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1. Introduction

Since the rediscovery of the Ginsparg-Wilson (GW) relation[1-6], it has become possible to
discuss the gauge interaction of Weyl fermions on the lattice in well-defined manners. As for the
Abelian lattice chiral gauge theories with anomaly-free set of Weyl fermions, Liishcer has shown
that the gauge-invariant path-integral measure of lattice Weyl fermions can be constructed locally,
uniquely and smoothly[7]. Liishcer has also examined the gauge anomaly in non-Abelian lattice
chiral gauge theories and formulated an integrability condition of the chiral determinant of lattice
Weyl fermions[8]. This integrability condition was also formulated as the relation between 4-dim.
overlap Weyl fermion and 5-dim lattice domain wall fermion[9—14].

Our research aims to reformulate the integrability condition of the chiral determinant of
Weyl fermions on the lattice in a more parallel manner with the modern theory of ’t Hooft (gauge)
anomalies, and derive the necessary and sufficient condition to construct lattice chiral gauge theories.
Our discussion parallels the modern theory of anomalies. The current understanding of 't Hooft
anomaly implies that the d-dim anomalous theory emerges as a boundary theory of (d+1)-dim
SPT theory. This non-trivial relation between a d-dim anomaly and a (d+1)-theory has been
known as the anomaly-inflow mechanism[15]. Recent works[16—18] succeeded in reinterpreting
the relation based on the Dai-Freed theorem[19] and sophisticating it. Furthermore, the (co)bordism
classification of SPT phases enables us to classify anomalies systematically and serves as a powerful
tool for examining 't Hooft anomalies in gauge theories.

In this paper, we first consider the 5-dim lattice domain-wall fermion and emerging 4-dim
boundary overlap Weyl fermion. Calculating the partition function of the system, we reformulate
the anomaly-inflow based on the Dai-Freed theorem on the lattice. Next, observing the 6-dim
lattice domain-wall fermion and the boundary 5-dim overlap Dirac fermion, we derive the Atiyah-
Patodi-Singer(APS) index theorem on the lattice. Those discussions of 5- and 6-dim domain-wall
fermions lead us to define n-invariant on the lattice and its “bordism” invariance the triviality of
which indicates the integrability of the lattice Weyl fermion determinant. In conclusion, we present
two statements as the necessary and sufficient conditions to construct generic anomaly-free lattice
chiral gauge theories.

1.1 Weyl fermions on the lattice and the gauge anomaly
Given a gauge-covariant lattice Dirac operator satisfying the GW relation[1],
Dys+vysD =2aDvysD, ey

Weyl fermion _(x),_(x) can be defined by constraining Dirac fermion y (x), ¥ (x) with the
modified projection operator and the usual one :

Yo =Py (x),  Y_(x)=y_(x)Ps, ©)
where
fs=ys(1-2aD), Po=3(1255), Po=3(l+ys). 0
The action of the Weyl fermion is written as:
S = a* ) U (DY (x). 4
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The path-integral measure on the Weyl fermion can be defined with the coefficients of mode
expansion of fermions. First, let us introduce chiral basis {v;}, {v;} and expand ¥ _ (x), ¥ _(x) with

them:
yo(x) = >ovie o Povix) = i), 5)
Yo = AT L k(0P =T, ©)
Then, the path-integral measure can be defined as:
DWID[Y] =]_[dc,~]:[dc-k. (M
J

As aresult, the partition function of lattice Weyl fermion can be calculated as follows and takes the
form of a chiral determinant:

z

/ Dy-1D [lﬁ_] e_a4 Yx - (x) Dy (x) ®

/ | [ dei | [ deje 2o aMict = det My, 9)
l. .

4

where Mj; = a* 2x ViDvi(x).

In the above discussion, the constraint condition (5) depends on D through P_, and we foist
the gauge field dependency of _(x) on the basis {v;}. Therefore, it is not trivial if the choice of
the basis {v;} exists so that the partition function is uniquely determined as a function of the gauge
field U(x, ). In fact, under the unitary transformation Q of the basis,

) = v (@) =) Quen (10)
l

the partition function transforms as
dethi - dethl- det Q. (11)

Consequently, the partition function now has a gauge-dependent phase ambiguity, namely, the gauge
anomaly.

Overlap Weyl fermions are defined with a gauge-covariant and local solution of GW relation
given as follows|[2, 3]:

1 1
Doy = 5|1+ Xy——|. Xy = Dy— 20 (0<mp<2), (12)
. VX5 X, .
whereDy, is a Dirac operator of the massless Wilson fermion:
1 " a ¥
Dy = ~Yu3 (V= V3] + SV (13)

Throughout this paper, let us impose the admissibility condition:
2
5d(d-1)’

where P, (x) is the plaquette variable and d denotes the dimension. This condition guarantees the

[1 =P ()] < (14)

locality and the topological structure of the overlap Dirac operator[6].
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2. Reformulation of the inegrablity condition in lattice chiral gauge theories

2.1 5-dim DW fermion

We adopt Shamir’s definition of the lattice domain-wall fermion[10]. That is, we define it by
Wilson-Dirac fermion with the negative mass —% (0 < mg < 2) on the 5-dim lattice with a finite
fifth extent r € [-N + 1, N] and impose the Dirichlet(Dir) boundary condition:

Y-y N = 0, (15)
J—(x’t)|t:—N,N+1 =0 (16)

where ¢ denotes the coordinate of 5th axis. This definition naturally introduces the Weyl fermion
with the positive and the negative chirality on the r = —N + 1 boundary and ¢t = N boundary,
respectively.

In order to define chiral fermions, we need to assign different 4-dim link fields on two bound-
aries. Therefore, let Uy(x; u) and U;(x; u) be the 4-dim gauge fields such that couple to ¢, and
W, respectively:

U(x’t;:u)lt:—N+l = UO(X;ﬂ)’ (17)
Ux,t; W)=y = Ui(x;p). (18)

In addition, we must define the 5-dim link fields consistent with the boundary link fields. Thus
we take the 5-dim path ¢ to smoothly interpolate Uy (x, i) and Uj (x, ) along the 5th axis. Note that
it has to satisfy the 5-dim version of the admissibility condition.For a practical purpose, we suppose
that 5-dim link fields vary in a finite interval along the path ¢, namely the interval t € [—A + 1, A]
with a fixed A, sufficiently small compared to N.

Further, we can also define the domain-wall fermion with anti-periodic(AP) boundary condi-
tion. To do so, we first combine two 5-dim lattice spaces and take ¢t € [-N + 1, 3N] and interpolate
5-dim link fields with the path ¢ = ¢yc; L

2.2 5-dim DW fermion and the Dai-Freed theorem

In this section, let us consider the 5-dim domain-wall fermion with Dir. boundary condition
and reformulate the anomaly inflow on the lattice based on the Dai-Freed theorem. Let Y|p;/ap
be the 5-dim lattice space with Dir/AP boundary condition and Xy ; denotes the two boundaries of
YlDir :

The partition function of the domain-wall fermion and emerging boundary Weyl fermion can
be calculated as follows[13]:

c

5)
det Xy~ « det (v!f = T;v0

lim Dit __ _ et (VDOVvl)det (vDOVVO) W e T°) (19)

N—o0 c-c! 1/2 |det (VIT l_[tei- Ttvo)l

detX(5)
Yo |ap

where T in the 3rd term is a transfer matrix and defined as 7; = tzgjg .

about the equation(19). First, at the LHS, we calculate the partition function of the 5-dim domain-

Here are some remarks

wall fermion with the Dir boundary condition, divided by the same with the AP boundary condition.
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It is because we would like to focus on the contribution of the boundary Weyl fermions. As a virtue
of this procedure, the bulk term, the 3rd term in the RHS, becomes only a pure phase. We denote
this phase with i 2znpg( Ylpj ):

det (V! [T, e Tiv°)

exp (2o (Ypy)) = |det (v!F [T e Tiv0)| (20)
tec it

Second, the 1st and 2nd terms specify the boundary contributions, namely the effective action of
4-dim Weyl fermions. As mentioned in sectionl.1, it takes the form of the chiral determinant and
breaks the gauge symmetry through the chiral bases {v} 1, {v?}. We denote these effective actions
with I'(X; U §_§0). Consequently, the equation (19) can be written in a simpler form:

deth(VS) C_ .
lim Dit_— = exp (I (%1 U o) ) exp (270 ( ¥l )) - @1)
N —>o0 c-c! 1/2

det X
A ap

A closer look at this equation shows that each term in RHS is anomalous, but by combining them,
we get LHS, which is anomaly-free. Actually, the boundary effective action and the bulk term have
the same {v;} dependency and give the exact same U(1) bundle. This relation reformulates the
anomaly inflow on the lattice based on the Dai-Freed theorem.

Let us emphasize that the amount exp (i27npg ( Y|p;.)) indicates the bulk dependency of the
gauge configuration, precisely speaking, the dependence of the interpolation path c. Based on
the above discussion, we can always cancel the gauge anomaly of the 4-dim lattice Weyl fermion
with the 5-dim object exp (i2717pr (Y|p;,)); thus, we no longer have the problem with the anomaly.
Instead, it now comes down to the new situation of 5-dim dependency.

2.3 Lattice p-invariant and integrability condition

In this section, we discuss the relation between the amount exp (i271pg ( Y|p;,)) and the lattice
n-invariant and formulate the integrability condition of lattice Weyl fermion with the lattice
invariant. First, we define the lattice n-invariant with the phase of the determinant of the 5-dim
overlap Dirac operator, following a precedented work[14]:

detD((,?,) Dit/AP
. . 1r
exp (12” 1( Ylpir/ap )) = lim (22)
det D((,\S,)
Dir/AP
det x|
- lim DIr/AP (23)
N— (5)
det X,
Dir/AP

This definition coincides with the usual definition of the 77 invariant under the classical continuum
limit. Then, by definition, the equation (21) reads

ei271'7]( Y pir) — eiznnDF(YlDir)ei ImF(X] UX()) (24)
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and, with the equation (20), this in turn implies

. cq |
elznnDF(Y|Dir) i27r7](Y|;i)L2 )

B 25
e (712) )

Now, let us come back to our problem of the 5-dim dependency of the partition function of
the 4-dim lattice Weyl fermion. Reminding that exp (i2717pg ( Y|p;,)) is the bulk contribution of
the partition function and the ratio er27mr (Yl / e27mr(YI5i) measures the bulk dependency of
the interpolation paths. Accordingly, the integrability condition is now formulated by the following
statement:

“e27n(¥lap) = 1 for arbitrary gauge configurations satisfying the admissibility condition.” (26)

However, it is practically impossible to compute e’277(¥lap) for any gauge configurations.
Then it is essential to introduce the “bordism’ invariance on the lattice, as we will see in later, to
reduce the computation.

2.4 6-dim DW fermions and APS index theorem

In this section, we formulate the APS index theorem on the lattice, considering the 6-dim
latticedomain-wall fermion and boundary 5-dim overlap Dirac fermion[20]. Let Z|p;, sp be the
5-dim lattice space with Dir/AP boundary condition and Y ; denotes the two boundaries of Z|p;,.
We use s to indicate the coordinate of 6th axis.

The partition function of the 6-dim domain-wall fermion with the Dir boundary condition can
be evaluated in the same manner as the section 2.2, and we get:

C

detX‘ff) ; « det (v!7 -T0
lim Dir__ = det (\7Dovvl)det (vDovvo) ( : e T: 0) . 27)
N " |det (v!7 TTyec Tiv?)|
det X,
AP
In the 6-dim case, we can choose the basis {v;} as follows:
1 x® L
vi(x) = — VXOTXE ) ¢ (x), (28)
V2 1
where
(XOTXD) 6100 = (12 91(x), Y. 4i(0)i()' = Lixay. (29)

As aresult, unlike the 5-dim case, we can factorize the boundary and the bulk terms so that neither
is independent on the basis {v;}, meaning anomaly-free. This choice of chiral basis corresponds to
taking the APS boundary condition. Therefore, based on our choice of the basis, we can rewrite the
equation (27) as follows:

c

det XV(V6)

lim

N —o0

]_Dlirl n = dethi)
cc

det X
A ap

(5)
detD
Y1 { ov

y } eiﬂP(Z|c)’ (30)
0
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where we define the amount P so that the 3rd term denotes the bulk contribution:

einp(z) — 4T 31
| det 7|
(1 . 5[ X=2=
T = —( X! 1) 7! VXX (32)
2 \Vxtx Ylg ' 1 Yo
inP(Z[)

This choice of chiral basis corresponds to taking the APS boundary condition. The amount e
indicates the interpolation dependency of the 6-dim gauge configuration, and it can be expressed
with the phase of the domain-wall fermion with the AP boundary condition:

-1
cic
det x| °
i TP (Z|1) o=in P(Z|?) lim AP (33)
N—eo 6|
|detXW
AP
o . i7rQ<f’)(Z|cl“7£')
= I\]{lm € . (34)

We can specifically exhibit the amount of Q(©) ( Z|ve 1 ) as a lattice sum of a local topological
field ¢© (z):

0% = > 490, (35)
y,s€c1c2'1
1 H
9%(2) = ‘Etr{\/—wz }(z,z), Hy = 71Xy, (36)
HW AP

where z denotes the 6-dim coordinate. Although Q® ( Z|“1"“2 I ) originally depended on a loop
ciey !, we can use the locality of ¢(®)(z) to decouple the contributions from ¢; and c,y . Thus we
can write:

P(Z|%) = lim > 49, 37)
y,S€C

Now, let us focus on the phase of the equation (30) this time. First, for the phase of the LHS,
one can define an index / on the lattice as follows:

1( Zlir ) Z‘Z%“{%

Z

} (z,2). (38)
Dir

It has been proved that this index coincides with the APS index in the continuum theory[21-23];
hence we get the lattice APS index from the phase of the LHS.

Next, it follows from the definition of the lattice 7 invariant (22) that the phase of the boundary
terms in the RHS, 1st and 2nd terms, give the lattice 7 invariants. Besides, the bulk term in the
LHS has already been just a phase. Therefore, from the phase of the equation (30), we get:

I( Zlpi ) = P(ZI°) +1 (Yilap) =17 (Yolap) - (39)

This result exactly reproduces the APS index theorem on the lattice!.

IStrictly speaking, it only holds with modulo 27, but it has been shown that the leftover term vanishes when
perturbative anomaly cancels out, and thus, we can simplify the equation. [14]
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2.5 The cohomological problem and “Bordism” invariance of lattice eta invariant

Now, let us look closely at the amount P(Z|°). As mentioned above, P(Z|) can be expressed
with the lattice sum of a lattice topological field ¢, which thus satisfies the relation:

Z 6,99 (z) = 0. (40)

y,S€C

Such a local topological field g(z) is expected to be classified cohomologically[8], as well as the
case in the continuum theory. Thereby assuming this cohomological problem, we can rewrite ¢(z)
with a lattice Chern class c¢(z) and local gauge-invariant currents k as follows:

79 (2) = c3(2) + 9}k, (2). (41)

Additionally, let us suppose the perturbative anomaly cancellation condition £g Trg [T {T?,T¢}] =
0. As it means ¢(z) = 0, g(z) becomes cohomologically trivial:

7'9(2) = 0k, (2). (42)

under the condition. Now ¢(z) is a mere total derivative term, and hence P, the lattice sum of ¢(z),
can be represented with only the boundary contributions:

P(ZI%) = ) k@l = Y k(@] (43)
y y

This description leads us to define a new amount, adding the boundary contribution from P(Z|)
to i, which is originally a boundary object. Namely, we define a new amount as follows:

i (Y1,0|AP) =n (Y1,0|Ap) + Z ks(y,$)ly, , - (44)
y

As a result, the following identity follows from the APS index theorem (39):

exp(mirj (Y1|ap)) exp(=nitj (Yol ap)), (45)
exp(27in (Y1|ap)) exp(=27irj (Yolap))- (46)

exp(nil (Z|pj))
1 = exp(27il (Z|py,))

The last relation tells us that exp(27irj (Y |p)) and exp(2mirj (Yo|ap)) give the same amount if
there exists a 6-dim lattice space such that 3Z = Y, LU Y. This property is the lattice analog for the
notion of bordism invariance.

2.6 The triviality of exp(27irj (Yo|op)) and the integrability condition

As mentioned in sec2.3, the integrability condition has come down to the statement “e?277( ¥lar) =
1 for arbitrary gauge configurations satisfying the admissibility condition”. Now we can amend it
using 7j:

“e271(¥lap) = 1 for arbitrary gauge configurations satisfying the admissibility condition.” (47)

Due to the powerful property of the *bordism’ invariance of ¢?>*7(¥lar) "we only need to calculate
if with a finite number of bordism’ equivalent gauge configurations. In conclusion, the original
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issue of the anomaly cancellation condition, namely the integrability condition of the 4-dim lattice

2777 (Y| ap)

Weyl fermion, eventuated the calculation task of the amount e . After confirming that

e?271(¥1ap) = 1, we can define the partition function of the 4-dim Weyl fermion as follows:
el K1) — (et (VDOVVI) ei277oE (Y15;) (48)

Our discussion above guarantees that this partition function is uniquely determined up to a constant
(gauge-independent) phase.

3. Summary

With the above discussion, we have formulated the construction of generic lattice chiral gauge

theories. As a first step towards this formulation, we first focused on the 5-dim lattice domain-wall
fermion. We defined an amount 7jpf (Y|Eir), which has been shown to coincide with the section
of the determinant line bundle of the 4-dim boundary lattice chiral fermions. This mechanism is a
lattice analog of the anomaly inflow based on the Dai-Freed theorem.
Next, we focused on the 6-dim lattice domain-wall fermion and produced the APS index theorem
on the lattice. In addition, we introduced an amount ¢27(¥lap) ~assuming the cohomological
problem. In conclusion, the necessary and sufficient conditions to construct lattice chiral gauge
theories can be summarized in two statements:

1. (The cohomological problem) local lattice topological fields become cohomologically trivial
under the perturbative anomaly cancellation condition.

2717 (Yap)

2. (The integrability condition) e = 1 for representative gauge configuration of “bor-

dism” equivalence
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