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1. Introduction

Feynman integrals are indispensable for precision calculations in quantum field theory. We
would like to make precise predictions for observables in scattering experiments. Any such calcu-
lation will involve a scattering amplitude. Unfortunately we cannot calculate scattering amplitudes
exactly. If we have a small parameter like a small coupling, we may use perturbation theory. We
may organise the perturbative expansion of a scattering amplitude in terms of Feynman diagrams,
such that the scattering amplitude is given by the sum of all relevant Feynman diagrams. It is
then a natural question to ask, what special functions appear in the final answer for the scattering
amplitude. Although there are situations, where the final answer for a scattering amplitude can be
written in a rather compact form due to significant simplifications after the sum over all relevant
Feynman diagrams is taken, the class of functions in which the result is expressed usually stays the
same. It is therefore sensible to ask in which class of functions an individual Feynman diagram can
be expressed. The answer to this question reveals a deep connection between Feynman integrals,
geometry and differential equations.

The simplest Feynman integrals can be expressed in terms of multiple polylogarithms. From
the mathematical side, multiple polylogarithms are iterated integrals on a curve of genus zero with
a certain number of marked points. The next more complicated Feynman integrals are related to a
curve of genus one with a certain number of marked points. These are known as elliptic Feynman
integrals, and have received significant attention in the last ten years. There are two paths for further
generalisations: On the one hand we may go to curves of higher genus [1-4], on the other hand
we may go to varieties of higher dimension. The latter case is already required for rather simple
Feynman integrals, as for example the family of banana graphs. In this talk we put an emphasis
on Calabi-Yau geometries [5-22], which are generalisations of elliptic curves (one-dimensional
varieties) to higher dimensions.

A standard technique for the computation of Feynman integrals is the method of differential
equations. As it is common practice in our field, we use dimensional regularisation to regulate
ultraviolet and infrared divergences. We set the number of space-time dimensions to D = Dy, —2¢,
where Dy, is the integer number of space-time dimensions we are interested in and ¢ is the
dimensional regularisation parameter. Integration-by-parts identities [23] allow us to express any
Feynman integral from a family of Feynman integrals as a finite linear combination of a subset of
this family. The integrals of this subset are called master integrals and define a basis of a vector
space. We denote the master integrals by I = (I, l»,...,In,). In particular, we may express
the derivatives of the master integrals with respect to the kinematic variables again as a linear
combination of the master integrals. This leads to the differential equation [24]

dl = A(x,e)l (D

Let us stress that there are no conceptional issues in deriving the differential equation. It only
involves linear algebra and is always possible. However, there can be practical problems, if the size
of the linear system gets too large. This reduces the problem of computing a Feynman integral to
the problem of solving a system of differential equations. The next step is based on an observation
by J. Henn [25]: If a transformation can be found that brings the system of differential equations to
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an e-factorised form
dl = eAx)1, 2)

where the only dependence on the dimensional regularisation parameter ¢ is through the explicit
prefactor on the right-hand side, a solution in terms of iterated integrals is straightforward. This
assumes that boundary values are known. These however constitute a simpler problem. Often they
can be obtained rather easily from regularity conditions. This reduces the problem of computing a
Feynman integral to finding an appropriate transformation to bring the differential equation into the
form of eq. (2). It is an open question for which Feynman integrals such a transformation exists. In
this talk we show that a transformation does exist for the equal-mass banana integrals for all loop
numbers /. Our findings support the conjecture that a transformation to an e-factorised form can
be found for all Feynman integrals. Additional non-trivial support for this conjecture comes from
refs. [26-32].

Let us now look at the mathematical side: We have a vector bundle, where the vector space in
the fibre is spanned by the master integrals / = (1, ..., In,.). The base space is parametrised by the
coordinates x = (x, ...,xn, ), Which are the kinematic variables the Feynman integrals depend on.
More precisely, the master integrals /; (x), . . ., Iy, (x) can be viewed as local sections, and for each
x they define a basis of the vector space in the fibre. In addition, the vector bundle is equipped with
a flat connection defined by the matrix A made up of differential one-forms w = (wy, ..., wn, ). On
this vector bundle we have two operations at our disposal: We may change the basis in the fibre
I’ = UI, leading to a new connection

A" = UAU'-UdU™. 3)

Essentially, we look for a transformation U, such that the e-dependence factors out from the new
connection A’. In addition, we may perform a coordinate transformation x; = f;(x) on the base
manifold. If

NB NB
A = Y Adx = ) Aldy], (4)
i=1 i=1
then A7 and A; are related by
Np
0x;
Al = Y Aj——2. (5)
! Z Ox;

j=1
2. Geometry

Suppose we have a differential equation in an e-factorised form. We can now ask if we can
relate the base space to a space known from mathematics by a suitable coordinate transformation.
Let’s first look at an example. Assume we have (n — 3) variables zy,...,z,-3 and differential
one-forms

wr € {dn(zy),dIn(z),...,dIn(z,-3),
dln(zi—1),dIn(z2—-1),....,dIn(zy—3 - 1),
dIn(z1 - z2),dIn(z1 —2z3),...,dIn(zy-2 — 2n-3)} - (6)
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Figure 1: The Feynman graphs for the two-loop electron self-energy in QED.

The iterated integrals on the base space with coordinates zi, . . ., z,—3 are multiple polylogarithms.
To see this, consider an integration path on the base space. The pull-back of the differential
one-forms wy to the integration path leads to differential one-forms of the type

da

mpl  _ 7
w o (7

and iterated integrals of these differential one-forms are the multiple polylogarithms

A A4 Ak-1

da, diy / dAk
G(cyyoonsCps ) = —_— 0. 8
(€15 ) .//11—C1//12—02 Ak = C w7 ®
0 0

0

To see the geometry consider first the configuration space of n distinct points on the Riemann
sphere C U {oo}. On a Riemann sphere we can perform Mobius transformations and we mod out
configurations that are related by Mobius transformations. The space of equivalence classes of n
distinct points on the Riemann sphere modulo Mobius transformations is known as the moduli space
Mo, of a smooth complex algebraic curve of genus zero with n marked points. The dimension of
M. is (n — 3), as we may use Mobius transformations to fix three points to prescribed positions,
for example z,,_» = 0, z,—-1 = 1 and z,, = 0. The requirement that the remaining points are distinct
translates to z; ¢ {0,1, 00} and z; # z;. In the context of Feynman integrals the z; are usually
functions of the kinematic variables x and the arguments of the dlog-forms are related to the Landau
singularities.

3. Elliptic curves

It is well-known that not every Feynman integral can be expressed in terms of multiple polylog-
arithms. Starting from two-loops, we encounter more complicated functions. The next-to-simplest
Feynman integrals involve an elliptic curve. We do not have to go very far to encounter elliptic
integrals in precision calculations: The simplest example is the two-loop electron self-energy in
QED [33]: There are three Feynman diagrams contributing to the self-energy, as shown in fig 1.
All master integrals are (sub-) topologies of the kite graph, shown on the left in fig. 2. One sub-
topology of the kite graph is the sunrise graph with three equal non-zero masses, shown on the
right in fig. 2. The geometry of the sunrise graph is an elliptic curve. This is most easily seen in
the Feynman parameter representation. The second graph polynomial defines an elliptic curve in
Feynman parameter space:

—p2a1a2a3+(a1+a2+a3)(a1a2+a2a3+a3a1)m2 = 0. 9)
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Figure 2: The kite graph (left) and the sunrise graph (right).
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Figure 3: The banana graphs with two, three and four loops.

In analogy with the genus zero case we now consider the moduli space M, , of isomorphism
classes of smooth complex algebraic curves of genus 1 with n marked points. The dimension of
M, is n. We have one coordinate which describes the shape of the elliptic curve. This coordinate
is usually taken to be the modular parameter 7, given as the ratio of two periods of the elliptic
curve. We may use translation to fix one marked point at a prescribed position, say z,, = 0. Thus,
standard coordinates on M, , are (7, 21, ..., Z,—1). lterated integrals on M , are iterated integrals
of modular forms [34], elliptic multiple polylogarithms [35] and mixtures thereof. These can be
evaluated numerically within GiNaC with arbitrary precision [36].

With Feynman integrals related to algebraic curves of genus 0 and 1 well understood, there is
an obvious generalisation to algebraic curves of higher genus g, i.e. iterated integrals on the moduli
spaces Mg ,. Curves of genus two occur for example in non-planar double box integrals with
internal masses [4]. A second generalisation goes from curves to surfaces and higher dimensional
objects. This generalisation shows up in the banana graphs shown in fig. 3, as we increase the
number of loops /. The geometry of the banana graphs with non-vanishing internal masses are
Calabi-Yau manifolds.

4. Calabi-Yau manifolds

A Calabi-Yau manifold of complex dimension 7 is a compact Kédhler manifold M with vanishing
first Chern class. An equivalent condition is that M has a Kéhler metric with vanishing Ricci
curvature. This has been conjectured by Calabi [37] and was proven by Yau [38]. Calabi-Yau
manifolds come in pairs, related by mirror symmetry [39]. The mirror map relates a Calabi-Yau
manifold A to another Calabi-Yau manifold B with Hodge numbers hly? = h’;""?, as shown in
fig. 4. The /-loop banana integral with (equal) non-zero masses is related to a Calabi-Yau (/- 1)-fold.
An elliptic curve is a Calabi-Yau 1-fold, corresponding to the sunrise graph already discussed.
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Calabi-Yau manifold A Mirror manifold B

Figure 4: The mirror map relates the Calabi-Yau manifolds A and B.

Our aim is to transform the system of differential equations for the equal-mass /-loop banana
integral to an e-factorised form. There are two key ingredients: The first ingredient is a change of
variables from y = —m?/p? (where m denotes the internal mass and p the external momentum) to 7,
given by the mirror map. More specifically, we consider the Picard-Fuchs operator on the maximal
cut in two space-time dimensions. The point y = 0 is a point of maximal unipotent monodromy,
and the solutions (called periods) can be ordered according to the Frobenius method in increasing
powers of In(y). The variable 7 is given as the ratio of the single-logarithmic solution | by the
holomorphic solution ¢ of the Frobenius basis.

The second key ingredient is the special local normal form of a Calabi-Yau operator [40, 41].
To motivate this form consider a sequence which starts as

[ =0 1,
[ =1: 0
’ 10
I =2: 6-6, (10)
[ =3: 6-60-6.
We would like to understand the general term at [ loops. We first compute the (I = 4)-term:
I =4: 6-0-3-0-6. (11)
The general term at [ loops is given by
1 1 1 1 1 1
0 — - — - — ... — -0 —-0-— -0, (12)
Y- ) Y3 Y; 63 Y
and we have Y; = 1 and the duality Y; = Y;_;. Up to seven loops explicit forms are
_ 5. 1 1
I =5: 9?72?72? 0,
| = 6: 9?72? % ?72?9 (13)
I =7: 6-0-%-0-3--6-3--6-3-60-6.

Here, 0 is the Euler operator 6 = qd% in the variable ¢ = exp(2xit), and the functions Y; are
called Y-invariants. The operators N = 92%9% . Y%OY%@Z are the special local normal form of
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Calabi-Yau operators, and are related to Picard-Fuchs operators of Calabi-Yau Feynman integrals.
From the factorisation of N in the variable 7 (or ¢) we may construct the e-factorised differential
equation. Note that non-trivial Y-invariants enter for the first time at / = 4.

S. The ansatz for the master integrals

We now describe a method to derive an e-factorised differential equation for the /-loop equal-
mass banana integrals. This family has (/+1) master integrals. We set D = 2—2¢ and instead of y =
—m?/ p> we work with the variable 7 (or ¢). We construct master integrals M = (Mg, My, . . ., Mm)T,
which put the differential equation into an e-factorised form. M is proportional to the /-loop tadpole
integral:

My = &1 o. (14)

M) is constructed as follows: I; _j; has a Picard-Fuchs operator LY the so-part L9 g of the
form

1 1 I 1 5,1

LYY = g —— . ——0>—, (15)
Yio Y3 Y3 Y2 Yo

where 1 denotes the holomorphic solution of the Frobenius basis. Note that L(-? is given by the

special local normal form of a Calabi-Yau operator multiplied by a function § from the left and the

function 1/ from the right. L9 annihilates 7; _1; modulo & and modulo tadpoles. Furthermore,

M; should start at order &'. This suggests

&l

My = —I_ 1. (16)
Yo
The master integrals M, — M, are constructed from an ansatz based on Griffiths transversality
M 1 L 4y 5 F M for j>2 (17)
. = _ -1 = . or > 2,
J Y1 |2niedr J=l = =Dk Tk J

with a priori unknown, but e-independent functions F;;(7). The ansatz leads to the differential
equation of the form

0 0 0 0 0 0 0

0 Fi 1 0 0 0 0

ol B I 0 0 0

1 d 0 F5 F3 Fs3 Y3 0 0
%E = & . M, (18)

0 "Eg21 Fu22 Fu-2s Fuo4 --- Y2 0

0 -% Fans Fune - AR !

where the first / rows are in an g-factorised form. We then determine the functions F;; such that the
(I+1)-th row is also in e-factorised form. The condition that in the ({+ 1)-th row only terms of order
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Figure 5: Results for the six-loop banana graph at order £° and £”.

Figure 6: Feynman diagrams where we expect contributions related to higher-dimensional Calabi-Yau
manifolds.

! are present leads to differential equations and algebraic equations from self-duality. Self-duality

is the statement that entries of the same colour in eq. (18) are equal. The equations for F;;’s have
a natural triangular structure and can be solved systematically. This leads to a differential equation
in e-factorised form:

dM = eAM. (19)

6. Results and potential applications

Fig. 5 shows the real and imaginary part of the £°-term and the &-term of the six-loop equal-
mass banana integral M for |p?| > 49m? [16]. This is the region where the expansion around y = 0
converges. The results agree with results from pySecDec [42]. The geometry of this Feynman
integral is a Calabi-Yau 5-fold.

We expect higher-dimensional Calabi-Yau Feynman integrals to be relevant for phenomenology.
For example, dijet production at N3LO will involve contributions related to a Calabi-Yau 2-fold,
top pair production at N*LO will involve contributions related to a Calabi-Yau 3-fold. The relevant
Feynman diagrams involving internal top loops are shown in fig. 6.

In summary, the results for the /-loop equal-mass banana integrals give strong support for
the conjecture that a transformation to an e-factorised differential equation exists for all Feynman
integrals.
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