2Mp)~'(B|bD?b|B) and ,uZG(,u) = (i/4MB)(B|l3(TﬂVGﬂVb|B) for O(I/mi) correc-
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Figure 6:
Fit result for the bare matrix elements of dimension-6 operators as a function of Wilson flow time V7 (figure
from Ref. [48]).

tions [47]. Joshua Lin reported their calculation of the matrix elements of the dimension-6 operators

0%, = (byuPrLq) (gy*PLD), 0%, =(bPLq) (§PrD),

A a = a A a 7 a )
Tg_A = (byﬂPLT q) (gy*PLTD), Tg_P = (bPLT q) (gPRrT*b)

for O(1/ mi) corrections to the heavy quark expansion [48]. Their matrix elements involving the
light valence quark ¢ describe the so-called spectator effects, which are responsible for the lifetime
difference of beauty hadrons, such as 7(B*)/7(B). They work in the static limit on RBC/UKQCD
gauge ensembles at two lattice cutoffs ' ~ 1.8 and 2.4 GeV and M > 300 MeV. As shown in Fig. 6,
they observe that both statistical and systematic errors of the fit to extract the matrix elements from
relevant three- and two-point functions can be largely reduced by applying the Wilson flow [49]
with the flow time a~2¢=0.5, 1.0 and 2.0. Towards the application to the heavy quark expansion,
the renormalization and continuum extrapolation are in progress.

In order to resolve the |V, | and |V,,;| tension, a direct lattice calculation of the inclusive decay
rate is especially helpful, since it enables a detailed comparison between the inclusive and exclusive
analyses in the same simulation. However, the B meson inclusive decay involves many non-gold-
plated decay channels. The Lellouch-Liischer formalism [50], which has been successfully applied
to the K — nir decay [51], becomes increasingly intricate as the number of the relevant channels
increases. At least currently, it is not straightforward to determine Wy, (¢) as a function of ¢.

Recent progress on the inclusive decay is based on an idea that it would be sufficient to evaluate
an integral of W, in order to estimate the relevant CKM element. Let us consider the spectral
representation of the lattice four-point function

igx 00
Cu(t,q) = Z;TB(3(0)|Jj‘,(x,r)Jv(0,0)|B(0))=/0 doW, (0, Qe ", (5

where w = ¢°. It is an ill-posed problem to determine W, (w, q) from lattice data of C,,(t,q),
because W, 1 at a finite lattice size L has a largely different functional form from W, on the
infinite volume : the multi-particle continuum part turns into a superposition of the ¢ function like
singularities due to the discretized spectrum. Note also that, practically, a finite number of discrete
data C,, are available with their statistical error. The basic idea of Ref. [52] is to determine a
smeared spectral function

WW,L,G(w’):/ dwA o (W', W)Wy 1 (w), 6)
0
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Figure 7: Left: comparison of X L,(,_,o(qz) with that from exclusive decay. Symbols and bands show
X L,U(qz) in Eq. (7) for the By — X;.{v inclusive decay in the o — 0 limit. Different symbols show data
with different choices of the weak currents (vector or axial vector) and their polarization (perpendicular
or not-perpendicular to q) for C,,. These are compared with the ground state contribution from the
Bs— D‘g*)fv exclusive decay (dased lines). All data are calculated on a JLQCD ensemble at ™' ~3.6 GeV
and M, ~300 MeV [9].

Right: comparison of X; ,_0(q?) with conventional OPE calculation. The red circles are calculated on an
ETM ensemble at a~! 2.5 GeV and M, ~400 MeV [58]. The OPE prediction includes power corrections
up to and including O (1/ mi’3) and O(ay). (The left and right panels are taken from Ref. [56].)

where the smearing function A, (w’, w) is a smooth approximation of the ¢ function: namely,
limy0Aqy (0w, w) = 6(w’ — w). Estimating the smooth function W, 1 »(w’) from Cy, is a
well-posed problem. The infinite volume spectral function is given by the double limit W, (w) =
lim,_0limz—,oWyy. 1., o (w), where the order of the limits is not commutable. We refer the reader
to the review talk by John Bulava for more details and interesting applications of this approach [53].

In Ref. [54], Paolo Gambino and Shoji Hashimoto proposed a method more directly applicable
to the inclusive processes. Instead of the smearing function A, (w’, w), the w-integral kernel
dictated by the kinematical factor and leptonic tensor in Eq. (2) is used to directly evaluate the
inclusive rate

G2 qrznax _ _ Wmax
Do hlVal [ e X @), Ta@) = [ doKurr (0. Wi 10D
0 w

'min

where wpin = 4 /Mlz) +q?% and Wa =Mp — @ . Note that K, involves the Heaviside step function
0(wmax — w) to realize the upper limit of the w-integral. This is approximated by a smooth function,
for instance a sigmoid function 6, (x) = 1/(1 + e/, in K,y,o. Therefore, the double limit
X(q?) =limy,_glimz X7, (q?) must be taken also in this method. We note that, as discussed
in Ref.[55], this method can be applied to other inclusive processes, such as the charged current
neutrino-nucleon scattering important for the neutrino experiments, by appropriately choosing the
integral kernel.

At this conference, Antonio Smecca [57] reported on their feasibility study of the latter
method [56]. They studied the computationally inexpensive By — X {v inclusive decay, and
made a detailed comparison among the conventional OPE calculation and lattice results ob-
tained on ETM and JLQCD ensembles. The left panel of Fig. 7 compares the JLQCD data of
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Table 1: Total width divided by |V, |> obtained from OPE and lattice calculations (results from Ref. [56]).

mp[me ~24 ~2.0
JLQCD OPE | ETM OPE
T/|Vep? x 1013 [GeV] | 4.46(21)  5.7(9) | 0.987(60) 1.20(46)

Xr.0(q®) = (24ﬂ3|q|/G%|Vcb|2)(dF/dq2) appearing in Eq. (7) in the o — 0 limit. They observe
good consistency between the full inclusive contribution of By — X ¢{v and its ground state con-
tribution from the By — Dg*)f v exclusive decay. Note that these JLQCD data are obtained by using
relativistic domain-wall bottom quarks with an unphysically small mp ~2.44m. corresponding to
Mp, ~ 3.5 GeV. The authors discussed that the ground state saturation can be expected from the
limited phase space as well as heavy quark symmetry due to the small mj close to the charm
mass m.. The good consistency, therefore, demonstrates the validity of the inclusive analysis with
very different systematics (for instance, the use of the By — B four-point function Cy,,,, and the
approximated kernel K, 1 o) from the exclusive analysis.

In the right panel of Fig. 7, on the other hand, the ETM data of X; ,0(q) are compared with
the conventional OPE calculation including O(1/ mz) and O(ay) corrections. The ETM data are
also obtained at unphysically small m ~ 2m., but note that the comparison with the OPE can be
made directly at the simulated m;,. They observe a reasonable consistency in X L,(T_>o(q2), which
persists to the total rate I'/|V,,,|? after integrating over q> as shown in Table 1. However, they also
observe tensions between lattice and OPE calculations through the decomposition into the vector
and axial vector components as well as the perpendicular and longitudinal polarization components
of X7.»—0(q?). This could be a manifestation of the violation of the quark-hadron duality, and
hence deserves more detailed investigation in the future.

To that end, we need to more carefully study the systematics of this approach. As mentioned,
the step function 6(x) in the w-integration kernel K, in Eq. (7) is approximated by a smooth
function 6, (x), which goes to 6(x) in the o — 0 limit. In order to evaluate the w-integral using
lattice data Cy,,,(¢), we further approximate the smooth kernel K, - with polynomials in e~ [54].
To this end, there have been two proposals. References [52, 60] proposed to use the so-called

Backus-Gilbert method [61, 62]. It approximates K,  with the basis functions b;(w) =e ¥ as
N
Kuvo = Y &ibi(w), @®)
t
where the coefficients {g,} are determined by minimizing the norm
0 N
[ ol = Y gbi(@)P. ©)
(o]

0 ‘
as long as the polynomial approximation is concerned. Another proposal [54] employs the (shifted)
Chebyshev polynomial Tj’.‘(e‘“” ) as

* N
c 9 —
Kuvo = 30+Zc;;T;(e oy, (10)
k
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Figure 8: Left: comparison of \/? X1+ (q?) between Backus-Gilbert method and Chebyshev approximation
as well as different values of wq (figure from Ref. [59]). All data are calculated on a RBC/UKQCD ensemble
ata~'~1.8 GeV and M, ~330 MeV.

Right: axial vector component Xﬁ A L’o_(qz) of X1 (q?) as a function of 1/N = o (figure from Ref. [64]).
The blue triangles show the full inclusive result, whereas the orange circles are its ground state contribution.

where the maximum deviation is minimized (the min-max approximation). We note that ¢ in these
approximations is identified with the argument of Cy,,,(¢) to evaluate the w-integral.

Alessandro Barone et al. carried out a systematic study on this approximation step. The w
integral \/?)_( .o (q?) is evaluated by using the Backus-Gilbert and Chebyshev approaches as well
as by varying wy, which is the lower cut of the w-region to approximate K, . They employ the
relativistic heavy quark (RHQ) action [63] based on HQET to simulate the physical mass m_phys
on a RBC/UKQCD ensemble at a~! ~ 1.8 GeV. The reasonable consistency shown in the left panel
of Fig. 8 demonstrates the stability of the inclusive analysis against the choice of the approximation
method and w-region thereof. We also note that their simulation at m;, phys may observe significant
contribution of the excited states to the inclusive rate.

The same authors also studied another important systematics: namely, the extrapolation to
the o0 — O limit and the associated uncertainty. As reported by Ryan Kellermann [64], on the
JLQCD ensemble mentioned above, they focus on the Dy — X {v inclusive decay, which can be
precisely studied even through the relativistic approach, because all relevant valence quark masses
can be set to their physical value with discretization effects under control. They observe that the
o extrapolation is essential to quantitatively estimate the differential decay rate. The right panel of
Fig. 8 shows the axial current component Xf”‘ AL.o with their polarization non-perpendicular to q.
This receives the leading contribution from the s5-vector state ¢, since (ns|A,|B) vanishes due to
parity symmetry. However, this also vanishes with the chosen momentum q=(1, 1, 1) (in units of
2n/L), because E, > Mp_ . The figure shows that Xf”‘ 4 1s not zero at large values of o-=1/N possibly
due to the error of the kernel approximation, and it approaches to zero at o < 0.01 suggesting the
importance of the o extrapolation.

They also provided an error estimate based on a mathematical property of the Chebyshev
polynomial |7 (e”“")| < 1, namely by assuming the mathematical upper and lower limits of 7}'.
This covering the ground state contribution could be too conservative, and further study for more
realistic error estimate is needed. Another importance issue is approaching the infinite volume limit
L — oo, which has not been studied for the application to heavy meson inclusive decays.
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Figure 9: Left: comparison of realistic calculations of fp (figure from the latest FLAG review [3]). The green
squares are individual studies, whereas the black squares and bands represent their average for Ny=2+1+1
2+1 and 2.

Right: previous estimates of fg-/fp (figure from Ref. [67]). The blue [67] and black [68] symbols show
results from lattice QCD, whereas the purple [69] and orange [70] symbols are from QCD sum rules.

4. Leptonic decays

The B— £v leptonic decay provides an alternative determination of |V,,;| as well as interesting
probe of new physics sensitive only to odd parity interactions. Through many independent calcula-
tions shown in the left panel of Fig. 9, the relevant hadronic input, namely the decay constant fg, is
determined with the ~0.7 % accuracy, at which the electromagnetic (EM) corrections would be no
longer negligible. The accuracy of |V,;|=4.05(3)n(65)exp [3] is, however, largely limited by the
statistics of experimental data due to the helicity suppression. B2TiP suggests that the experimental
uncertainty will be largely reduced to a few % at the target luminosity of Belle II, and B — {v will
determine |V,,;,| with an accuracy competitive to B — n{v.

The decay constant fp, of the neutral B; meson describes the By — uu decay, which is
mediated by the flavor changing neutral current (FCNC), and hence is expected to be sensitive
to new physics. Previously, a combined analysis of the branching fraction 8(B; — uu) by the
ATLAS, CMS and LHCb experiments reported ~ 2.1 o tension with the SM prediction [65], which,
however, became insignificant in the latest CMS result [66]. Similar to fg, many independent lattice
calculations leads to the FLAG average with the 0.6 % accuracy leading to the theoretical precision
of AB(Bs— up)~4%. This is better than the current experimental accuracy of ~ 10 %, which is
expected to become competitive to the SM precision by HL-LHC.

Having achieved the good precision for fp,, it is interesting to explore different observables.
One direction is to extend to other mesons, such as B* and B.. In contrast to fB(S), however,
there have been much less studies of the vector meson decay constant fg+ as shown in the right
panel of Fig. 9. Due to the tension between the lattice studies, more independent studies are
highly welcome. At this conference, RBC/UKQCD reported on their on-going study of fp+ as
well as fp_ [71]. They simulate four lattice cutoffs up to a~! ~3.2 GeV and pion masses down to
M, ~ 270 MeV with the RHQ action for bottom quarks. While the continuum extrapolation has
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to be done, they observe reasonable signal and ground-state saturation for both the B* mass and
dimensionless decay amplitude ¥+ / Mg/s 1= fe-VMp:/ M;/g % as shown in the left panel of Fig. 10.

Another interesting direction is to study the radiative leptonic decay B — {vy. This mode
potentially provides an alternative determination of |V,,; |, since the helicity suppression is lifted with
a photon in the final state, and Belle II is expected to measure the branching fraction 8(B — {vy)
with 4 % accuracy [5]. For large photon energy E,,, this would be an clean probe of the internal
structure of the B meson, for example the first inverse moment 1/4p of the light-cone distribution
amplitude. The RM123+SOTON collaboration has studied the radiative decays P — {vy of light
mesons (P =7 and K) in the full region of the photon energy, and D (5) — {vy for soft photons
(E, <400 MeV). They employ the twisted mass discretization and simulate four lattice cutoffs up
to a~! <3.2 GeV and pion masses down to M, =220 MeV.

At this conference, Davide Giusti reported their study of the K and D ) radiative decays in
full photon energy region aiming at an extension to B — {vy [73]. The relevant correlators are
calculated on a RBC/UKQCD ensemble at a~! ~ 1, 8 GeV and M, ~340 MeV. The matrix element
is decomposed as

—i / d*xe'r (0 ‘T |74 ()0 0)] ‘ P(pr))

VuVy

= gyva'P[;/VO-FV +i [_guv + V,u(py)v] Fa—-i Mp fp + (py),,—terms, (11)

VDy

where Fy, F4 and Fp represent the vector, axial vector and pseudo-scalar form factors, respectively.
The last term represents the contributions proportional to (p, )., which vanishes when contracted
with p,. For large photon energy, the decay amplitude is described by Fy and the structure
dependent part of the axial vector form factor Fasp = Fa + Q¢Fp/E,, where Q is the lepton
charge. Improved simulation techniques, such as the all mode averaging [74] and Z;, noise wall-
source, enable them to calculate both Fy and F4 sp in the full kinematical region as shown in the
right panel of Fig. 10. After their continuum and chiral extrapolation are completed, it would be
interesting to make a detailed comparison with experiments.

00219 (2, am, = 0.03224 0.00
Pl /M2 = 0.01858(12), X34, = 1.34, p = 14.9% ’
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Figure 10: Left: effective plot of dimensionless decay amplitude ¥p-/ M;/g 2= fe-\Mp-/ M;{ ‘2 (figure from
Ref. [71].)

Right: structure dependent part of axial vector form factor F4 sp as a function of x,, =2vp,,/Mp (figure from
authors of Ref. [73]).
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Figure 11: Left: differential branching fraction d8/dg* for B — K¢{. HPQCD estimate (blue band) is
compared with experimental data shown by symbols.

Right: branching fraction of B — Kvv. HPQCD estimate is compared with the recent Belle and Belle 11
measurements as well as the expected accuracy for Belle II. (Both panels are from Ref. [77].)

5. FCNC processes

The B meson processes mediated by the FCNC, such as the neutral B(,) meson mixing and
Bs — pu, occur only beyond the tree-level in the SM, and hence are sensitive to new physics.
The long-standing tension in the angular distribution of B — K*{¢ shown in the right panel of
Fig. 3 is a famous example of the B anomalies. While it is not straightforward to simulate this
non-gold-plated decay on the lattice, it would be interesting to extend the study of B— p(— nmr)lv
discussed above. There has been a concern that the tension is due to the insufficient understanding
of the non-perturbative effects from the nearby charmonium resonances J/¥ and ¥(2S5), namely
B—J/¥Y(— ¢f)K. We note that Ref. [75] reported a lattice study of the factorization approximation
used to study the long-distance charmonium effects.

On the other hand, it is straightforward to calculate the form factors for the gold-plated B — K¢
decay. Recently, HPQCD performed a relativistic calculation of the vector, scalar and tensor form
factors [76-78]

AM? AM?
(K(p)IVulB(p)) = {P—7q} f+(q2)+7qyfo(q2), (12)
%
2i ’
KPOT0lB() = g fr(®), (13

where P=p +p’, g=p — p’ and AM? = M129 - M12<. With realistic parameters such as five lattice
cutoffs up to a~! ~4.5 GeV, pion masses down to the physical point M x,phys» and my, close to its
physical value my, phys (mp/mp phys = 0.8), they calculate the form factors in the full kinematical
range of ¢ with the typical accuracy of 4-7 % dominated by statistical error. As previously
reported by Fermilab/MILC[79], theoretical estimate of the differential branching fraction d8 (B —
K¢t)/dq? is systematically smaller than experiment as shown in Fig. 11. The previous 2 o tension
is enhanced to 4.7 o with the precise HPQCD results. This favors a significant shift of the
Wilson coefficients for the effective Hamiltonian operators Qg = (e2/167%)(grybr)(£y*€) and
Q10=(e*/167%)(GLybL)(Ey*yst) from the SM.

The vector form factor describes the short distance contribution to the B — Kvv decay as
dB(B— Kvv)/dq®|sp e |Vip Vi 2P’ P £+(¢%)?. This decay can be used for the dark sector search,
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Figure 12: Left: |V 4| from comparison of differential decay rate between theory and experiment (figure
from Ref. [83]).
Right: tensor form factor fr as a function of q2 (figure from Ref. [76]).

since it shares missing energy signature with B — K X4,k with invisible particle(s) Xgak. It is
indeed suggested that Belle II is sensitive to dark scalar particles in the GeV range [80]. The right
panel of Fig. 11 shows that i) recent Belle and Belle II measurements of the branching fraction is
consistent with zero, ii) but it will be largely improved by Belle II, iii) and the theoretical prediction
with the HPQCD’s estimate of f; is already as accurate as the Belle II target accuracy.

6. D, meson decays

Recent precision lattice calculations of the K — nfv from factors and decay constant ratio
fx/fr as well as better understanding of the radiative corrections to the superallowed nuclear 8
decays enable a precision test of CKM unitarity in the first row, which suggests > 3 o~ tension called
the “Cabibbo angle anomaly” [3, 81]. It is natural to extend the precision test to the second row.
Previously, the accuracy of |V4(4)| from the D — K (7)¢v semileptonic decay is limited by lattice
calculation of the relevant form factors. On the other hand, experimental uncertainty dominates the
error of |V4(q)| from the leptonic decays due the helicity suppression [82].

Recently, HPQCD carried out a precision calculation of the D — K{v form factors by a fully
realistic simulation: namely at five lattice cutoffs up to < 4.5 GeV and at physical light, strange
and charm quark masses. As shown in the left panel of Fig. 12, the form factor shape is consistent
with experimental data, and |V,| is determined with the accuracy 1 %, where the theoretical and
experimental uncertainties are comparable to each other. As a result, CKM unitarity is confirmed
with a few % accuracy as |Veg|? + |Ves|? + |[Vep| =0.993(25)q(13).5, where |V, is too small to
significantly contribute to this test.

A more precise determination of |V.4| is the next target to improve this unitarity test. To
this end, it is encouraging that RBC/UKQCD [84], ALPHA/CLS[85] and Fermilab/MILC[86]
collaborations reported their preliminary and/or blinded analyses of D — mfv. We note that
Refs. [84, 86] also discuss an alternative determination of |V,.4| through Dy — K¢v, which is
expected to be advantageous on the lattice as discussed above.

There is, however, a concern about the D — K tensor form factor. As shown in the right panel
of Fig. 12, there is about 3 o disagreement between recent determinations by HPQCD [76] and
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ETM [87] around ¢2,,,, where the lattice calculations are expected to be reliable. At this moment,
this disagreement is difficult to understand, and more independent studies are necessary.

7. Summary

In this article, we reviewed recent progress on heavy flavor physics from lattice QCD. There has
been steady progress in precisely calculating the gold-plated quantities by realistic simulations. A
good accuracy has been already achieved for some of the experimentally challenging processes, for
instance, helicity-suppressed leptonic decays (decay constants) and loop-suppressed FCNC decays
(B — K¢, Kvy form factors). For the exclusive semileptonic decays, on the other hand, more
realistic simulations at physical quark masses and at large recoils as well as careful investigation of
systematics, such as the ground state saturation, are needed to resolve the |V,;| and |V, | tensions
and to search for new physics. These are also helpful in resolving the existing tensions among
lattice studies about fg+, By — K form factors at low g% and D — K tensor form factor at large g°
likely due to inadequate understanding of systematics.

We stress that there has been remarkable progress in developing new applications to non-gold-
plated processes. In particular, the inclusive decays attract much attention and the feasibility and
systematics are being actively studied. Note also that the currently developed methods have wide
applications beyond B physics, for instance, to the inclusive T decay and ¢{N scattering. However,
taking the infinite volume limit has not been tested well, and is important future subject towards
realistic simulation of the inclusive B decays. There has been good progress also in the study on
B — tvy, B— p(— nn)lv and life time difference. The remaining challenging subjects include
an extension to long distance contributions to B — K*¢¢, D mixing and QCD based study of the
factorization.
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