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1. Introduction

Antiheavy-anitheavy-light-light tetraquarks have been studied extensively in recent years and
received a lot of interest, in particular since there is experimental evidence that such states exist in
the form of the 𝑢𝑑𝑐𝑐 tetraquark 𝑇𝑐𝑐 discovered by LHCb [1, 2].

On the theoretical side there is strong evidence that tetraquarks with flavor 𝑢𝑑𝑏̄𝑏̄ and 𝐼 (𝐽𝑃) =
0(1+) as well as with flavor 𝑢𝑠𝑏̄𝑏̄ and 𝐽𝑃 = 1+ exist and are strong-interaction-stable, even though
they have not been discovered by experiments yet. Within lattice QCD these systems were studied
using antiheavy-antiheavy potentals and the Born-Oppenheimer approximation [3–6] and also by
full simulations, where Non Relativistic QCD is used for the heavy 𝑏̄ quarks [7–11].

In Ref. [12] we predicted a 𝑢𝑑𝑏̄𝑏̄ tetraquark resonance with quantum numbers 𝐼 (𝐽𝑃) = 0(1−)
around 17 MeV above the 𝐵𝐵 threshold. There we used a rather simple single channel Born-
Oppenheimer setup, where effects due to the heavy quark spins are neglected. Since such effects
could be of the order O(𝑚𝐵∗ −𝑚𝐵) = O(45 MeV), it is essential to include these effects in a refined
study of this tetraquark resonance, which we found in Ref. [12] close to the 𝐵𝐵 threshold with a
rather large width around 112 MeV. In this work, we carry out such a refined study by using an
approach [6] developed in the context of the strong-interaction-stable 𝐼 (𝐽𝑃) = 0(1+) tetraquark,
which is also based on the Born-Oppenheimer approximation, but where two coupled channels, 𝐵𝐵
and 𝐵∗𝐵∗, are considered.

2. Theoretical basics

All calculations presented in this work are based on the Born-Oppenheimer approximation,
which is composed of two major steps.

In the first step the heavy 𝑏̄ quarks are treated as static and temporal correlation matrices
of antiheavy-antiheavy-light-light interpolators are computed using standard methods from lattice
QCD (see e.g. Ref. [5]). From these matrices corresponding antiheavy-antiheavy potentials can be
extracted.

For isospin 𝐼 = 0 suitable interpolators generating 𝑢𝑑𝑄̄𝑄̄ four-quark states are given by

𝑂𝐵𝐵 = (𝐶L)𝛼𝛽 (𝐶S)𝛾𝛿
(
𝑄̄𝑎

𝛾 (®𝑟1)𝑢𝑎𝛼 (®𝑟1)
) (
𝑄̄𝑏

𝛿 (®𝑟2)𝑑𝑏𝛽 (®𝑟2)
)
− (𝑢 ↔ 𝑑), (1)

where 𝛼, 𝛽, 𝛾, 𝛿 are spin indices, 𝑎, 𝑏 are color indices, ®𝑟1 and ®𝑟2 denote the positions of the static
antiquarks 𝑄̄, L and S are 4 × 4 spin matrices and 𝐶 = 𝛾0𝛾2 is the charge conjugation matrix.
Since static spins do not appear in the Hamiltonian and are conserved quantities, it is important to
couple the two static spins separately from the two light spins using S and L, respectively. In the
static limit there are only 4 linearly independent heavy spin matrices S ∈ {(1 + 𝛾0)𝛾5, (1 + 𝛾0)𝛾 𝑗},
for which 𝑂𝐵𝐵 does not vanish. For the light spin coupling there are 16 possibilities, L ∈
{(1 + 𝛾0), (1 + 𝛾0)𝛾5, (1 + 𝛾0)𝛾 𝑗 , (1 + 𝛾0)𝛾5𝛾 𝑗}. In total there are, thus, 4 × 16 = 64 interpolators
𝑂𝐵𝐵, which correspond to the 64 possible combinations of pairs of 𝐵, 𝐵∗, 𝐵0 and 𝐵∗

1 mesons.
For the Schrödinger equation discussed below we need potentials associated with pairs of 𝐵 and

𝐵∗ mesons, since channels containing a 𝐵0 or a 𝐵∗
1 meson decouple. There are two such potentials,

a strongly attractive potential 𝑉5 corresponding to L = (1 + 𝛾0)𝛾5 and a weakly repulsive potential
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Figure 1: Parametrizations of lattice QCD results for the 𝐼 = 0 antiheavy-antiheavy potentials 𝑉5 and 𝑉 𝑗 as
functions of the separation 𝑟 .

𝑉 𝑗 corresponding to L ∈ {(1 + 𝛾0)𝛾 𝑗}. Lattice QCD results extrapolated to physically light 𝑢/𝑑
quark masses can be parameterized consistently by

𝑉𝑥 (𝑟) = −𝛼𝑥

𝑟
𝑒−(𝑟/𝑑𝑥 )2

, 𝑥 = 5, 𝑗 (2)

with 𝛼5 = 0.34+0.03
−0.03, 𝑑5 = 0.45+0.12

−0.10 fm [5] and 𝛼 𝑗 = −0.10± 0.07, 𝑑 𝑗 = (0.28± 0.017) fm [6]. The
parameterizations are shown in Figure 1.

In the second step of the Born-Oppenheimer approximation the potentials 𝑉5 and 𝑉 𝑗 are used
in a 16× 16 coupled channel Schrödinger equation, where each channel corresponds to a particular
pair of 𝐵 and 𝐵∗ mesons. Effects due to the heavy quark spins are introduced via the mass splitting
𝑚𝐵∗ − 𝑚𝐵 ≈ 45 MeV taken from experiments [13].

In detail, the Schrödinger equation for the relative coordinate of the two 𝑏̄ quarks is given by

𝐻𝜓(®𝑟) = 𝐸𝜓(®𝑟), (3)

where, at large 𝑏̄𝑏̄ separations |®𝑟 |, the 16 components of the wave function represent meson-meson
pairs according to

𝜓 ≡ (𝐵𝐵, 𝐵𝐵∗
𝑥 , 𝐵𝐵

∗
𝑦 , 𝐵𝐵

∗
𝑧 , 𝐵∗

𝑥𝐵, 𝐵
∗
𝑥𝐵

∗
𝑥 , 𝐵

∗
𝑥𝐵

∗
𝑦 , 𝐵

∗
𝑥𝐵

∗
𝑧 , 𝐵∗

𝑦𝐵, 𝐵
∗
𝑦𝐵

∗
𝑥 , 𝐵

∗
𝑦𝐵

∗
𝑦 , 𝐵

∗
𝑦𝐵

∗
𝑧 ,

𝐵∗
𝑧𝐵, 𝐵

∗
𝑧𝐵

∗
𝑥 , 𝐵

∗
𝑧𝐵

∗
𝑦 , 𝐵

∗
𝑧𝐵

∗
𝑧)𝑇 (4)

(the indices 𝑥, 𝑦, 𝑧 refer to the orientation of the spins of the 𝐵∗ mesons). 𝐻 is the Hamilton operator,

𝐻 = 𝑀 ⊗ 14×4 + 14×4 ⊗ 𝑀 + ®𝑝2

2𝜇
+ 𝐻int (5)

with the meson masses 𝑀 = diag(𝑚𝐵, 𝑚𝐵∗ , 𝑚𝐵∗ , 𝑚𝐵∗), the relative momentum of the the two 𝑏̄

quarks and the reduced 𝑏 quark mass 𝜇 = 𝑚𝑏/2. 𝐻int is a 16 × 16 non-diagonal matrix containing
the antiheavy-antiheavy potentials 𝑉5 and 𝑉 𝑗 computed in the first step. It is given by

𝐻int = 𝑇𝑉diag𝑇
−1, (6)

3
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where𝑉diag is a diagonal 16×16 matrix with entries𝑉5 or𝑉 𝑗 and𝑇 is a 16×16 transformation matrix,
whose entries relate antiheavy-antiheavy potentials to meson-meson pairs. 𝑇 can be determined
using Fierz identities, i.e. by expressing the fermion bilinears (𝐶L)𝛼𝛽𝑢𝑎𝛼𝑑𝑏𝛽 and (𝐶S)𝛾𝛿𝑄̄𝑎

𝛾𝑄̄
𝑏
𝛿

in
Eq. (1) in terms of the 16 components of the wave function defined in Eq. (4) (for details we refer
to Ref. [6]). We note again that there is no coupling between channels with 𝐵0 and/or 𝐵∗

1 mesons
and the 16 channels listed in Eq. (4).

One can show that both orbital angular momentum 𝐿 as well as total spin 𝑆 are conserved
quantities. This allows to decompose the 16 × 16 equation (3) into independent 1 × 1 and 2 × 2
equations with either symmetric or antisymmetric wave functions with respect to meson exchange.
In this work we are exclusively interested to study a possibly existing resonance with 𝐼 (𝐽𝑃) = 0(1−)
predicted in Ref. [12], which has 𝐿 = 1 and 𝑆 = 0. Thus, we focus on the 2 × 2 block representing
𝑆 = 0, ((

2𝑚𝐵 0
0 2𝑚𝐵∗

)
+ ®𝑝2

2𝜇
+𝑉2×2(𝑟)

)
®𝜓2×2(®𝑟) = 𝐸 ®𝜓2×2(®𝑟). (7)

The potential matrix 𝑉2×2 contains linear combinations of the potentials 𝑉5 and 𝑉 𝑗 ,

𝑉2×2(𝑟) =
1
4

(
𝑉5(𝑟) + 3𝑉 𝑗 (𝑟)

√
3(𝑉5(𝑟) −𝑉 𝑗 (𝑟))√

3(𝑉5(𝑟) −𝑉 𝑗 (𝑟)) 3𝑉5(𝑟) +𝑉 𝑗 (𝑟)

)
, (8)

and entries of the 2-component wave function ®𝜓2×2 can be interpreted according to

®𝜓2×2 ≡ (𝐵𝐵 , ®𝐵∗ ®𝐵∗/
√

3). (9)

3. Scattering formalism

In this section we specialize the Schrödinger equation (7) to 𝐿 = 1. Moreover, we use standard
techniques from scattering theory to implement boundary conditions, which define the T matrix
(see e.g. Refs. [12, 14] for more detailed discussions).

We write each of the 2 components of the wave function (9) as a superposition of an incoming
partial wave proportional to 𝐴𝛼 𝑗1(𝑘𝛼𝑟), 𝛼 ∈ {𝐵𝐵, 𝐵∗𝐵∗}, which is a solution of the free Schrödinger
equation, and an emergent spherical wave proportional to 𝜒𝛼 (𝑘𝛼𝑟)/𝑟 , i.e.

®𝜓2×2(®𝑟) =
(

𝐴𝐵𝐵 𝑗1(𝑘𝑟) + 𝜒𝐵𝐵 (𝑟)/𝑟
𝐴𝐵∗𝐵∗ 𝑗1(𝑘∗𝑟) + 𝜒𝐵∗𝐵∗ (𝑟)/𝑟

)
𝑌1,𝑚(𝜗, 𝜑) (10)

with 𝑘 = 𝑘𝐵𝐵 =
√︁

2𝜇(𝐸 − 2𝑚𝐵) and 𝑘∗ = 𝑘𝐵∗𝐵∗ =
√︁

2𝜇(𝐸 − 2𝑚𝐵∗). This leads to an ordinary
differential equation for the radial coordinate 𝑟,((

2𝑚𝐵 0
0 2𝑚𝐵∗

)
− 1

2𝜇

(
𝑑2

𝑑𝑟2 − 2
𝑟2

)
+𝑉2×2(𝑟) − 𝐸

) (
𝜒𝐵𝐵 (𝑟)
𝜒𝐵∗𝐵∗ (𝑟)

)
=

= − 𝑟

4

(
(𝑉5(𝑟) + 3𝑉 𝑗 (𝑟))𝐴𝐵𝐵 𝑗1(𝑘𝑟) +

√
3(𝑉5(𝑟) −𝑉 𝑗 (𝑟))𝐴𝐵∗𝐵∗ 𝑗1(𝑘∗𝑟)√

3(𝑉5(𝑟) −𝑉 𝑗 (𝑟))𝐴𝐵𝐵 𝑗1(𝑘𝑟) + (3𝑉5(𝑟) +𝑉 𝑗 (𝑟))𝐴𝐵∗𝐵∗ 𝑗1(𝑘∗𝑟)

)
. (11)

4
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𝐴𝐵𝐵 and 𝐴𝐵∗𝐵∗ reflect the composition of the incoming partial wave in terms of a 𝐵𝐵 and a
𝐵∗𝐵∗ meson pair, respectively. Moreover, the emergent wave is proportional to the corresponding
scattering amplitude and ℎ

(1)
1 (𝑘𝛼𝑟) for large 𝑟. This allows to define the 2 × 2 T matrix,

T =

(
𝑡𝐵𝐵;𝐵𝐵 𝑡𝐵𝐵;𝐵∗𝐵∗

𝑡𝐵∗𝐵∗;𝐵𝐵 𝑡𝐵∗𝐵∗;𝐵∗𝐵∗

)
, (12)

via

𝜒𝛼 (𝑟) = 𝑖𝑟𝑡𝐵𝐵;𝛼ℎ
(1)
1 (𝑘𝛼𝑟) for 𝑟 → ∞ and (𝐴𝐵𝐵, 𝐴𝐵∗𝐵∗) = (1, 0) (13)

𝜒𝛼 (𝑟) = 𝑖𝑟𝑡𝐵∗𝐵∗;𝛼ℎ
(1)
1 (𝑘𝛼𝑟) for 𝑟 → ∞ and (𝐴𝐵𝐵, 𝐴𝐵∗𝐵∗) = (0, 1). (14)

The first index of 𝑡𝛼,𝛽 refers to the incoming wave, the second index to the emergent wave. Poles
of the T matrix indicate bound states (for Re(𝐸) < 2𝑚𝐵) and resonances (for Re(𝐸) > 2𝑚𝐵).

4. Numerical results

We used a standard fourth order Runge-Kutta method to solve the Schrödinger equation (11) for
given complex energy 𝐸 and determined the corresponding T matrix (12) by comparing the wave
function to the boundary conditions (13) and (14) at large 𝑟. Then we applied a Newton-Raphson
root finding algorithm to 1/det(T(𝐸)) to determine the poles of the T matrix in the complex energy
plane.

When using the potentials (2), meson masses 𝑚𝐵 = 5280 MeV, 𝑚𝐵∗ = 5325 MeV from the
PDG [13] and 𝑚𝑏 = 4977 MeV from a quark model [15], we did not find a pole. In particular,
there is no sign of the 𝐼 (𝐽𝑃) = 0(1−) 𝑢𝑑𝑏̄𝑏̄ tetraquark resonance predicted in Ref. [12] within
a more basic single channel setup, where heavy spin effects and the mass splitting of the 𝐵 and
the 𝐵∗ meson are neglected. The reason, why this resonance does not exist in the more realistic
coupled channel setup introduced in this work, seems to be the competition between the attractive
potential 𝑉5 and the repulsive potential 𝑉 𝑗 . In the lighter 𝐵𝐵 channel the potential is (𝑉5 + 3𝑉 𝑗)/4
(see the upper left element of the potential matrix (8)), i.e. the attractive contribution is suppressed
by the factor 1/4, disfavoring the existence of a resonance. In the 𝐵∗𝐵∗ channel the potential is
(3𝑉5 +𝑉 𝑗)/4 (see the lower right element of the potential matrix (8)), i.e. the attractive component
still dominates, but the potential is shifted upwards by 2(𝑚𝐵∗ − 𝑚𝐵) = 90 MeV, which is also not
favorable concerning the formation of a resonance.

4.1 Varying the potential 𝑉 𝑗

To understand this in more detail we replaced the repulsive potential 𝑉 𝑗 from Eq. (2) by
𝑉 𝑗 = 𝜖𝑉5 and varied 𝜖 in the range −0.50 ≤ 𝜖 ≤ +1.00. 𝜖 = −0.50 is quite similar to 𝑉 𝑗 from
Eq. (2) (see Figure 1; this is also supported by the leading order of perturbation theory, where
𝑉 𝑗 = −𝑉5/2), while 𝜖 = +1.00 leads to a decoupling of the two channels, i.e. to a setup containing
the single channel equation used in Ref. [15]. Thus, continuously changing 𝜖 from +1.00 to −0.50
allows to study the existence and properties of the resonance predicted in Ref. [12], while smoothly
transitioning from the single channel setup of Ref. [12] to the coupled channel setup used in this
work.

5
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Figure 2: (left) Trajectory of the T matrix pole in the complex energy plane, when decreasing 𝜖 from +1.00
to +0.62, where the pole disappears. (right) |det(T) | as function of the complex energy for 𝜖 = +0.83.

In the left plot of Figure 2 we show the trajectory of the T matrix pole in the complex energy
plane, when decreasing 𝜖 from +1.00 (blue point, single channel setup from Ref. [12]1) to +0.62
(red point, still an attractive potential𝑉 𝑗 = +0.62×𝑉5), where the pole disappears. Since 𝜖 = +0.62
is rather far away from 𝜖 = −0.50 (which is close to the lattice QCD result for𝑉 𝑗), our results clearly
suggest that the 𝐼 (𝐽𝑃) = 0(1−) resonance does not exist in nature.

The right plot of Figure 2 is an exemplary plot of |det(T) | as function of the complex energy for
𝜖 = +0.83, i.e. a strongly attractive𝑉 𝑗 = +0.83×𝑉5. There is a clear pole Re(𝐸) −2𝑚𝐵 = 12.4 MeV
above the 𝐵𝐵 threshold. The width of the corresponding resonance is Γ = −2 Im(𝐸) = 153 MeV.

To further illustrate the interplay between the potentials 𝑉5 and 𝑉 𝑗 on the one hand and the
mass difference 𝑚𝐵∗ −𝑚𝐵 on the other hand, we computed the meson composition of the resonance
as function of 𝜖 using a technique proposed in Ref. [14]. For given 𝜖 we determine the energy of
the T matrix pole and solve the Schrödinger equation (11) for real energy Re(𝐸pole). The squares
of the emergent spherical waves are proportional to the probabilities to find the system in a 𝐵𝐵 or
in a 𝐵∗𝐵∗ state, respectively. Thus the meson percentages can be defined as

%𝛼 =
𝛼

𝐵𝐵 + 𝐵∗𝐵∗ , 𝛼 = 𝐵𝐵, 𝐵∗𝐵∗ (15)

with

𝐵𝐵 =

∫ 𝑅max

0
𝑑𝑟

���𝜒𝐵𝐵 (𝑟)
���2 , 𝐵∗𝐵∗ =

∫ ∞

0
𝑑𝑟

���𝜒𝐵∗𝐵∗ (𝑟)
���2. (16)

%𝐵𝐵 and %𝐵∗𝐵∗, computed for 𝑅max = 2.0 fm (the meson percentages are only weakly dependent
on 𝑅max), are shown in Figure 3. One can see that, at 𝜖 = +1.00, the resonance is a pure 𝐵𝐵 state. This
is expected, because the two channels decouple and the lighter 𝐵𝐵 channel is identical to the single
channel setup from Ref. [12] and, thus, fully contains the predicted resonance. When decreasing
𝜖 , the 𝐵𝐵 and the 𝐵∗𝐵∗ channels mix and the system selects dynamically the energetically most

1The energy of the 𝜖 = 1.00 data point in Figure 2 is slightly different from the energy quoted in Ref. [12], because
in that reference a different value for 𝑚𝑏 was used.
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Figure 3: Meson composition of the resonance as function of 𝜖 .

favorable meson composition. In other words, the lighter but less attractive 𝐵𝐵 channel competes
with the heavier but more attractive 𝐵∗𝐵∗ channel. We found that there is a rather quick transition
from %𝐵𝐵 = 100% (and %𝐵∗𝐵∗ = 0%) at 𝜖 = 1.00 to %𝐵𝐵 < 10% (and %𝐵∗𝐵∗ > 90%) for
𝜖 < 0.96. The obvious interpretation is that an attractive potential is significantly more important
for the formation of the resonance than lighter meson constituents.

4.2 Heavier than physical 𝑏 quark masses

We also explored heavier than physical 𝑏 quark masses by defining

𝑚𝑏 = 𝜅𝑚𝑏,phys (17)

𝑚𝐵∗ − 𝑚𝐵 =
𝑚𝐵∗,phys − 𝑚𝐵,phys

𝜅
=

45 MeV
𝜅

(18)

and performing computations with 𝜅 > 1. 𝑚𝑏,phys = 4977 MeV is the quark model value for the 𝑏

quark mass already used in the previous subsection and Eq. (18) represents the leading order Heavy
Quark Effective Theory prediction for the mass splitting of the 𝐵 and the 𝐵∗ meson [16].

Since the potentials are independent of 𝜅, there must be a bound state for sufficiently large
𝑚𝑏. This expectation is confirmed by numerical results, where a bound state appears at 𝜅 ≈ 2.8.
This can be seen in Figure 4, where we show the binding energy 𝐸 − 2𝑚𝐵 as function of 𝜅. For
comparison, we also show corresponding results obtained in the single channel setup of Ref. [12].
The single channel results are similar, but shifted to smaller values of 𝜅 and a bound state already
appears at 𝜅 ≈ 2.4.

There is, however, a significant qualitative difference between results obtained in the single
channel setup and the coupled channel setup of this work for 1 < 𝜅 <∼ 2.4 and 1 < 𝜅 <∼ 2.8, respectively.
In the single channel setup there is a resonance, but in the coupled channel setup a resonance does
not seem to exist, not even when 𝜅 is approaching 2.8, i.e. for 𝑚𝑏 close to that value, where a bound
state appears. We plan to investigate this in more detail in the near future.
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Figure 4: Binding energy 𝐸 − 2𝑚𝐵 as function of 𝜅 (yellow dots: coupled channel setup; dotted line: single
channel setup from Ref. [12]).

5. Conclusions

Our results presented in section 4 suggest that a 𝑢𝑑𝑏̄𝑏̄ tetraquark resonance with 𝐼 (𝐽𝑃) = 0(1−)
does not exist. We note, however, that our approach, even though based on lattice QCD potentials, is
not fully rigorous and resorts to certain approximations, e.g. the Born-Oppenheimer approximation.
When comparing the mass of the strong-interaction-stable 𝑢𝑑𝑏̄𝑏̄ tetraquark with 𝐼 (𝐽𝑃) = 0(1+)
obtained in the same approach [6] to results from recent full lattice QCD computations [7–11],
there is a discrepancy in the binding energy, around 59 MeV versus 100 . . . 150 MeV, which is not
fully understood yet. Since full lattice QCD leads to stronger binding, it cannot be excluded, that
the resonance exists in full QCD. Thus, to complement the results presented in this work, it would
be interesting to also explore the 𝐼 (𝐽𝑃) = 0(1−) sector using full lattice QCD with methods similar
to those from Refs. [11, 17].
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