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1. Introduction

Strong CP-problem is one of the most important open issues posed by the StandardModel. One
of the most promising solutions is the Peccei-Quinn mechanism, that introduces a new hypothetical
particle, the axion. Because of its properties, axion is also a possible candidate for Dark Matter.

The phenomenology of QCD axion is strictly related to the topological properties of QCD,
and this is one of the reasons that enhanced the interest in studying them from the lattice in recent
years [1–6]. For instance, the temperature-dependent axion mass is given by:

<2
0 ()) =

j())
5 2
0

, (1)

where 50 is the axion decay constant and j is the QCD topological susceptibility. This quantity
is the second order derivative of the QCD free energy density with respect to \ in \ = 0, and it is
defined in the following way:

j ≡ 〈&
2〉
+

, (2)

where + is the space-time volume and & is the topological charge, i.e., the 4D integral of the
topological charge density @(G),

@(G) = 1
32c2 Y`adfTr{�`a (G)�df (G)}. (3)

There are several issues to deal with when trying to compute the topological susceptibility in the
high-temperature regime. Among them, we recall the following ones:

Rare events. The topological susceptibility is expected to drop when ) � )2 , this implies
〈&2〉 = j())+ � 1. In other words, unless an unfeasibly large volume + is considered, configura-
tions with non-zero value of the topological charge become very rare, and one has to collect very
large statistics to precisely compute j from the variance 〈&2〉 of the topological charge distribution.

Chiral symmetry and lattice artifacts. The most frequently used fermion lattice discretiza-
tions at high-) (like the staggered one) are characterized by an explicit breaking of the chiral
symmetry at finite lattice spacing. This fact leads to severe lattice artifacts in the computation of
the topological susceptibility. In order to demonstrate this, the starting point is the index theorem,
that relates the topological charge to the spectrum of the Dirac operator:

& = Tr{W5} = =+ − =− , (4)

where =+ (=−) is the number of zero modes of the Dirac operator with left (right) chirality. In the
continuum case, a configuration with & ≠ 0 has a path-integral weight proportional to

det[ /� + <@] =
∏
8

[<@ + 8_8] , _<8= = <@ . (5)

On the lattice, chiral symmetry breaking shifts the minimum eigenvalues by $ (02) artifacts:

_<8= = <@ −→ <@ + 8_ , (6)
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i.e., the exact zero modes of the Dirac operator become Would-Be Zero Modes (WBZM). The
crucial consequence is the following: at finite lattice spacing, configurations with & ≠ 0 are less
suppressed in the path integral than in the continuum case. This fact translates into large lattice
artifacts for the topological susceptibility, and into the necessity to go to very fine lattice spacings
in order to make a reliable computation.

Topological freezing. At lattice spacing of the order of ∼ 0.01 fm, standard Monte Carlo
algorithms remain trapped into fixed topological sectors, thus, loosing ergodicity.

In this talk, we fight against large artifacts by using a different definition of the topological
susceptibility based on the spectral projectors of the staggered Dirac operator [7, 8]. We focus on
the computation of the topological susceptibility at high-) and show some results of Ref. [9].

2. Lattice setup and topological charge discretizations

We simulate # 5 = 2 + 1 QCD at the physical point moving along a Line of Constant Physics
with <c ' 135 MeV and <B/<; ' 28.15 [10–12]. We use the rooted stout staggered discretization
for the fermionic sector and the tree-level Symanzik improved Wilson gauge action.

We adopt two different discretizations of the topological charge: a gluonic definition based on
the straightforward discretization of @(G) in terms of gauge links, and a fermionic one based on the
spectral projectors on the staggered Dirac operator eigenmodes.

The gluonic definition adopted is the clover one, that has a definite parity [13, 14]:

&clov =
−1

29c2

∑
G

±4∑
`adf=±1

Y`adfTr
{
Π
(1×1)
`a (G)Π(1×1)

df (G)
}
, (7)

where n`adf is the totally antisymmetric Levi-Civita tensor with the property n`adf = −n (−`)adf .
With this defintion, the topological susceptibility acquires both a multiplicative and additive renor-
malizations due to the presence of short range singularities:

jgluo = /
2
&

〈&2
clov〉
+

+ "add. (8)

In order to avoid to deal with these renormalization constants, smoothing procedures are usually
adopted. These algorithms allow to damp UV fluctuations without changing the topological
content of the gauge configurations. In other words, one has /& ' 1 and "add ' 0 after a certain
amount of smoothing. In this work, we adopt the cooling method [15–21] and we observe that the
topological susceptibility is stable after =cool ∼ 100 cooling steps. We also adopt the "U-rounding
procedure" [22, 23] in order to assign an integer value to the topological charge.

Now we briefly sketch the staggered spectral projectors definition of the topological suscepti-
bility. The starting point is the lattice version of the index theorem for staggered fermions

&
(stag)
SP, bare =

1
23/2

Tr{Γ5P" } =
1

23/2
∑
|_: | ≤"

D
†
:
Γ5D: , /�stagD: = 8_:D: . (9)

Here P" is the projector on the space spanned by the eigenstates of /�stag with eigenvalues |_ | ≤ " ,
where " is a threshold mass. Since P" cuts the UV part of the Dirac spectrum, this is basically
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the reason why the spectral topological charge acquires only a multiplicative renormalization [8]:

&
(stag)
SP = /SP&

(stag)
SP, bare =

√
〈Tr{P" }〉

〈Tr{Γ5P"Γ5P" }〉
&

(stag)
SP, bare . (10)

At the end of the story, one computes the topological susceptibility by using the following definition

jSP =
1
+

〈(
&

(stag)
SP

)2
〉
. (11)

Now we want to discuss the role of the cut-off mass " . First, the continuum limit of jSP

does not depend on the choice of the threshold mass. This is because the WBZMs become exact
zero modes in the continuum limit and they are the only relevant ones from the topological point
of view1. However, lattice artifacts do depend on this choice so one has to pay further attention.
Another relevant question is how to perform the continuum limit. As explained in Ref. [7], one has
to take the renormalized value of the threshold mass fixed because otherwise there is no guarantee
to have $ (02) corrections.

With the staggered discretization, the renormalized threshold mass is given by "' = "// (B)(
with / (B)

(
being the renormalization constant of the flavour singlet scalar current density (0 = k̄k.

When a Line of Constant Physics is known, a direct computation of / (B)
(

is avoidable: indeed, the
ratio between " and any quark mass is a renormalization group invariant, so one can simply fix
"/<̂@ for each lattice spacing. In this work we normalize " to the strange quark mass <̂B.

The final point is how to choose " in order to make lattice artifacts as small as possible.
The main idea is that, at finite lattice spacing, only WBZMs are expected to carry the relevant
topological content. Being the identification of WBZMs not an easy task, one would like to include
the majority of eigenmodes with an high value of the chirality, getting rid of as much noise (i.e.,
low chirality modes) as possible.

3. Zero temperature

In this section we report results for the zero temperature regime, where a reliable theoretical
prediction for the topological susceptibility is available also from Chiral Perturbation Theory
(ChPT) [24–29]. In particular, using the Next-to-Leading Order (NLO) expression of Ref. [28],
one gets the estimate [1]:

j
1/4
ChPT = 77.8(4) MeV , (<D/<3 = 1) . (12)

In order to establish the optimal value for the thresholdmass"/<B, following the idea sketched
in Sec. 2, we made a scatter plot of the absolute value of the chirality A_ ≡ |D†_Γ5D_ | vs the absolute
value of its eigenvalue, expressed in units of <B, for all the computed eigenstates (Fig. 1). For
) ' 0 there is not a clear separation between high and low chirality modes; however, we choose as
optimal range (in the following, we will refer to it as “"-range”) "/<B ∈ [0.05, 0.15] in order not
to include in the spectral sums the tail of eigenmodes with A_ . 0.1.

1This is a direct implication of the index theorem.
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Figure 1: Scatter plot of chirality A_ vs |_ |/<B for the first 200 eigenvalues of a 484 lattice with 0 = 0.0572 fm
(finest lattice spacing available at this temperature). The two dashed vertical lines delimit the "-range. Plot
taken from Ref. [9].

In order to estimate the systematics deriving from the possibility of varying the threshold mass
in the "-range, the continuum limit has been performed for different values of "/<B according to
the scaling behaviour:

j
(stag)
SP (0, "/<B) = jSP + 2SP("/<B)02 + >(02) . (13)

On the left hand side of Fig. 2, the scaling towards the continuum limit of j1/4 is shown for both
the gluonic and the spectral projectors definitions. One can notice that, if "/<B is properly chosen
within the "-range, then it is possible to strongly reduce lattice artifacts. On the right hand side
of Fig. 2, systematic effects are shown: all the spectral determinations are compatible among them
and the final spectral estimation for the topological susceptibility in the zero temperature case is:

j
1/4
SP () = 0) = 80(10) MeV , (14)

that is in agreement both with the ChPT prediction (Eq. 12) and the gluonic results obtained in
Refs. [1, 9].

4. Finite temperature

The same approach followed at ) ' 0 has been extended to the finite temperature case. In
Ref. [9], 5 different temperatures going from 200 MeV to 600 MeV have been explored. However,
in this talk, only results at ) = 430 MeV will be shown.

When going in the high temperature regime, asmentioned in Sec. 1,& ≠ 0 gauge configurations
become very rare. In order to fight this issue, we adopt the multicanonical approach (see Refs. [2,
30, 31] for more details). In a few words, this algorithm consists in adding to the action a bias
potential in order to enhance the probability of & ≠ 0 configurations; finally, Monte Carlo averages
with respect to the starting distribution are computed by using standard reweighting techniques.

In the following, we present results about the computation of j1/4
SP at ) ' 430 MeV. In Fig. 3

(left), we show the scatter plot of A_ and |_ |/<B. A separation between high and low chirality modes

5
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Figure 2: Left: Continuum scaling of j1/4. The horizontal band stands for the NLO ChPT prediction in
Eq. (12). The diamond full point stands for the gluonic determination reported in Ref. [1]. Right: evaluation
of the systematics related to the choice of "/<B within the "-range. The cross point represents our final
SP determination of j1/4. The diamond full point represents the gluonic determination obtained in Ref. [1].
Plots taken from Ref. [9].

is clearly visible, and we choose as "-range "/<B ∈ [0.3, 5] in order not to include in spectral
sums the cluster of low chirality modes. In Fig. 3 (right) the continuum scaling of j1/4 is shown
for both the gluonic and the SP definitions. The same conclusions of the ) ' 0 case still holds, i.e.,
the SP definition allows to reduce lattice artifacts if "/<B is properly choosen.

In Fig. 4 (left), jSP for several values of"/<B is plotted. All SP determinations are compatible
among them and the final SP estimation is:

j
1/4
SP () ' 430 MeV) = 15(5) MeV , (15)

where the error takes into account all the systematic and statistical uncertainties. This value is
compatible with the gluonic estimation (j1/4

gluo() ' 430 MeV) = 14(5) MeV). In Fig. 4 (right), the
quantity 2SP/2gluo is plotted for different values of "/<B within the "-range. This is just the value
of the coefficent of order 02 in Eq. (13) of the SP case, normalized to its gluonic counterpart. It is
worth noticing that there are values of "/<B for which this ratio is compatible with zero, and that
this ratio increases when "/<B grows, pointing out that noise (i.e., non-chiral modes) has been
introduced into the spectral sums.

4.1 Power law behaviour of the topological susceptibility

According to the Dilute Instanton Gas Approximation (DIGA), at ) � )2 the topological
susceptibility is expected to decay according to j1/4 ∝ )−1 with 1DIGA ∼ 2. We compared our
results with the DIGA prediction (Fig. 5). Fitting all available points, we obtain

1SP = 1.82(43), 1gluo = 1.67(51) .

They are compatible both with DIGA prediction and with the value 1BW = 1.945(23) obtained
by fitting all values in Ref. [4] for ) & 170 MeV. However, we observe a 2-3 standard deviation
tension with results of Ref. [4, 5] in the range 300 MeV . ) . 400 MeV.

6
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Figure 3: Left: scatter plot of chirality A_ vs |_ |/<B for the first 200 eigenvalues of a run with 0 = 0.0286 fm
at ) = 430 MeV. The two dashed vertical lines delimit the "-range. Right: Continuum scaling of j1/4

for both the gluonic (circled points) and the spectral projectors (triangle and square-shaped points). Only
two values of "/<B in the "-range are showed. Vertically-hatched and dotted-hatched bands stand for the
estimations obtained in Refs. [4, 5]. The latter has been scaled according to j1/4 ∼ <c . Plots taken from
Ref. [9].
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Figure 4: Left: Systematics related to "/<B within the "-range for ) = 430 MeV. The cross point
stands for the final SP determination while the squared point for the gluonic one. Vertically-hatched and
dotted-hatched bands have the same meaning of Fig. 3. Right: 2gluo/2SP for different values of "/<B within
the "-range. Plots taken from Ref. [9].

5. Conclusions

We computed the topological susceptibility both in the zero and the finite temperature regime
by using a definition based on staggered spectral projectors. The zero temperature case is a useful
test for the solidity of our procedure, and we found our spectral result to be in agreement with the
well-established ChPT prediction.

For this reason, we extended our analysis to the high-temperature regime. In this case, unlike at
zero temperature, we also adopted the multicanonical algorithm in order to compute the topological
susceptibility more efficiently. We found in all cases that the SP definition allows to reduce lattice

7
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Figure 5: j1/4 as a function of )/)2 in double-log scale. Both gluonic and SP data are plotted. Gluonic
points are slightly shifted to improve readability. The grey area refers to the results obtained in Ref. [5]
properly rescaled according to j1/4 ∼ <c . Starred points are those of Ref. [4] without isospin breaking
factor. Plot taken from Ref. [9].

artifacts with respect to the gluonic definition. In particular, the choice of the free parameter "/<B
provides a better control on the systematics related to the continuum extrapolation.

We finally compared our ) > )2 results with the DIGA prediction and we found very good
agreement. However, in the range 300 MeV . ) . 400 MeV, we observed a 2-3 standard
deviation tension with results of Refs. [4, 5]. For this reason, in order to better clarify this apparent
discrepancy, in the future we could refine our analysis in this temperature range by adding a finer
lattice spacing. Furthermore, it would be interesting also to explore the region around ) ∼ 1 GeV,
that is relevant for axion cosmology. However, these tasks require very fine lattice spacings (of the
order of 0 ∼ 0.01 fm) and topological freezing has to be properly treated. A promising solution to
this issue is the parallel tempering on boundary conditions [32–35].
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