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One major systematic uncertainty of lattice QCD results is due to the continuum extrapolation.
For an asymptotically free theory like QCD one finds corrections of the form 𝑎𝑛min [2𝑏0𝑔̄

2 (1/𝑎)]Γ̂𝑖
with lattice spacing 𝑎, where 𝑔̄(1/𝑎) is the running coupling at renormalisation scale 𝜇 = 1/𝑎
and 𝑛min is a positive integer. Γ̂𝑖 can take any positive or negative value, but is computable by
next-to-leading order perturbation theory. It will impact convergence towards the continuum limit.
Balog, Niedermayer and Weisz first pointed out how problematic such corrections can be in their
seminal work for the O(3) model.
Based on Symanzik Effective Theory for lattice QCD with Ginsparg-Wilson and Wilson quarks,
various powers Γ̂𝑖 are found due to lattice artifacts from the discretised lattice action. Those
powers are sufficient when describing spectral quantities, while non-spectral quantities will require
additional powers originating from corrections to each of the discretised local fields involved. This
new input should be incorporated into ansätze used for the continuum extrapolation.
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Lattice spacing dependence of spectral quantities in LQCD with Wilson or GW quarks Nikolai Husung

1. Introduction

When aiming at precision physics predictions from lattice QCD, all systematic uncertainties
must be under control. Although lattice spacings down to 𝑎 ' 0.04 fm are accessible nowadays
for the lattice discretisations considered here, see e.g. [1, 2], the continuum extrapolation 𝑎 ↘ 0
still remains an important source of systematic uncertainties. The aim of the investigation [3–
5] presented here is to work out the leading asymptotic lattice-spacing dependence expected for
spectral quantities, when using one of the following lattice-fermion discretisations:

• Wilson quarks [6, 7] with and without non-perturbative O(𝑎) improvement [8],

• Ginsparg-Wilson (GW) quarks [9] using Overlap fermions [10, 11] as an example. This also
includes Domain-Wall fermions (DWF) [12–14] when assuming an (approximate) lattice
chiral symmetry [15] in the massless case.
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Figure 1: Continuum extrapolation of fake data
points randomly generated from eq. (1). The
various ansätze extrapolating to a constant in-
clude the typical choice of simple 𝑎2 correc-
tions and unconventional powers in the coupling
Γ̂ ∈ {−2,−1, 1} modifying 𝑎2 [2𝑏0𝑔̄

2 (1/𝑎)]Γ̂, as
well as simple 𝑎 corrections. Both 𝑎 and (the cor-
rect ansatz) 𝑎2 [2𝑏0𝑔̄

2 (1/𝑎)]−2 agree within un-
certainties, while the simple 𝑎2 by construction
completely misses the curvature. Three contin-
uum extrapolated values have been shifted to the
left for better readability.

Based on symmetries realised by the lattice the-
ory and analysis of canonical mass-dimensions the
leading lattice artifacts can be written as positive in-
teger powers 𝑎𝑛min in the lattice spacing. While this
picture is sufficient for a classical field theory, quan-
tum effects will modify the leading lattice-spacing
dependence. In an asymptotically free theory like
QCD, the leading lattice artifacts instead take the
form 𝑎𝑛min [2𝑏0𝑔̄

2(1/𝑎)]Γ̂𝑖 , where Γ̂𝑖 are related to
the 1-loop anomalous dimensions of (4 + 𝑛min)-
dimensional “irrelevant” operators in a Symanzik
Effective Field Theory (SymEFT) [16–19]. Those
Γ̂𝑖 can take arbitrary real values. How important
this effect can be, was first shown in the seminal
work of Balog, Niedermayer and Weisz [20, 21]
for the O(3) model. There one finds min𝑖 Γ̂𝑖 = −3,
which has a huge impact on the convergence to-
wards the continuum limit. To highlight what im-
pact this could have in 3-flavour QCD, figure 1
shows Gaussian fake data points randomly gener-
ated as the function

𝑓 (𝑎) = 𝑎2 [2𝑏0𝑔̄
2(1/𝑎)]−2, (1)

i.e. 𝑛min = 2 and a more conservatively chosen
Γ̂ = −2. We use the 5-loop running coupling in
the MS scheme [22]. While having only one power
in the coupling is an oversimplification, already this example shows that a simple 𝑎2 ansatz may not
yield the desired continuum-extrapolated value within uncertainties. From another point of view,
one is underestimating the systematic uncertainty of the continuum extrapolation. In this example,
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the actual 𝑎-dependence looks even more similar to a simple 𝑎1 ansatz. For real data points one
will have not only more powers in the coupling at O(𝑎𝑛min) but higher order corrections O(𝑎𝑛min+1)
may also play a role. Having an idea what the leading powers Γ̂𝑖 are is therefore advisable to guide
ansätze used for continuum extrapolations and incorporate them into the estimate of the associated
systematic uncertainty.

2. Symanzik Effective Field Theory

The leading lattice artifacts can be described in terms of a SymEFT given by the Lagrangian

ℒ(𝑥) = ℒQCD(𝑥) + 𝑎𝑛min
∑︁
𝑖

𝜔𝑖 (𝑔2
0)O

(𝑛min)
𝑖

(𝑥) + O(𝑎𝑛min+1), (2)

where 𝜔𝑖 are the bare matching coefficients, and

ℒQCD = − 1
2𝑔2

0
tr(𝐹𝜇𝜈𝐹𝜇𝜈) + Ψ̄

(
𝛾𝜇𝐷𝜇 (𝐴) + 𝑀

)
Ψ (3)

is the Lagrangian of continuum QCD with 𝑁f flavours, 𝐷𝜇 (𝐴) = 𝜕𝜇 + 𝐴𝜇, 𝐴𝜇 ∈ su(𝑁) and
𝐹𝜇𝜈 = [𝐷𝜇, 𝐷𝜈]. The local operators O (𝑛min)

𝑖
(𝑥) have canonical mass-dimension (4 + 𝑛min) and

form a minimal basis describing all lattice artifacts arising from the discretised lattice action to
O(𝑎𝑛min). Which operators can occur is constrained by the symmetries realised by the lattice
formulation, here

• Local SU(𝑁) gauge symmetry,

• invariance under charge conjugation and any Euclidean reflection,

• Hypercubic symmetry as a remnant of broken O(4) symmetry,

• SU(𝑁f)L×SU(𝑁f)R×U(1)V flavour symmetry for massless lattice-fermion actions preserving
lattice chiral symmetry,

• U(𝑁f)V flavour symmetry for massless (or mass-degenerate) Wilson quarks.

For on-shell physics in the sense of [23] we can make use of the continuum equations of mo-
tion (EOMs)

[𝐷𝜇 (𝐴), 𝐹𝜇𝜈] = 𝑔2
0𝑇

𝑎Ψ̄𝛾𝜈𝑇
𝑎Ψ, 𝛾𝜇𝐷𝜇Ψ = −𝑀Ψ, Ψ̄

←
𝐷𝜇𝛾𝜇 = Ψ̄𝑀, (4)

to reduce the minimal basis further to form an on-shell minimal basis. Here 𝑇𝑎 denotes a generator
of the su(𝑁) algebra with normalisation tr(𝑇𝑎𝑇𝑏) = −𝛿𝑎𝑏/2.

The minimal on-shell basis at mass-dimension 5 relevant for unimproved Wilson quarks
reads [24]

O (1)1 =
𝑖

4
Ψ̄𝜎𝜇𝜈𝐹𝜇𝜈Ψ, O (1)2 =

tr(𝑀)
𝑔2

0
tr(𝐹𝜇𝜈𝐹𝜇𝜈), O (1)3 = Ψ̄𝑀2Ψ,

O (1)4 = tr(𝑀)Ψ̄𝑀Ψ, O (1)5 = tr(𝑀2)Ψ̄Ψ, O (1)6 = tr(𝑀)2Ψ̄Ψ, (5)
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where 𝜎𝜇𝜈 = 𝑖
2 [𝛾𝜇, 𝛾𝜈]. The full mass-dimension 6 on-shell operator basis considered here is

O (2)1 =
1
𝑔2

0
tr(𝐷𝜇𝐹𝜈𝜌𝐷𝜇𝐹𝜈𝜌), O (2)2 =

1
𝑔2

0

∑︁
𝜇

tr(𝐷𝜇𝐹𝜇𝜈𝐷𝜇𝐹𝜇𝜈),

O (2)3 =
∑︁
𝜇

Ψ̄𝛾𝜇𝐷
3
𝜇Ψ, O (2)4≤𝑖≤13 = 𝑔2

0 (Ψ̄Γ𝑖Ψ)2,

O (2)14 =
𝑖

4
Ψ̄𝑀𝜎𝜇𝜈𝐹𝜇𝜈Ψ, O (2)15 =

tr(𝑀2)
𝑔2

0
tr(𝐹𝜇𝜈𝐹𝜇𝜈),

O (2)16 = Ψ̄𝑀3Ψ, O (2)17 = tr(𝑀2)Ψ̄𝑀Ψ,

O (2)18 =
𝑖 tr(𝑀)

4
Ψ̄𝜎𝜇𝜈𝐹𝜇𝜈Ψ, O (2)19 =

tr(𝑀)2

𝑔2
0

tr(𝐹𝜇𝜈𝐹𝜇𝜈),

O (2)20 = tr(𝑀)Ψ̄𝑀2Ψ, O (2)21 = tr(𝑀)2Ψ̄𝑀Ψ,

O (2)22 = tr(𝑀3)Ψ̄Ψ, O (2)23 = tr(𝑀) tr(𝑀2)Ψ̄Ψ,

O (2)24 = tr(𝑀)3Ψ̄Ψ, (6)

where Γ4≤𝑖≤7 ∈ {𝛾𝜇, 𝛾𝜇𝛾5} ⊗ {1, 𝑇𝑎} and Γ8≤𝑖≤13 ∈ {1, 𝛾5, 𝑖𝜎𝜇𝜈} ⊗ {1, 𝑇𝑎}. The basis listed here
is on-shell equivalent to the one found in [24]. The number of 4-quark operators needed depends on
whether lattice chiral symmetry is realised in the massless case or not, i.e., the operators O (2)8≤𝑖≤13
only contribute in the case of Wilson quarks. To see this it suffices to rewrite the mass term

Ψ̄𝑀Ψ = Ψ̄R𝑀ΨL + Ψ̄L𝑀
†ΨR, (7)

where the subscripts indicate left- and right-handed quarks respectively. To apply this reasoning to
the GW lattice action the projection to left- and right-handed quarks must be done with the modified
𝛾̂5 = 𝛾5

{
1 + 𝑎

2 𝐷̂GW
}
. Promoting the quark-mass matrix to a spurionic field, we find that flavour

rotations 𝐿 ∈ SU(𝑁f)L and 𝑅 ∈ SU(𝑁f)R

Ψ̄L → Ψ̄L𝐿
†, Ψ̄R → Ψ̄R𝑅

†, ΨL → 𝐿ΨL, ΨR → 𝑅ΨR, (8)

keep the GW lattice action and therefore the corresponding SymEFT on-shell action invariant if the
(spurionic) mass matrix transforms like

𝑀 → 𝑅𝑀𝐿†. (9)

This allows one to exclude the massive operators O (2)
𝑖≥18 for GW quarks as they are incompatible to

this spurionic symmetry.1 Prepending an overall power 𝑔2
0 to the 4-quark operators is the natural

1I thank the referee of [25] for pointing out that inherent structure. While it does not make a difference regarding the
spectrum of powers in the coupling Γ̂𝑖 found here, it clearly shrinks the number of operators allowed in the case of GW
quarks.
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Figure 2: 1PI graphs with operator insertion Õ (𝑑)
𝑖
(𝑞 = 0) considered to compute the 1-loop operator mixing.

choice given the leading order at which 4-quark interactions can occur earliest in lattice perturbation
theory, corresponding to connected tree graphs. Instead of the connected graphs we may just as well
consider the one-particle-irreducible pieces. We thus immediately find that all tree-level matching
coefficients of the 4-quark operators in this basis vanish except for contributions arising from the
use of the gluonic EOM.

3. Leading powers 𝚪̂𝒊 in the coupling

If we consider a Renormalisation Group invariant (RGI) spectral quantity P(𝑎) such as a
hadron mass computed on a lattice with lattice spacing 𝑎, its leading lattice artifacts are

P(𝑎)
lim
𝑎↘0
P(𝑎) = 1 − 𝑎𝑛min

∑︁
𝑖

𝑐O𝑖 (𝑔̄
2(1/𝑎), 𝑎𝜇)𝛿PO𝑖 (𝜇) + O(𝑎𝑛min+1), (10)

where 𝛿PO
𝑖

is the renormalised contribution of the 𝑖-th operator to the overall lattice artifacts
normalised by P(0) and 𝑐O

𝑖
denotes the corresponding renormalised matching coefficient at renor-

malisation scale 𝜇 = 1/𝑎. For compactness we will drop the argument 𝑎𝜇, setting 𝑎𝜇 = 1, of the
renormalised matching coefficients. The remaining scale dependence of 𝛿P𝑖 (𝜇) is governed by the
Renormalisation Group equation (RGE)

𝜇
d𝛿PO

𝑖
(𝜇)

d𝜇
= −𝑔̄2(𝜇)

{
𝛾O0 + O(𝑔̄2(𝜇))

}
𝑖 𝑗
𝛿PO𝑗 (𝜇), (11)

where 𝛾O0 are the 1-loop anomalous dimensions of our minimal operator basis. To obtain 𝛾O0
we then need to compute how the operators mix under renormalisation to 1-loop order. The 1-
loop renormalisation has been determined by computing the 1PI graphs depicted in figure 2 in
background field gauge [26–29] and working in dimensional regularisation [30, 31] in 𝐷 = 4 − 2𝜖
dimensions. Since we are interested only in the 1-loop anomalous dimensions and we work in
the mass-independent MS renormalisation scheme [32], we can make use of so-called infrared-
rearrangement, see e.g. [22, 33, 34], by rewriting

1
(𝑘 − 𝑝)2 + 𝑀2 =

1
𝑘2 +Ω

− 2𝑘 𝑝 + 𝑝2 + 𝑀2 −Ω
[𝑘2 +Ω] [(𝑘 − 𝑝)2 + 𝑀2]

, (12)

where 𝑘 is the loop momentum and Ω > 0 is an arbitrary constant. The second term on the right
hand side is less UV divergent. Iterating this step, the UV divergent part can be written solely in
terms of

∫
d𝐷𝑘 𝑘𝜇1 . . . 𝑘𝜇𝑙/[𝑘2 +Ω]𝑛, where 𝑙, 𝑛 ∈ N∪ {0}. Apart from the operator insertion, we

5
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keep the external momenta of the 1PI graphs free. This allows mixing of off-shell contributions
from operators E (𝑑) vanishing by EOMs(

O𝑖
E 𝑗

) (𝑑)
MS

=

(
𝑍O
𝑖𝑘

𝑍
O,E
𝑖𝑙

0 𝑍 E
𝑗𝑙

) (
O𝑘

E𝑙

) (𝑑)
. (13)

Contributions of the operators E (𝑑) vanish for on-shell physics, hence the triangular form of the
mixing matrix. We are interested only in the on-shell part 𝑍O , from which we finally obtain the
anomalous-dimension matrix

𝛾O (𝑔̄2(𝜇)) = 𝜇
d𝑍O

d𝜇
(𝑍O)−1 = −𝑔̄2(𝜇)

{
𝛾O0 + O(𝑔̄2(𝜇))

}
. (14)

Eventually we can bring the 1-loop anomalous-dimension matrix into diagonal form2 through
the change of basis B (𝑛min)

𝑖
= 𝜈𝑖 𝑗O (𝑛min)

𝑗
and define

𝛾̂ =
diag(𝛾B0 )

2𝑏0
, (15)

where 𝑏0 is the 1-loop coefficient of the QCD 𝛽-function. After the change of basis we can solve
the RGE via

𝛿PB𝑖 (𝜇) = [2𝑏0𝑔̄
2(𝜇)] 𝛾̂

𝑖 𝑗
𝛿PB

𝑗;RGI × {1 + O(𝑔̄2(𝜇))} , (16)

where 𝛿PB
𝑗;RGI is RGI and all scale dependence is absorbed into the prefactor.

Next, we need to determine the matching coefficients in the diagonal basis

𝑐B𝑖 (𝑔̄
2(1/𝑎)) = 𝑐O𝑗 (𝑔̄

2(1/𝑎))𝜈−1
𝑗𝑖 = 𝑐𝑖 [2𝑏0𝑔̄

2(1/𝑎)]𝑛𝑖 × {1 + O(𝑔̄2(1/𝑎))}. (17)

where 𝑐𝑖 is a non-zero constant and 𝑛𝑖 ∈ N∪ {0}. The leading power in 𝑔̄2(1/𝑎) of the 𝑖-th operator
may be further suppressed depending on the value 𝑛𝑖 ≥ 0. For example 𝑛𝑖 ≥ 1∀𝑖 corresponds to
full tree-level improvement. To take this into account, we introduce

Γ̂𝑖 = 𝛾̂𝑖 + 𝑛𝑖 (18)

as the truly leading power of the 𝑖-th operator. Since we are mainly interested in the leading asymp-
totic lattice-spacing dependence, we are content with tree-level matching.3 Following eq. (17),
we can determine the TL matching coefficients in the basis O𝑖 before making the change of basis.
This avoids having to deal with lattice perturbation theory, because matching to this order can
be achieved by the classical 𝑎-expansion of the lattice action. As a consequence, we know each
coefficient 𝑐B

𝑖
only to leading order. If a coefficient vanishes to leading order, this implies 𝑛𝑖 > 0.

Because we are unaware of what happens at subleading orders, we then assume 𝑛𝑖 = 1 for any
vanishing leading-order matching coefficients.

2If 𝛾O0 is non-diagonalisable, one may still bring it into Jordan normal form, where the remaining off-diagonal entries
give rise to additional factors log(𝑔̄2) already at leading order. This becomes relevant when considering quenched or
mixed actions. See [25] for the necessary generalisations in this case.

3This is true unless min𝑖 𝛾̂𝑖 has a vanishing tree-level matching coefficient, while all other contributions’ 𝛾̂ 𝑗 lead to
a suppression by at least one power in 𝑔̄2 (1/𝑎). Here this is not the case, otherwise the matching must be performed to
subleading powers.
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3.1 Leading asymptotic lattice spacing dependence

Plugging the expressions derived above back into eq. (10) yields the desired formula for the
leading asymptotic lattice-spacing dependence

P(𝑎)
lim
𝑎↘0
P(𝑎) = 1 − 𝑎𝑛min

∑︁
𝑖

𝑐𝑖 [2𝑏0𝑔̄
2(1/𝑎)]Γ̂𝑖𝛿PB

𝑖;RGI × {1 + O(𝑔̄2(1/𝑎))} + O(𝑎𝑛min+1) . (19)

Before we can make use of eq. (19), some remarks are necessary on the conventions we use

1. We normalise each row-vector 𝑣𝑖 describing the change of basis B (𝑛min)
𝑖

= 𝑣𝑖 𝑗O (𝑛min)
𝑗

such
that the largest absolute component is set to one. This may lead to a different normalisation
between the massive and the massless case for the same operator.

2. Operators with degenerate Γ̂deg (and no logs) cannot be distinguished numerically and are
combined as

B (𝑑)deg =
1

𝑐max

∑︁
𝑖: Γ̂𝑖=Γ̂deg

𝑐𝑖B (𝑑)𝑖
, (20)

where 𝑐max is the coefficient with largest absolute value being summed over.

3. We assume that the various |𝛿P𝑖;RGI | have the same order of magnitude despite the somewhat
arbitrary normalisation of the basis. With this assumption in mind, we then compare the
overall orders of magnitude of 𝑐𝑖 and 𝑐 𝑗 as well as the associated powers Γ̂𝑖 and Γ̂ 𝑗 . Notice
that the normalisation of the operator basis will scale 𝛿P𝑖;RGI and 𝑐𝑖 inversely to one another.

All statements made in the following necessarily depend on the chosen normalisation of the operator
basis B (𝑛min) . Since 𝛿P𝑖;RGI are unknown, quantity-dependent constants, we can only give a
qualitative picture.

3.2 Some examples

The leading asymptotic lattice-spacing dependence in eq. (19) is a function of both 𝑐𝑖 and Γ̂𝑖 .
To capture this dependence, we consider a two-dimensional plot, where the axis have been flipped
in comparison to [5]. The case of O(𝑎) lattice artifacts of unimproved 2-flavour Wilson QCD is
depicted in figure 3 and serves as an introduction to this kind of representation, which contains a
variety of information

1. The leading power Γ̂min indicates whether the overall lattice artifacts are logarithmically
enhanced for Γ̂min < 0 compared to plain 𝑎𝑛min or further suppressed Γ̂min > 0.

2. Density of the various ΔΓ̂𝑖 𝑗 = Γ̂𝑖 − Γ̂ 𝑗 accounts for the relative suppression in powers of
𝑔̄2ΔΓ̂𝑖 𝑗 (1/𝑎) for different contributions. For too small |ΔΓ̂𝑖 𝑗 | suppression cannot be expected.

3. Absolute values of |𝑐𝑖 | are relevant to decide whether some contributions are overall enlarged,
possibly undoing any relative suppression in powers ΔΓ̂𝑖 𝑗 . Severely enlarged coefficients also
hint at cases where tree-level improvement may be advisable or where lattice parameters can
be tuned in a better way as a function of the bare lattice coupling.

7
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Figure 3: Leading powers Γ̂𝑖 in 𝑔̄2 (1/𝑎) for the 𝑖-th operator B (1)
𝑖

of Wilson QCD plotted against their
associated leading-order matching coefficients 𝑐𝑖 . At subleading order, the value of the matching coefficient
is unknown and instead a dashed line is drawn for the first subleading power, i.e. at Γ̂min + 1. The faded line
is drawn to highlight severely suppressed leading order matching coefficients.

For the case of unimproved 2-flavour Wilson QCD, we find only three distinct powers Γ̂𝑖 at leading
order, where the lowest power originates from a massive operator with Γ̂min ≈ −0.59 � −3.
Here and in the following the subscript “min” used on 𝑐min and Γ̂min will refer to the contribution
dominant by power-counting in 𝑔̄2(1/𝑎). Since there are only three distinct values, the spectrum
of those powers is sufficiently gapped that one might actually be able to decide which contribution
dominates in the massive and especially in the (close to) massless case. All leading-order matching
coefficients are roughly the same order of magnitude, meaning that no particular contribution is
expected to be strongly enhanced over the others.

A more complicated situation is found for the O(𝑎)-improved lattice actions. Some common
choices for 3-flavour QCD are depicted in figure 4. Notice that both examples with DWF use the
Iwasaki gauge action [35], while the examples for Overlap and O(𝑎)-improved Wilson quarks use the
Lüscher-Weisz (LW) gauge action [36]. Because there are many more operators, the spectrum Γ̂𝑖 is
much denser. This will make it more difficult to decide which contribution dominates and may lead
to complicated cancellations or pile-ups of different contributions. Since DWF are (approximate)
GW quarks, we find an identical spectrum Γ̂𝑖 as for Overlap fermions here representing exact GW
quarks. Only O(𝑎)-improved Wilson quarks have an additional set of chiral-symmetry breaking 4-
fermion operators, but those contribute only at subleading powers to the spectrum due to vanishing
TL matching coefficients. Thus, in all cases chosen, the five leading powers are identical. The
massive Γ̂min ≈ −0.2 � −3, while in the massless case one finds Γ̂min ≈ 0.2 � −3. Either way,
the leading powers are fairly close to zero, which would correspond to the classical pure 𝑎2 case
and, in that respect, the theory is much better behaving than for the O(3) model. The leading-order
matching coefficients are not the same order of magnitude in the examples considered here and their
hierarchy should be taken into account as well.

The most prominent example are (Möbius) DWF with two different choices for the domain-wall
height, see e.g. [37, 38],

𝑀5(𝑔2
0) = 𝑀TL

5 + O(𝑔2
0) . (21)

Notice that 𝑀TL
5 = 1 should be the ideal choice, but even in this case there are two coefficients

8
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Figure 4: Leading powers Γ̂𝑖 in 𝑔̄2 (1/𝑎) for the 𝑖-th operator B (2)
𝑖

of various O(𝑎)-improved lattice
discretisations plotted against their associated leading-order matching coefficients 𝑐𝑖 . At subleading order,
the value of the matching coefficient is unknown and instead a dashed line is drawn for the first subleading
power, i.e. at Γ̂min + 1. The faded line is drawn to highlight severely suppressed leading-order matching
coefficients. The gray lines indicate new massless contributions starting at NLO due to matching coefficients
vanishing to leading order. Here, such contributions may be more dominant than the ones at Γ̂min+1. A case of
particular interest are DWF with the two different choices of the domain wall height 𝑀5 (𝑔2

0) = 𝑀TL
5 +O(𝑔2

0).

severely enlarged by roughly a factor & 10 compared to the coefficients, which should be dominant
by simple power counting in 𝑔̄2(1/𝑎). For 𝑀TL

5 = 1.8, the leading three massive contributions
become much larger and will likely be dominant unless the quark-mass suppression due to (very)
small quark masses comes into play. This particular choice shows that it is a good idea to tune the
domain-wall height as a function of 𝑔0 to arrive at 𝑀TL

5 ' 1 in the continuum limit 𝑔0 → 0.

Overlap fermions have enlarged massive contributions with the largest matching coefficients
close to DWF with 𝑀TL

5 = 1. Meanwhile, the massless contributions are less pronounced. Espe-
cially the matching coefficient corresponding to Γ̂ = 1 is much smaller. Using the Wilson Dirac
operator as the kernel for constructing Overlap fermions in combination with the LW gauge action,
means that the leading-order matching coefficients of the massless contributions are identical to the
case considered for O(𝑎)-improved Wilson quarks. The difference seen in the case of DWF stems
purely from the aforementioned use of the Iwasaki gauge action. Notably, for Wilson quarks the
leading-order coefficients of the massive contributions are of the same magnitude as the massless
ones. Also the first two leading-order matching coefficients are suppressed by roughly a factor 10
compared to the largest leading-order matching coefficients, but the overall magnitude is smaller

9
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compared to, e.g., DWF.
As pointed out before, all lattice-fermion actions discussed here employ the Wilson Dirac

operator in some way. For those cases, tree-level O(𝑎2) improvement can be achieved for all
(massless) cases by choosing the LW action and replacing the Wilson lattice Dirac operator4, as
suggested before [39],

𝐷̂Wilson → 𝐷̂Wilson − 𝑎2

12

∑︁
𝜇

𝛾𝜇{∇𝜇 + ∇∗𝜇}∇∗𝜇∇𝜇, (22)

where ∇𝜇 and ∇∗𝜇 are the covariant forward and backward lattice derivatives respectively. With
this replacement, all massless (red) lines in figure 4 would be shifted up to and beyond the red-
dashed line. To achieve full Symanzik TL improvement at O(𝑎2), also the massive contributions
(including the SW term multiplied by quark masses in the Wilson case), would need to be tuned
accordingly. In the case of O(𝑎)-improved Wilson quarks this additional improvement procedure
would not necessarily gain us a full power in 𝑔̄2(1/𝑎) for the massless basis owing to the presence
of chiral-symmetry breaking 4-fermion operators. Those operators were suppressed but now might
become the leading-power massless contributions.

3.3 Effect of explicit O(𝒂) improvement: 𝑵f = 2 massless Wilson quarks in a finite volume

While symmetries realised on the lattice ensure absence of operators in the SymEFT violating
those symmetries, the same is not true for symmetries present only in the continuum theory. Yet,
continuum symmetry arguments can be used to show, e.g., absence of O(𝑎) lattice artifacts in
maximally twisted mass QCD [40, 41] and similarly in massless Wilson QCD in a finite volume.

Focussing on the example of 2-flavour massless Wilson QCD in a finite volume brings us back
to the minimal operator basis in eq. (5), i.e. the operator O (1)1 . This operator is odd under the
discrete symmetry transformation

Ψ̄→ 𝑖Ψ̄𝛾5𝜏
𝑗 , Ψ→ 𝑖𝛾5𝜏

𝑗Ψ, (23)

where 𝜏 𝑗 is a Pauli matrix in flavour space. The massless continuum QCD action is invariant. As a
consequence we find for any quantity 𝑄 which is even under this transformation∫

d4𝑧 〈𝑄 O (1)1 (𝑧)〉 → −
∫

d4𝑧 〈𝑄 O (1)1 (𝑧)〉 . (24)

Therefore, any O(𝑎) contribution from the operator O (1)1 vanishes in finite volume for any quantity
𝑄 with a non-zero continuum value. This does not mean that the corresponding matching coefficient
of O (1)1 vanishes but the “matrix element” does. Expanding the SymEFT to O(𝑎2) will then yield
the usual O (2)

𝑖
operator insertions, but also a double insertion of O (1)1 that transforms as∫

d4𝑦 d4𝑧 〈𝑄 O (1)1 (𝑦)O
(1)
1 (𝑧)〉 →

∫
d4𝑦 d4𝑧 〈𝑄 O (1)1 (𝑦)O

(1)
1 (𝑧)〉 (25)

and therefore does not vanish. Additionally, such double operator insertions give rise to contact
terms, whose renormalisation affects the leading-order matching coefficients of the O (2)

𝑖
operator

10
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Figure 5: Leading powers 𝑔̄2Γ̂𝑖 (1/𝑎) relevant for O(𝑎2) corrections plotted against the leading-order match-
ing coefficients for massless 2-flavour Wilson QCD with explicit O(𝑎) improvement (right) and without
improvement (left).

basis [25]. The impact can be seen in figure 5. For the unimproved case the spectrum of leading
powers found is denser due to the presence of chiral-symmetry-breaking 4-fermion operators already
at tree-level, which now have non-vanishing tree-level matching coefficients owing to the contact-
term renormalisation. The magnitude of two of those additional leading-order matching coefficients
is also strongly enlarged. On top of that, one of the chiral-symmetry breaking 4-fermion operators
gives rise to Γ̂min ≈ −0.12 compared to Γ̂min ≈ 0.27 in the explicitly O(𝑎)-improved theory, where
the matching coefficient associated to the latter is very suppressed |𝑐min | ≈ 0.006.

4. Conclusion

In all cases considered and moreover any choice of lattice QCD with 𝑁f ≤ 4 flavours compatible
with the symmetry constraints imposed here, the leading power 𝑔̄2Γ̂min (1/𝑎) satisfies Γ̂min � −3.
Coming back to the oversimplified example in figure 1, this is certainly good news and much better
behaved than the O(3) model [20, 21]. However, at O(𝑎2) the large number of operators gives
various contributions with powers Γ̂𝑖 lying close to each other. Here it is not clear which operator
might contribute dominantly and one may find complicated lattice artifacts from cancellations and
pile-ups. On top of that, the corresponding leading-order matching coefficients 𝑐𝑖 can have vastly
different orders of magnitude. This additional hierarchy must be taken into account, because it
can undo relative suppressions in powers of 𝑔̄2(1/𝑎) making contributions dominant that otherwise
would be assumed to be suppressed by simple power counting in 𝑔̄2(1/𝑎).

Having a look at the leading-order matching coefficients can also hint at whether (tree-level)
Symanzik improvement is advisable. We focussed here on three examples, namely the domain-wall
height at tree-level 𝑀5(0) for DWF, tree-level O(𝑎2) improvement of the lattice Wilson Dirac
operator, as well as the use of automatic versus explicit O(𝑎) improvement of massless 2-flavour
Wilson QCD in a finite volume. But the general concept and arguments remain the same for other
parameter choices or when relying on other continuum symmetries for automatic improvement.

4Notice, that for O(𝑎)-improved Wilson quarks, the Wilson Dirac operator involves the Sheikholeslami-Wohlert
term [24] in contrast to the other fermion actions, where this term is optional.
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While we cannot say with absolute certainty which operator is dominant, we still get an idea
which contributions will likely be the most prominent ones due to low powers in 𝑔̄2(1/𝑎) and/or
enlarged matching coefficients. This knowledge should be taken into account when choosing
ansätze for the continuum extrapolation of the form 𝑎2 [2𝑏0𝑔̄

2(1/𝑎)]Γ̂ or more complicated choices.
Moreover, one should not take for granted that higher order corrections in the lattice spacing itself,
i.e. O(𝑎𝑛min+1) or similar, are irrelevant nor that sufficiently small couplings are reached for a
perturbative description, as presented here, to work well. Lattice simulations nowadays start to
reach couplings as small as 𝑔̄2(1/𝑎)/(4𝜋) ∼ 0.21. The take-away message remains: be careful
when doing continuum extrapolations.

Apart from the cases discussed here, a variety of cases is accessible now, including mixed
actions or partially quenched actions [25]. To allow further generalisation, the setup for the
symbolic calculus can be accessed.5 An in-depth discussion of some common choices for 𝑁f = 3
and 𝑁f = 4 is presented in [5]. The case of pure gauge has been considered before [3], as well
as the generalisation to Gradient flow, which requires an additional (third) operator in the minimal
basis [4] with 𝛾̂ = 0.

So far only spectral quantities have been considered, as they rely only on lattice artifacts arising
from the lattice-discretised action. For matrix elements of local fields, each local field involved will
introduce its own minimal basis contributing even more powers in 𝑔̄2(1/𝑎) and associated matching
coefficients. A computation for local fermion bilinears of mass-dimension 3 is underway [42].
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