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1. Introduction

Theoretically, theoretical physics aims to merge Quantum Mechanics and General relativity.

All these theories indicate the minimal observable distance of Planck length order ¢, = /G Nc%
exists, where Gy is the Newton Constant because, at the Planck scale, the gravitational fluctuations
must be considered. Several justifications extend to a generalization of the uncertainty principle
(GUP) by the form like
2
A
1+ /3(—”) (1)

h
AxAp > =
2 mpc

mp = | /Gh—fv is the Planck mass, and g is the deformation parameter. The GUP and its associated

definitions are used to find a generalized Dirac equation and solve its eigenvalue problem for a free
particle [1, 2]. The Dirac equation under the theory of GUP corresponds to a Schrodinger-like
equation with effective potential. The consequences of GUP have been studied extensively [3—12].
The primary purpose of our work is to modify the original Dirac equation for tachyons [17] in a
curved space-time using the Schwarzschild metric and study the effect of GUP on the definition of
momentum operator and solve the eigenvalue problem. We choose i = ¢ = 1.

The Schwarzschild solution describes space-time under the influence of a massive, non-rotating,
spherically symmetric object. It is considered by some to be one of the most straightforward and
valuable solutions to Einstein’s field equations. The Schwarzschild metric is the solution to the
Einstein field equations describing the gravitational field outside a spherical mass by supposing the
mass’s electric charge, the angular momentum of the mass, and the universal cosmological constant
are all zero.

The Dirac equation has been generalized in curved space-time to investigate the behavior of
spin-half particles in gravitational fields [18—20]. But the Dirac equation has never been considered
in the framework of relativistic quantum physics of tachyons because the classical Dirac equation is
not suitable for describing the dynamics of a superluminal particle that violates the Lorentz invari-
ance. However, some experiments show that neutrinos fulfill the energy-momentum relationship
of tachyons [21-23]. In this study, another approach is based on introducing superluminal Lorentz
transformation. The results from this approach show that the tachyonic Dirac equation is more
suitable for describing the dynamics of a particle closest to the classical concept. Based on our
knowledge, even with experimental data, current theoretical models fail to reconcile the physics of
tachyons with relativistic quantum mechanics.

2. Gravitational Dirac Equation
The original Dirac equation is written as
(iy"0y—m)y =0 )
And

Yy =291y 3)
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n*” is a special relativity metric. In the gravitational field satisfied by Einstein’s equations,

1 8nG

Furma Rew ="

5 Ty “

Which R, is the Ricci curvature tensor, R is the scalar curvature, and 7}, is the stress-energy tensor.
The generalization of the Dirac equation of a particle inside a gravitational field has been considered
[24]. In this study, the tachyonic Dirac equation (iy*d,,- m;- inmz)w(x)=0 with metric tensor g,
considered which is generated by the gravitational field. Following the spinor representation of the
Dirac wave function and spinor connection, the tachyonic Dirac equation with a metric tensor g,
is (iy*Dy—m; — iysmz) ¥ (x) = 0. 0, is replaced by the covariant derivative D ,, which satisfies

(D)’ =yt = 09" + Iy, 0 (5)

. u are the Christoffel symbols associated with the metric g, .

Now we can consider the Schwarzschild metric and study the case of a central mass M that
affects the tachyonic Dirac equation. This metric is the solution to Einstein’s field equations in
empty space only outside a spherical gravitational body with Schwarzschild coordinates (t, 1,8, ¢).
The line element for a proper time is:

-1
ds* = (1 - ’;—S) dr’ — (1- %) dr? — r*de* - rzsinzedcp2 (6)

2GM
c?
Now we should simplify the problem. The Schwarzschild metric is symmetrical about = 7;

Where r; is the Schwarzschild radius of the massive body related to its mass by rg=

any geodesic that begins moving in that plane will remain in that plane indefinitely. We fix the 0
coordinate to be 7 so that the metric simplifies to:

dr? = (1- r_s) c2dr® - & rdy? @)
r — =
2
In this equation, we have two constants of motion:
* Specific Angular Momentum
p=Lopde
Jii dt
I
BN
h=7 X—v>:—,z>: r Xmy
M
dh GM .
E:rx—:r)((——2 )F=0

L is the total angular momentum of two bodies, y is reduced mass.

* Total Energy
If the metric of our space-time is ds® = g uvdx? dx”, the Schwarzschild expression for the
metric around a mass M is [25]:

cdr? = czgoodt2 - grrdrz—rzde2 - rzsinzt%h,o2 (8)
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: 1 2GM
With £00 = 87 =1- C2r

The square of velocities will be

- 02800

V2 s gy (dr)di)? + r2(d6)dt)

Thus the Schwarzschild metric can be written

dt
gop = —— = constant
dr

The relativistic equations of motion must go over into the standard forms given by Newton’s
theory in the non-relativistic limit. So we should identify the constant in the non-relativistic
limit. In the non-relativistic limit, we have

dt 1 » 1, GMm

00— 2 —— | mc +—-my —
& dr  mc? 2 r

©)

m is the mass of a particle. By comparison with Newton’s theory, we can identify the constant
with
dt

1
gOOE = m(mC2+E) (10)

Consequently, it yields the expression

dt

E = mczg()oE - mc?
Therefore, the total energy is
rg, dt E
-3 2= — 11
( r )dT mc? (b
By substituting these constants into the definition of the Schwarzschild metric, we have
252 Fs\ 2, dr’ 2 192 22097 .2
cd‘r=(1——)cdt—l—r_—rd9—rsin9dgo 12)
r — =
2 2 2
) Fs. o, dt 1 dr 5 do
=(1-= =) - —) - (=
c = r)c (dT) 1-= (d‘(') " (d‘r)

Finally, the equation of motion for the radius as a function of the proper time 7

dr 2_ E? s 2
(E) B m2c2_<1_7)(c +r_2) (13)

3. Solving The Geodesic Equation

The question is how to characterize motion in general relativity. The world line of a free test
particle between two time-like separated points extremes the proper time between them. A test
particle is not a significant source of space-time curvature, and a free particle is only under curved
space-time. Now we use Lagrangian mechanics to deduce the equations of motion for a metric.
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The proper time along the time-like world line between point A and point B for the metric g, is
given by

B B 1
= dr = - dxdx” 14
TAB /A T /A ( 8y (x) dx x) (14)

u,v=0,1,2,3 — Einstein summation notation
Parametrize the four coordinates with the o~ parameter.

oc=0atA
oc=1aB
! dx* dx” :
= do|- —_— 15
TAB /0 U( 8y (X) Jo da) (15)
We can treat that integrated as Lagrangian
1
dx* dx”\?
—|_ = = 16
£= (8 0 5 5 16)
World lines extremizing proper time are those that satisfy the Euler-Lagrange equation
0 d 0
TR
X do \o(GE)

The resulting equations will all have second derivatives concerning o that can be changed. These
four equations together give the equation for the world line extremizing the proper time. This world
line is called the geodesic. Each of the equations will have the form:
d’xH _ dx® dxP (18)
dr? o dr dr
Christoffel symbols depend on the metric and are taken to be symmetric in the lower indices.
These equations together are the geodesic equation. We use the Schwarzschild metric to compute
the Christoffel symbols I f}# and to write the tachyonic Dirac equation. We attempt to solve the
eigenvalue equation for the tachyonic Dirac equation. We should calculate the generalized potential
from a set of geodesic equations for the Schwarzschild metric to solve the problem. To derive the
effective potential for a test particle around a massive object from the Schwarzschild metric, we
should assume the particle is on the equatorial plane where ¢ = 7
Ts

)c2dz2 + (1 - "—S)_ldr2 +r2do (19)

r

—cdr = (1 -

r

The radial equation is
F=-I,, 1 (20)

The appropriate Christoffel symbols are

CZI”S

1
Too = 2r2
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1 _ K
r
rL=-ra-=
22 r( r)
Making the radial equation
oS (1 D) P (1 ) R - e
P=- - = —(1-=) F+r(1-—
2r2 r 2r2 r r
From the metric, we know
. -1 1 -1 2
P=(1-2) (e (1-2) 2+ 50 22)
r c? r c?
By substituting, we have
2
s o 3y o
r _ﬁ ré 79
G = L
=
_2GM
rS - C2
. GMm mL* 3L*G(M+m)
mit=—-————+—— - 57 23)
r uer uc’r
The potential is found to be
M L? M L?
U(r):—G m_m G (M +m) 24)

r 2ur? - curd

By rewriting the equation of motion (13) that explains the orbit of the infinitesimal mass around the
central mass M, we have

= - + 25
r 2ur? c2urd 23)

1 dr? [EZ 1 2]_GMm1 mL*> G(M+m)L?

The left term is relativistic energy, and the right term is effective potential. If M = 0, V| = 0, the
relativistic energy becomes

1 dr? E> 1,
3mi() —[———mlc]—O (26)

The mass shell condition is Eo? = p202 +m?c* E = Ey. If V; # 0, we have

2m;c*V
E2 = pzc2 +I’}1126‘4 + 2m1c2V1 = E02 + 2m1c2V1 = E02(1 + %) (27)
0
By using perturbation of energy
2
mic V1 m1V1 Vl
E = Eg(1+ = Fo(l+ = Fo(l1+ 28
oL+ =) = Boll+ 775) = Eo(l+ —75) (28)
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We must consider the tachyonic Dirac equation (iy*d,—m; — iysmz) W (x) =0, of the form like

in i . Vi~
Oy = —70(17/ 0;+mq + l)/smz)(l + m—l)lp 29)
iY'o; +my =a.p

This expression is equivalent to

- V, —
(E-BV)y = [(a-p) +i75m2(1 + m—ll) +,3m1] 1/ (30)
The momentum is
F=p (1 + ﬂ) G31)
mi

So the effective potential is
(E=pVi) ¥ = H="a 7 +fmi +iBy’m (32)

Where H is the Hamiltonian. For solving this tachyonic Dirac equation, we use the following
solution

W (z,1) = g (z)e HEV! (33)

We assume the particle is moving in the z direction. A = +1 corresponds to the particle and
antiparticle spectrum. We only study the case 4 = 1. Regarding the 4-dimensional nature of
spinors, we have

@1

J(z)=(¢)= & (34)
X ®3
®4

By using an operator like the form of H, we have
1 1
] B I e [
0 1 0 -1 X
0 1 1
= 7 pl1+ ﬂ ¥ +my 0 ¥ +imy 0
o 0 my) \x 0 -1 X 0 -1

We should find the eigenvalues and eigenvectors of this equation. If suppose that

(“") % (35)
X

¢ (2) = poe'P?

X (2) = xoe'??

After substituting these solutions into the previous equation, we have

Vi )
(E-V1)go=(07-p) (1 + m—l) Xo +meo + iy’ mago
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Vi :
(E+V1) xo = (Uz'P)(1+m—l) 90— mxo — iy’ maxo (36)
That implies
_ (op) (I3 an
Y= -Vi—-m —inmz(’DO
Supposing ¢ = ((1)), then we have
RO SR 8
Xo= E-Vi—my—iy’my \0
The following determinant gives the energy spectrum
E-Vi—mi—iy’my  —(op.p)(1+ ,,‘;—11) ~0 (39)
—((rz-p)(l+X—'l) E+Vi+m +iy’m;
The time-independent wave function is
7 i[pZ—/l(E+V1)t] SO 40
Y =Ne (2-p) (1421 (40)
E-Vi-m—iy>my
By using the orthogonality condition, the normalization constant could be computed
/ & (1) @ap (2.0)dz=6)06(p - p') 41)
Which leads to
2| (O-Z'p)(l-k"’/l_ll) 4
N + =1
AR I r———— (42)
Or
E-Vi—mi —iySmy)*
N = ( 1 —mp =y m2) 5 (43)
(E = Vi =my = iySma) + (o2 p) (14 22)
Finally, the normalization factor becomes
E-Vi—my — iy’
N (E-Vi-mi-iym) )
VE =Vi=my —iySm)” + p2(
The wave function for a particle in the gravitational field created by a central mass M is
(s
_ E-Vi—mi—iy’my) 0 i[pz—
(’Dp’/l(z’[) - ( 2 Vi (o ~p)(l+ﬁ) el[pz e
- - — {5 2 Y1 < my 0
VE=Vi=mi—iyima) 4 21+ ) (m) (7)
45)
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For A = £1
Now we should consider the helicity. In relativistic quantum mechanics, helicity is defined as

Ag=2"-p
r=| 7 Vs (46)
0 o Pl

The helicity operator does not change in this case. Two possible eigenvalues for the helicity

operator: i% are available because we only considered the z-direction

)
z 1 (E = Vi —my —iy>my) (O
p.A,+5

- ( v ) lPe- BV (47)
’ — — _ 5 2 2 Vi (o1.p)(1++ |
\/(E Vi—my —iy’m)”+p*(1+ ;L) (—, (0)

E-Vi—-m —iy5m2

For positive helicity

0
(E =Vi —my —iy>my) (1)

— i[pz—/l(E+V1)t 48
JE Vi —mi —iysm? ¢ p2(1+ ) (i) ) o) | ()
e | (Lol ) o

$p.a-1i

E-Vi—-m|—iy my

For negative helicity

Another thing that should be considered is whether the gravitational tachyonic Dirac equation can
derive the scale length quantization of a region where a particle is confined when it can derive from
the curved space-time but does not derive from the generalized uncertainty principle.

4. Length Quantization in the Gravitational Tachyonic Dirac Equation

Here, we investigate whether finding a length quantization from the gravitational tachyonic
Dirac equation is possible. We postulate a particle confined by a spherical cavity of radius R, which
can be explained by potential

U(r)=0, for r <R

U(r)=Uy— oo, for r >R

Furthermore, we should determine a parameter that checks whether a system is in curved space-time.
The parameter is a. Since the generalized potential V; is expressed in Schwarzschild coordinates

(t,r,0,¢), we cannot use wave functions Jp Ll

1 First, we should write the tachyonic Dirac

equation in spherical coordinates

1 1 %
~yoli(y 0 +y? - =09 +y?—— 0¢) + (my +iy’my + U] (1 + u) (49)
r rsinf m

This could be written as
n T . 5 aVi
0o + o (m1 +iy>my + U) —_—
mi
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1 aV; —
—3d4) (1 + —1) — yo(m +iy5m2+U);b] (50)
rsinf mi

, 1
= [—yoz(yrar +y" 0 +y?

If we suppose ﬁ = =70, TL? = _i'}’O()’r, 79’ 7¢) and 1_7 = (ar’ %ae’ rsiil(‘) a¢) the equation is

equivalent to

Vi |~ V —~
[E — B(my + iy my + U)E] J=|(@ 7 (1 + Q) +B(my +iy’my+UY| @ (51)
mi mi
Now we see an eigenvalue problem in the form
—~ ~ .5 aVl —_~
Ey =\H+ B(m+iy’my+U) — | ¢ (52)
mi
~ aVy .5
H=a -p|l+—|+ B(m +iy’my+U) (53)
mi
For solving this tachyonic Dirac equation, Eq. (52), the following solution is used
U (ro0) = ¢ (r) e HHETAVD (54)

In this case, we postulate that the particle moves in a radial direction and A = 1. The case 4 = 1
only considered. The 4-dimensional Dirac spinor is

vory=| " (55)
X2
So, the tachyonic Dirac equation (38) has the form
V 1 0
(Tx)~p)(l+u) X1 +(m1+iy5m2+U) x
mi |\ x2 0 -1 /| x2
Vi1 O 1 0
+ (m1 +iy5m2+U) an XUl_E X1 (56)
mi 0 -1 X2 0 -1 X2
By using similar reasoning, a Dirac spinor is obtainable in the form
—~ Xi g (7)
¥ (r) = = ~ (57)
X2 J () (7)

This solution is separable into radial and angular parts. These solutions extend to the perturbation of
energy quantification because of the potentials V; and U. Moreover, f(r) and g(r) satisfy Eq.(56)
fora # 0if

X1 X1

X2

(@-p)= (a—vl) =0 (58)

m

aV1 1 0
+(m+U)7( 0 —1

By studying the reasoning presented in [26], it is worth noting that exploring possible phenomeno-
logical implications of space quantization if it has any measurable effects at distance scales far
greater than the Planck length, such as at about 10~ fm, the length scale to be probed by the Large
Hadron Collider.

10
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5. Tachyonic Dirac Equation through Superluminal Lorentz Transformation of
Dirac Wave functions

We need to have a suitable covariant equation to describe the dynamics of spin-half particles,
which could help construct a theory capable of interpreting the experimental results [21-23],
especially for designing new experiments of precise measurements of the neutrino mass square.

By tachyonic Dirac equation, we mean a covariant equation that describes the dynamics of
a spin-half particle moving with superluminal velocity in the quantum mechanics framework. In
this section, the tachyonic Dirac equation is formulated by performing a superluminal Lorentz
transformation on the ¢ matrix. This approach implies that the tachyonic wave functions cannot
be used to understand an irreducible representation of the Lorentz group [27]. The superluminal
Lorentz transformation denoted by Aguperluminal transforms a subliminal reference frame Sin a
superluminal frame S. This operator must satisfy the following terms:

(Asuperluminal ) f= (Asuperluminal) - (5 9)
')’OAsuperluminal '}’0 = Asuperluminal (60)

So the tachyonic spinor matrix can be written as ¢ = Aguperluminal J We use the explicit form of
Asuperluminal has been proposed. It reads [28]:

Asuperluminal = M (61)

V2

a Is the vector whose components are the three Dirac matrices o, and n is the vector whose com-
ponents are the direction cosines that the relative direction of motion of the reference frame S with
respect to S. This matrix is Unitary and Hermitian since 1 is symmetric and a.n is antisymmetric.
For simplicity, suppose that the relative motion between the two reference frames occurs along the
x axis. In this case, the Agypertuminal MAtrix is Aguperuminal = (IL;S)
To obtain the tachyonic Dirac equation, we perform the following transformation on the Dirac
spinor:

— ~ 1
U= Asupertuminal -y = (Asu erluminal )_llp = _(1 —ia- l’l)lﬁ (62)

Since ¢ is a solution of the ordinary Dirac equation, we can write:
1
V2

We used the scalar product between @ and n vectors for consistency of the formalism by multiplying
the left-handed with (Agypertumina ). We have

(iry"0, — ihcy*n, 0, — 1me*)—(1 —ia - n)y = 0 (63)

0 -1_;
Asuperluminal Y (Asuperluminal ) =l'}/'u”u (64)
-1_:0
Asuperluminal yﬂnu (Asuperluminal ) =y

The superluminal transformation interchanges the temporal variable with the spatial one and vice
versa. This means operator d; is interchanged with d,,. By substituting relations (64) in equation
(63), we have the tachyonic Dirac equation:

(1y°0, — hicy*nudy + Lmc?)y = 0 (65)

11
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Equation (65) is the superluminal transformation of the Dirac equation. Its covariance is trivially
inherent from the fact that superluminal transformations are the components of the Lorentz group
of the theory of relativity extended to superluminal motions [29], which, in turn, is consistent with
the postulates of the theory of relativity [28]. So we can say that superluminal transformation
transforms in a covariant way any other equation that satisfies the formalism of the ordinary theory
of relativity.

6. Conclusions

On the Planck scale, the quantum fluctuations of space-time gravity modify Heisenberg’s
uncertainty principle. To reconcile quantum mechanics and general relativity, these effects must be
considered leading to Heisenberg’s uncertainty principle. As a result, we find the generalization of
momentum and energy that causes the modified Dirac equation like the tachyonic one.

In this study, the eigenvalue problem of the tachyonic Dirac equation for a particle under the
gravitational field of the central mass is solved. We assumed a Schwarzschild metric to solve
the problem and considered the particle’s motion equation inside the gravitational field created by
central mass.

Finally, we conclude that it is not currently possible to formulate a covariant tachyonic Dirac
equation capable of describing the neutrino’s superluminal dynamics. If we choose the theory
of describing the pseudo-tachyon neutrino, the experimental research should be directed toward
the measurements of the square mass of the neutrino. On the contrary, if we choose the theory of
relativity extended to superluminal motions, we have an equation that does not adapt correctly to the
neutrino’s symmetries. Choosing between these theories depends on the considered experiment.
The enigmatic nature of neutrino affects the theoretical physics to find a perfect theory in the
tachyonic framework.
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