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Alleviating the 𝜎8 tension via Soft Cosmology and Modified Gravity

1. Introduction

We shall first briefly present the standard cosmological perturbation theory analysis for general
relativity (henceforth GR) before proceeding to 𝑓 (𝑅) theories. At the background level, it is
assumed that the Universe is flat, homogeneous and isotropic, thus the spacetime metric has the
simple form 𝑑𝑠2 = 𝑎2(𝜏) (−𝑑𝜏2 + 𝛿𝑖 𝑗𝑑𝑥

𝑖𝑑𝑥 𝑗), which is the well known Friedmann - Lemaître -
Robertson -Walker (FLRW) metric. Additionally, the content of the Universe is described by the
energy- momentum tensor of a perfect fluid 𝑇

𝜇
𝜈 = 𝑑𝑖𝑎𝑔(−𝜌, 𝑝, 𝑝, 𝑝), which can be written as

𝑇
𝜇 (𝑡𝑜𝑡 )
𝜈 =

∑
𝑖 𝑇

𝜇 (𝑖)
𝜈 , where 𝑇 𝜇 (𝑖)

𝜈 represents the energy- momentum tensor of each (effective) fluid
species eg matter, radiation or dark energy. The Einstein field equations are:

𝐺
𝜇
𝜈 = 8𝜋𝐺 𝑇

𝜇 (𝑡𝑜𝑡 )
𝜈 . (1)

By virtue of the Bianchi identity ∇𝜇𝐺
𝜇
𝜈 = 0, the total energy-momentum tensor is conserved, as

well as each tensor for each individual species: ∇𝜇𝑇
𝜇 (𝑡𝑜𝑡 )
𝜈 =

∑
𝑖 ∇𝜇𝑇

𝜇 (𝑖)
𝜈 = 0 → ∇𝜇𝑇

𝜇 (𝑖)
𝜈 = 0,

provided that the different species do not interact with one another. This yields the (background)
continuity equation: 𝜌 (𝑖) ′ = −3H(𝜌 (𝑖) + 𝑝 (𝑖) ), where ′ ≡ 𝑑/𝑑𝜏 andH = 𝑎′/𝑎 the conformal Hubble
parameter. For the FLRW metric, equation (1) gives the well known Friedmann equations:

H2 =
8𝜋𝐺𝑎2

3
𝜌̄ (𝑡𝑜𝑡 ) (2)

H ′ = −4𝜋𝐺𝑎2

3
( 𝜌̄ (𝑡𝑜𝑡 ) + 3𝑝 (𝑡𝑜𝑡 ) ) (3)

One can allow linear scalar perturbations around the background metric, which in the so-called
Newtonian gauge read as 𝑑𝑠2 = 𝑎2(𝜏)

[
−(1 + 2Ψ)𝑑𝜏2 + (1 − 2Φ)𝛿𝑖 𝑗𝑑𝑥𝑖𝑑𝑥 𝑗

]
. In a similar manner,

one can consider scalar perturbations around the ideal fluid background energy-momentum tensor
of each species, which can be written as:

𝑇
0(𝑙)
0 = −( 𝜌̄ (𝑙) + 𝛿𝜌 (𝑙) )

𝑇
0(𝑙)
𝑖

= ( 𝜌̄ (𝑙) + 𝑝 (𝑙) )𝜐 (𝑙)
𝑖

, 𝜐
(𝑙)
𝑖

≡ 𝑎𝑢
(𝑙)
𝑖

and 𝜐
(𝑙)
𝑖

= −𝜐 (𝑙)
,𝑖

𝑇
𝑖 (𝑙)
𝑗

= 𝑝 (𝑙) (𝛿𝑖𝑗 + Π
𝑖 (𝑙)
𝑗

),

with Π
𝑖 (𝑙)
𝑗

being the anisotropic stress tensor.From the conservation of each 𝑇
𝜇 (𝑙)
𝜈 and by going to

Fourier space we get the following general equations [2]:

𝛿 (𝑙)
′
= −3H

(
𝑐
(𝑙)2

𝑒 𝑓 𝑓
− 𝑤

(𝑙)
𝑒 𝑓 𝑓

𝛿 (𝑙)
)
− (1 + 𝑤

(𝑙)
𝑒 𝑓 𝑓

)𝑘𝜐 (𝑙) + 3(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)Φ′ (4)

𝜐 (𝑙) ′ = −H
1 − 3𝑤 (𝑙)

𝑒 𝑓 𝑓
−

𝑤
(𝑙) ′
𝑒 𝑓 𝑓

H(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)

 𝜐 (𝑙) + 𝑘

Ψ +
(𝑐 (𝑙)

𝑒 𝑓 𝑓
)2

1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

−
2Π (𝑙)𝑤 (𝑙)

𝑒 𝑓 𝑓

3(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)

 , (5)

where 𝛿 (𝑙) ≡ 𝛿𝜌 (𝑙)/𝜌̄ (𝑙) is the relative density perturbation, 𝑤 (𝑙)
𝑒 𝑓 𝑓

≡ 𝑝 (𝑙)/𝜌̄ (𝑙) is the parameter of

state and
(
𝑐 (𝑙)

)2
𝑒 𝑓 𝑓

≡ 𝛿𝑃 (𝑙)/𝛿𝜌 (𝑙) is the effective sound speed square of the 𝑙-th species respectively.
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The evolution of Φ andΨ is governed by the perturbed Einstein equations, which in Fourier space
are [2]:

3H(Φ′ + HΨ) + 𝑘2Φ = −4𝜋𝐺𝑎2 𝛿𝜌𝑡𝑜𝑡 (6)

𝑘 (Φ′ + HΨ) = 4𝜋𝐺𝑎2
∑︁
𝑙

( 𝜌̄ (𝑙) + 𝑝 (𝑙) )𝜐 (𝑙) (7)

Φ′′ + H (Φ′ + 2Ψ′) + (H2 + 2H ′)Φ − 𝑘2(Φ − Ψ)/3 = 4𝜋𝐺𝑎2 𝛿𝑝𝑡𝑜𝑡 (8)

𝑘2(Φ − Ψ) = 8𝜋𝐺𝑎2
∑︁
𝑙

𝑝 (𝑙)Π (𝑙) (9)

By combining the (4) and (5) one can get the following general equation:

−𝛿 (𝑙) ′′ −H𝛿 (𝑙)
′
(
1 − 6𝑤 (𝑙)

𝑒 𝑓 𝑓

)
+
(
𝛿𝑃 (𝑙)

𝜌̄ (𝑙) − 𝑤
(𝑙)
𝑒 𝑓 𝑓

𝛿 (𝑙)
) [

3H2(3𝑤 (𝑙)
𝑒 𝑓 𝑓

− 1) − 3H ′
]

−3H
(
𝛿𝑃 (𝑙)

𝜌̄ (𝑙)

) ′
+ 3H𝑤

(𝑙) ′
𝑒 𝑓 𝑓

𝛿 (𝑙) = −3(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)
Φ′′ +Φ′H

(
1 − 3𝑤 (𝑙)

𝑒 𝑓 𝑓
+

𝑤
(𝑙) ′
𝑒 𝑓 𝑓

H(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)

) +
+𝑘2

(1 + 𝑤
(𝑙)
𝑒 𝑓 𝑓

)Ψ + 𝛿𝑃 (𝑙)

𝜌̄ (𝑙) −
2Π (𝑙)𝑤 (𝑙)

𝑒 𝑓 𝑓

3

 (10)

It is important to point out that equation (10) doesn’t depend on the underlying gravitational
theory, but rather only on the conservation of the energy-momentum tensor of the 𝑙-th sector. In
the framework of ΛCDM cosmology 𝑙 can represent the matter and radiation fluids as well as the
dark energy “fluid", the cosmological constant Λ.

2. The need for "soft cosmology"

As it was first pointed out in [3], in the aforementioned standard framework there is a rather
strong assumption, namely that the Universe sectors are simple, which means that one can apply the
physics of usual hard matter. To elaborate, the underlying assumption is that the laws that determine
the Universe behavior at large scales can be induced by the laws that determine the interactions
between its individual constituents. Specifically regarding the hydrodynamic description of the
Universe sectors, the use of fluid energy densities and pressures relies one the assumption that we
can define fundamental “particles” of the corresponding sector, the collective flow of which gives
rise to 𝜌𝑖 and 𝑝𝑖 , while all physics below the particle scale has been integrated out.

This process can in principle miss essential physics mainly through the following two ways:
First, the integrated-out physics below the “particle” scale could impact differently the physics above
the “particle” scale, depending on this coarse-graining scale. Secondly, the assumption that the
Universe sectors and interactions are simple and more or less scale-independent though successfull
to a very good degree, still it could miss some details a priori (see [3] for more details).

3. "Soft cosmology" and its perks

In condensed matter physics, it is well known that there is a large variety of “soft” matter forms,
which are characterized by complexity, simultaneous co-existence of phases, entropy dominance,

3
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extreme sensitivity, viscoelasticity, etc, properties that arise effectively at intermediate scales due
to scale-dependent effective interactions that are not present at the fundamental scales [4, 5].

These characteristic properties could help alleviate the cosmological tensions of standardΛCDM

cosmology [6]. One can see a specific illustration of this as follows: As was first done in [3], as
a first approximation we can introduce the effective “softness parameter” 𝑠𝑑𝑒 for the dark energy
sector. At cosmological, large scales (ls) dark energy can have the usual equation of state parameter
(henceforth EoS), namely 𝑤𝑑𝑒−𝑙𝑠, but at intermediate scales (is) it has

𝑤𝑑𝑒−𝑖𝑠 = 𝑠𝑑𝑒 · 𝑤𝑑𝑒−𝑙𝑠, (11)

and standard cosmology is recovered for 𝑠𝑑𝑒 = 1. The background evolution remains unchanged.
According to (11) at intermediate scales the dark energy EoS 𝑤𝑑𝑒−𝑖𝑠 can be different, either constant
𝑤𝑑𝑒−𝑖𝑠 = 𝑤2 or time-varying. Therefore, the 𝑐

(𝑑𝑒)
𝑒 𝑓 𝑓

will change and due to the Poisson equation
and (4) and (5) we will acquire a different evolution for the matter overdensity 𝛿𝑚. As a result,
the 𝑓 𝜎8 ≡ 𝑓 (𝑎)𝜎(𝑎) value, with 𝑓 (𝑎) = 𝑑 ln 𝛿𝑚(𝑎)/𝑑 ln 𝑎 and 𝜎(𝑎) = 𝜎8𝛿𝑚(𝑎)/𝛿𝑚(1), will be
different than the corresponding one of standard cosmology with the above dark energy EoS. It is
evident that we have a straightforward way to alleviate the 𝜎8 tension since we can suitably adjust
𝑤𝑑𝑒−𝑖𝑠 in order to obtain slightly lower 𝑓 𝜎8. A specific demonstration is presented in Fig. 1, where
we depict the 𝑓 𝜎8 as a function of 𝑧. The dashed curve is for ΛCDM. The solid curve is for soft dark
energy with 𝑠𝑑𝑚 = 1.1, i.e. with 𝑤𝑑𝑒−𝑖𝑠 = −1.1, and 𝑐

(𝑑𝑒)
𝑒 𝑓 𝑓

= 0.1, while dark matter is the standard
one (i.e. not soft) with 𝑤𝑑𝑚 = 0. Note that in principle 𝑠𝑑𝑒 can be varying too and one could
introduce its parametrization, or one could additionally have more complicated situations in which
𝑤𝑑𝑒−𝑖𝑠 and 𝑤𝑑𝑒−𝑙𝑠 have different parametrizations. Since our purpose is primarily to illustrate the
utility of this approach, we considered the simplest case of (11). For a for more complete analysis
of the possible values of these parameters based on cosmological data one can consult [6].
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Figure 1: The 𝑓 𝜎8 as a function of 𝑧. The dashed curve is for ΛCDM. The solid curve is for soft dark energy
with 𝑠𝑑𝑒 = 1.1, i.e. with 𝑤𝑑𝑒−𝑙𝑠 = −1 and 𝑤𝑑𝑒−𝑖𝑠 = −1.1, and 𝑐

(𝑑𝑒)
eff = 0.1, while dark matter is standard

(i.e. not soft) with 𝑤𝑑𝑚 = 0.
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4. Basics of 𝑓 (𝑅) gravity

At this point we saw some of the advantages of considering the soft cosmology paradigm, but
how can such a situation come about? We shall show that 𝑓 (𝑅) gravity could give rise to such
phenomena, so we shall briefly introduce them in this section.

Under the framework of 𝑓 (𝑅) gravity theories the action describing gravity is the following:

𝑆 =
1

16𝜋𝐺

∫
𝑑4𝑥

√−𝑔 𝑓 (𝑅) +
∫

𝑑4𝑥
√−𝑔L𝑚, (12)

where 𝑓 (𝑅) is a general function of the Ricci scalar 𝑅, L𝑚 corresponds to the (total) matter content
of the Universe and 𝑇

(𝑚)
𝜇𝜈 ≡ − 2√−𝑔

𝛿L𝑚

𝛿𝑔𝜇𝜈 . Varying the action (12) with respect to 𝑔𝜇𝜈 yields the
following field equation [7]:

𝐹𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈 𝑓 + (𝑔𝜇𝜈□ − ∇𝜇∇𝜈)𝐹 = 8𝜋𝐺𝑇

(𝑚)
𝜇𝜈 , (13)

where we set 𝐹 ≡ 𝑑𝑓 (𝑅)/𝑑𝑅. It is interesting to rewrite equation (13) as the standard Einstein
equation (1) and interpreting the higher order curvature terms as an effective fluid, whose energy-
momentum tensor is 𝑇𝑒 𝑓 𝑓

𝜇𝜈 , as done for instance in [8, 9]:

𝐺
𝜇
𝜈 = 8𝜋𝐺

(
𝑇
(𝑚)𝜇
𝜈 + 𝑇

(𝑒 𝑓 𝑓 ) 𝜇
𝜈

)
, (14)

𝑇
(𝑒 𝑓 𝑓 ) 𝜇
𝜈 ≡ (1 − 𝐹)𝑅𝜇

𝜈 + 1
2
𝛿
𝜇
𝜈 ( 𝑓 − 𝑅) − (𝛿𝜇𝜈□ − ∇𝜇∇𝜈)𝐹 (15)

Once again the Bianchi identity ∇𝜇𝐺
𝜇
𝜈 = 0 ensures that from equation (14) it follows:

∇𝜇𝑇
(𝑒 𝑓 𝑓 ) 𝜇
𝜈 = 0 (16)

Thanks to this construction, both the background and perturbed field equations have the same form
as in the case of general relativity that we described in the previous section. For the background
FLRW metric the equations (2) and (3) still hold with:

𝜌̄𝑒 𝑓 𝑓 ≡ −𝑇 (𝑒 𝑓 𝑓 ) 0
0 =

1
8𝜋𝐺𝑎2

(
3H2 − 1

2
𝛼2 𝑓 + 3𝐹H ′ − 3H𝐹′

)
(17)

𝑝𝑒 𝑓 𝑓 ≡
𝑇
(𝑒 𝑓 𝑓 ) 𝑖
𝑖

3
=

1
8𝜋𝐺𝑎2

(
−2H ′ −H2 + 1

2
𝑎2 𝑓 − 𝐹H ′ − 2𝐹H2 + 𝐹′′ + H𝐹′

)
(18)

After performing the same (scalar) perturbations as in the previous section, the set of perturbed
field equations is the same as (6), (7), (8) and (9) with:

5
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𝛿𝜌𝑒 𝑓 𝑓 ≡ −𝛿𝑇 (𝑒 𝑓 𝑓 ) 0
0 = − 1

8𝜋𝐺𝑎2

{
(1 − 𝐹)

[
− 6H ′Ψ + 𝑘2Ψ − 3H(Φ′ + Ψ′) − 3Φ′′]

− 3H ′𝛿𝐹 + 𝑎2𝛿 𝑓 /2 − 𝑘2Ψ + 2𝑘2Φ + 6(H ′ + H2)Ψ + 3Φ′′ + 3H(Ψ′ + 3Φ′)
+ 𝑘2𝛿𝐹 + 3H𝛿𝐹′ − 3𝐹′(Φ′ + 2HΨ)

}
(19)

𝛿𝑝𝑒 𝑓 𝑓 ≡
𝛿𝑇

(𝑒 𝑓 𝑓 ) 𝑖
𝑖

3
=

1
8𝜋𝐺𝑎2

{
(1 − 𝐹)

[
− 𝑘2Φ −Φ′′ − 3H(5Φ′ + Ψ′) − (2H ′ + 4H2)Ψ − 𝑘2(Φ − Ψ)/3

]
− (H ′ + 2H2)𝛿𝐹 + 𝑎2𝛿 𝑓 /2 + 3Φ′′ + 𝑘2(2Φ − Ψ) + 3H(Ψ′ + 3Φ′) + 6(H ′ + H)Ψ
+ 𝛿𝐹′′ + 2𝑘2𝛿𝐹/3 + H𝛿𝐹′ − 𝐹′(2Φ′ + 2HΨ + Ψ′) − 3Ψ𝐹′′} (20)

( 𝜌̄𝑒 𝑓 𝑓 + 𝑝𝑒 𝑓 𝑓 )𝜐𝑒 𝑓 𝑓,𝑖
≡ −𝛿𝑇 (𝑒 𝑓 𝑓 ) 0

𝑖
=

1
8𝜋𝐺

[
2(1 − 𝐹) (Φ′ + HΨ),𝑖 + 𝛿𝐹′

,𝑖 + 𝐹′Ψ,𝑖 −H𝛿𝐹,𝑖

]
(21)

Π
𝑒 𝑓 𝑓

𝑖 𝑗
𝑝𝑒 𝑓 𝑓 ≡ 𝛿𝑇

(𝑒 𝑓 𝑓 ) 𝑖
𝑗

=
1

8𝜋𝐺𝑎2 [(1 − 𝐹) (Φ − Ψ),𝑖 𝑗 + 𝛿𝐹,𝑖 𝑗], 𝑖 ≠ 𝑗 (22)

Additionally, the equations (4) and (5) hold for our effective fluid, as does the equation (10).

5. "Soft" properties from 𝑓 (𝑅) gravity

In this section we are going to deduce from first principles the 𝑤𝑒 𝑓 𝑓 of the dark energy effective
fluid, which we introduced in the previous section. Since we aim to reveal the "soft" properties of
this fluid, we can’t just use the simple expression 𝑤𝑒 𝑓 𝑓 = 𝑝𝑒 𝑓 𝑓 /𝜌̄𝑒 𝑓 𝑓 from equations (17) and (18).
Instead, we shall infer 𝑤𝑒 𝑓 𝑓 by constructing an equation like (10) via algebraic manipulations of
the field equation (6) with 𝛿𝜌𝑡𝑜𝑡 = 𝛿𝜌𝑚 + 𝛿𝜌𝑒 𝑓 𝑓 where 𝛿𝜌𝑒 𝑓 𝑓 is given by (19).
First, we construct the quantities 𝛿𝑒 𝑓 𝑓 ≡ 𝛿𝜌𝑒 𝑓 𝑓 /𝜌̄𝑒 𝑓 𝑓 , 𝛿′

𝑒 𝑓 𝑓
and 𝛿′′

𝑒 𝑓 𝑓
. Next, we add to both

sides of the equation (6) every perturbation term in (10) that doesn’t have a 𝑤𝑒 𝑓 𝑓 factor, which
means the terms 𝛿′′

𝑒 𝑓 𝑓
+H𝛿′

𝑒 𝑓 𝑓
+ 3 𝛿𝑝𝑒 𝑓 𝑓

𝜌̄
(H ′ +H2) + 3H

(
𝛿𝑝

𝑒 𝑓 𝑓

𝜌̄

) ′
. After using the equations (17)

and (19), we get a very large number of terms. Luckily, we are only interested in the terms which
contain a factor of 𝑘2Ψ, since our aim is to identify those terms with 𝑤𝑒 𝑓 𝑓 using the corresponding
term of equation (10). Therefore, if we only consider the aforementioned terms and factorise them
appropriately, we finally obtain the following equation:

𝛿′′𝑒 𝑓 𝑓 + H𝛿′𝑒 𝑓 𝑓 + 3
𝛿𝑝𝑒 𝑓 𝑓

𝜌̄
(H ′ + H2) + 3H

( 𝛿𝑝
𝑒 𝑓 𝑓

𝜌̄

) ′
= 𝑘2 Ψ

𝜌𝑒 𝑓 𝑓

{
H2 + H ′ +

𝜌𝑒 𝑓 𝑓

2
+ 2𝐴2

+𝑘2
{
2
𝐹,𝑅

𝑎2

[
− 4H2 − 4H ′ −

𝜌𝑒 𝑓 𝑓

2
− 2𝐴2 + 6H 𝐴 − 𝐵

]
−2

𝐹′
,𝑅

𝑎2 (5H + 2𝐴) + 2
𝐹′′
,𝑅

𝑎2

}
+

+𝐹
(
3H2 − 2H ′ + 2𝐵 + 2H 𝐴

)
− 𝐹′2H + 2

𝐹,𝑅

𝑎2

{
12H4 + 3(H ′)2 + 21H2H ′ + 9HH ′′ − 3H ′′′

+
𝜌𝑒 𝑓 𝑓

2

(
3H ′ + 6H2

)
+ 2

𝐹′
,𝑅

𝑎2

[
15H3 − 3HH ′ − 3H ′′ − 3

2
H 𝜌𝑒 𝑓 𝑓 + 𝐴

(
12H2 − 6H 𝐴

)
− 3H𝐵

]
−18

𝐹′′
,𝑅

𝑎2 H 𝐴

}
+ other terms ≡ (1 + 𝑤𝑒 𝑓 𝑓 )𝑘2Ψ + other terms,

6
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where 𝐴 ≡ 𝜌′
𝑒 𝑓 𝑓

/𝜌𝑒 𝑓 𝑓 , 𝐵 ≡ 𝜌′′
𝑒 𝑓 𝑓

/𝜌𝑒 𝑓 𝑓 and 𝜌𝑒 𝑓 𝑓 and its derivatives are given by equation (17).
Our final result can be written as:

𝑤𝑒 𝑓 𝑓 = −1+ 1
𝜌𝑒 𝑓 𝑓

{
H2+H ′+

𝜌𝑒 𝑓 𝑓

2
+2𝐴2+𝑘2

{
2
𝐹,𝑅

𝑎2

[
−4H2 − 4H ′ −

𝜌𝑒 𝑓 𝑓

2
− 2𝐴2 + 6H 𝐴 − 𝐵

]
− 2

𝐹′
,𝑅

𝑎2 (5H + 2𝐴) + 2
𝐹′′
,𝑅

𝑎2 + 𝐹

(
3H2 − 2H ′ + 2𝐵 + 2H 𝐴

)
− 𝐹′2H+

+ 2
𝐹,𝑅

𝑎2

{
12H4 + 3(H ′)2 + 21H2H ′ + 9HH ′′ − 3H ′′′ +

𝜌𝑒 𝑓 𝑓

2

(
3H ′ + 6H2

)}
+ 2

𝐹′
,𝑅

𝑎2

[
15H3 − 3HH ′ − 3H ′′ − 3

2
H 𝜌𝑒 𝑓 𝑓 + 𝐴

(
12H2 − 6H 𝐴

)
− 3H𝐵

]
− 18

𝐹′′
,𝑅

𝑎2 H 𝐴

}
(23)

As one can readily observe, indeed our final EoS exhibits the desired scale dependance behaviour.

6. Conclusions

We briefly examined the possibility of “soft" cosmology, namely small deviations from the
usual framework due to the effective appearance of soft properties in the Universe sectors. This
framework can alleviate the persistent cosmological tensions. We demonstrated that modified
theories of gravity (MG) and 𝑓 (𝑅) in particular can facilitate such a paradigm, since they naturally
give rise to equation of state parameters (EoS) which exhibit scale dependence. A potential
refinement of these results could provide a more quantitatively useful bridge between parameters of
MG and these phenomenological "soft" parameters, like the ones we introduced in (11). In order to
incorporate complexity and estimate the scale-dependent behavior of the EoS’s from first principles
we should revise and extend the cosmological perturbation theory.
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