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Twistor approach to higher-spin theories and matrix model Tung Tran

1. Introduction

Not so long after the discovery of twistor theory [1], people realized that there is a profound
relation between [2]

Integrable systems in 4d spacetime <«<—  Holomorphic structures on twistor space

For instance, self-dual Yang-Mills (SDYM) [3] and self-dual gravity (SDGRA) [4-6] can
be formulated as BF and Poisson-BF actions on twistor space [7], respectively.! Despite these
successes, there were not many activities in finding interacting higher-spin theories from twistor
community compared to the developments in higher-spin community initiated by Fradkin-Vasiliev
[11, 12], Vasiliev [13, 14], Bengtsson-Bengtsson-Brink [15, 16] and Metsaev [17, 18]. The main
technical problem is encapsulated in encoding higher-spin symmetry into some geometrical datas
on the twistor space with the correct projective scaling so that we can obtain local higher-spin
interactions in spacetime. It is noteworthy that free equations of motion for massless higher-spin
fields have been known long time ago in twistor theory [1, 19] even before Fronsdal [20] and Fang
[21] wrote down their Lagrangians for free massless higher-spin fields.

Very roughly, if J,, () is a conserved higher-spin rank-s tensor associated with the higher-spin
current J* and r*©~1 is a rank-(s — 1) conformal Killing tensor, then the corresponding higher-spin
charge Q° can be defined as?

Q% (1) = / d'x I3, where  J5,(1) = Jma(s—t*C 7Y, (1)

Since CFT axioms require, for instance

[QZ’QS] =0s+..., [Qs’Qs] =02 +..., (2)

where we have other higher-spin charges in the ellipsis, unless there are higher-spin charges of all
spins (at least even) [25-29], the Ward/Jacobi identities will be violated. The tower of infinitely
many conserved charges Q° form an associative higher-spin algebra which we will denote as hs
[11, 30]. Note that hs is an extended algebra of the usual conformal algebra, which has J,(2)
as the canonical conserved stress tensor. As a result, higher-spin symmetry requires all possible
interactions between higher-spin fields in the vertices. This is the main idea behind the construction
of interacting higher-spin theories.

In 4-dimension, the cubic vertices for any given triplet of helicities (%, &2, h3) can be uniquely
fixed by symmetry of the little group [15, 16, 31]. In particular, the anti-holomorphic cubic vertices
have the following form

V3 = Chyoiy iy [12]127hs [23]Paths=hu 3 hathi=ha = (4 + 1y > 0). 3)

Note that when /1 + hy + hs < 0, we simply replace the square brackets [ij] by the angled brackets
(ij), and remove the bar over the coupling constant C, j,.n;- Chiral higher-spin gravity (HSGRA)

'We refer the readers to e.g. [8—10] for a review on twistor theory.
2We invite the readers to the report [22] and the lecture notes [23, 24] for a review on higher-spin theories.
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[17, 18, 32] is a special class among all higher-spin theories where interactions stop at cubic order.
It has the following coupling constants

— h1+h2+h3—1
kl)

Chy.hp.hy = I 4)

hy+hy + h3] '
Here, €, has the dimension of length, and « is a dimensionless parameter. It is worth to note that
the coupling constants (4) have been discovered in various contexts. For instance, Cp, p, n, Were
derived dynamically in [17, 18, 32-34], while in the work of [35-37] C_'hl,hz,h3 were understood
as built-in numerical factors coming from the Taylor expansion of the Moyal-Weyl x-product on
twistor space. In addition, Cp, ,.n, Were also discovered in the context of celestial amplitudes
[38, 39]. Since the flat space chiral HSGRA has been shown to admit a smooth deformation to
its (A)dSy version [34, 37, 40, 41], it repels the common opinion that higher-spin theories can
only exist in (A)dS [12]. The results of [33, 34, 37] have resolved the mismatch between the cubic
vertices in the Fronsdal’s [42] and light-cone approaches [15, 16, 43].

Free differential algebra approach to the construction of equations of motion for chiral higher-
spin gravity (HSGRA) [33, 34, 44], and the twistor construction in [35-37, 45-47] are important
results of the covariantization program for chiral HSGRA and its contractions from their light-cone
descriptions [17, 18, 32, 40, 41, 48].3 In this note, we want to convey a formula for: (i) constructing
the dual twistor actions of various 4-dimensional local higher-spin theories, (ii) obtaining their
covariant spacetime actions from (non-commutative) twistor space [35-37, 45—47]. To date, most
of 4d local HSGRAs obtained from twistor space have complex action functionals and are (quasi)-
chiral type theories. Nevertheless, they are consistent theories that can avoid various No-go theorems
in flat space [52, 53] and AdS space [25] since some of the assumptions of the No-go theorems such
as unitarity and parity invariance are violated.

Note that 4d (quasi-)chiral higher-spin theories tend to have simple scattering amplitudes in
flat space. In fact, for quite some time there was a widespread belief that local higher-spin theories
can only have trivial scattering amplitudes in flat space due to various results in [54—60]. Depends
on the audience, the triviality of higher-spin scatterings can be either intriguing or completely
tedious. Therefore, it is instinctive to ask whether we can have any examples of non-trivial local
higher-spin theories. As luck may have it, twistor theory allows us to expand the realm of consistent
interacting higher-spin theories by perturbatively deforming away from the chiral sectors as in
[35, 36, 46, 47]. In [61], it is shown that higher-spin extension of Yang-Mills theory (HS-YM) has
non-trivial scattering amplitudes, which is a surprising result. In particular, the MHV amplitudes
of HS-YM between two negative helicity —s fields and the remaining positive helicity +1 fields read

MAM, i L L = 2

.\ 252
= 0D T )

Observe that the above amplitude comprises a well-known Park-Taylor factor [62] and a part
addressing two external states with negative helicity —s. The above amplitudes trigger a natural
question of whether non-self-dual higher-spin theories can be phenomenologically significant.

3See also [49-51] for supersymmetric version of chiral HSGRA.
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At high energy/short distance where quantum mechanics govern physics, it is reasonable to
assume that spacetime and fields should get quantized and have a unified description in one single
fundamental theory. The IKKT-matrix model [63] is a model that can offers such an opportunity
to realize the above idea. It is worth to note that the IKKT is one-loop finite [64], and it has non-
trivial connection with cosmology and black hole physics [65]. Since the natural background of the
IKKT-matrix model is a “fuzzy” (or quantized) twistor space P?v [66], itinduces a higher-spin gauge
theory (HS-IKKT) with a spectrum consisting of a finite number of spinning fields. In particular,
if Z4 is sp(4) (or su(4)) vector, and Z4 is its dual, then the space of functions on P?V is realized as
[47]

N
G (PY) = End(Hy) = (N, 0,0)sua) ® (0,0, Nau(ay = ) (1,0, n)aus)
n=1
(6)

N
= Z famBmZ®...2428..28 ,
n=0

where Hy = (0,0,N) = (0,0,1)®mV is an N-particle Fock space where Hy = Zf‘...Z]‘:‘, |0).
Observe that we have a truncation of higher-spin modes on P3 [66] since it is clear from (6) that the
spectrum of the HS-IKKT on Pi, is bounded from above.* As a consequence, it is expected that the
HS-IKKT can have non-trivial S-matrix since there is not enough symmetry to trivialize physical
scattering processes; and another reason is that it is a quasi-chiral theory.

2. Constructing chiral HSGRA from twistor space

Twistor space. If SL(2,C) x SL(2,C) c Sp(4,C) is the local Lorentz group of a complexified
conformally flat spacetime Mc = M with cosmological constant A, then a null vector can be
described by a pair of bosonic Weyl spinors of opposite chiralities, which live in (%, 0) and (0, %)
representations, i.e. V¢ = 1%u?. In what follow, we parametrize the homogeneous coordinate Z*4
of P3 as Z4 = (1%, u%) where spinor indices have values 0, 1. This is in accordance with the fact
that P?> can admits a spin structure since the second Stiefel-Whitney class of P? is w,(TP3) = 0.
Furthermore, since P? is a compact symplectic manifold, there is a nature quaternionic conjugation
that maps

Tz = (%) o 20 = (A7, 0%, (7)
such that
27 = (20,41 > A7 = (=21, 29), u = () o % = (). ®)
In the affine patch of (A)dSs where the metric reads

5 dx  dxH

— — 02 _
S —m—g dx#dx'“, ﬂ—1,2,3,4, (9)

4A review on (HS)-IKKT can be found at e.g. [65].
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there is a natural object /42 known as the infinity twistor [1] used to specify the conformal factor
Q in (9). It has the following properties

1
EIABGABCD =Icp, TacIBC = A64B, (10)

and the following representatives

Ae™ 0 0
[AB = [0€ AR Iag = | P . (11)
0 €% 0 Aegp
The twistor space PT is then defined as an open subset of P3 where
PT = {ZA € P* | 1,3Z428 # 0} . (12)

Note that in the flat limit where A — 0, the condition 145Z4Z58 # 0 reduces to the removal of the
projective line A% = 0 (which is a point at infinity in M).

By assuming u® = F%(x, ) as in [67, 68], we can identify the projective undotted spinor
bundle PS ~ M x P! as the corresponding space between PT and M. This fact can be described
by the double fibration:

PS
2
PT M

If a twistor line over a point x € M is L, =~ P!, then the tangent space T, M can be identified with
H 0(L x»Np,) = C*[67] by virtue of a horizontal lifting. Furthermore, the normal bundle wrt. L,

N, =TPT)|.,/T(Lx) = O(1) @ O(1) (14)

can be obtained as a consequence of Birkhoff-Grothendieck Lemma. Note that in the flat limit
A — 0, PT will be isomorphic to O(1) @ O(1).

Next, taking the advantage of the fact that T(L,) = O(2) and T*(L,) = O(-2), where
O(n) := O(1)®" is the usual line bundle over P!, we can define the following basis on PS [69]:

i} .0 _
(0, 1)-vectors  : 0o = </l/l>/1(xﬁ , 0y = —1%044 » (15a)
(0, 1)-forms & = dY o o LeT (g5
(A2 (A4)

Since 9> = 0 where 0 = é°0y + ¢%0,, we can take d to be our definition of integrable complex
structure on PS. Strictly speaking, dy and d4 are (0, 1)-vector fields of I'(T%'PT, O(2)) and
[(T%'PT, O(1)), respectively. Here, the I" notation is an abbreviation of the set of C* sections
valued in O(n) line bundle.

To obtain an explicit expression for F¥(x, 1), we recall that (A)dS, with the metric (9) is
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described by the following system of equations [70]

0= deadf _ ZD'(Iy A eyd _ wd)} A ea}'/ , (163)
0=dw® - [ P — Ae®y A ePY (16b)
Ozdwdﬁ—wdy Awﬁy—Aeyd /\eyﬁ, (16¢)

where e¥? = Qo-?? and 0-?¢ are the Pauli’s matrices. The spin-connections @ read
T = AQrxY,, @ =AQo7%x, 7. 17)
The connection V = d + @ on M is defined as
VA®Y = dA™Y + TG AP T + AP (18)

The corresponding spin-connection on PS is then a (0, 1)-form & = @woe® + w,e® that has the
following property @oé®|;, € H*!(L,,0(2)) = 0[71, 72]. This allows us to define a background
connection as

04 = V4 =-1"V44 =04 - 1"Taq » (19)

where V44 is the covariant derivative defined in (18). At the end of the day, the equations that we
use to solve for the incident relations u¢ = F%(x, 1) are

A7V gapt® = 0. (20)
We obtain

) ) ) P N 2 /’ia @
u¥=x%%1, o x%= ,u—A,u . 21)
(A4)

Thus, each point x € M corresponds to a holomorphic, linearly embedded Riemann sphere
L, = P! ¢ PT, and any point Z € PT corresponds to a self-dual null @-plane in M. Note that if we
consider

N = 1452278 = Q) + Alua], N e R", (22)

then a straightforward computation leads to

1 v [ual
2 aq
X5 = —Xqax®Y = =L 23
in empty (A)dS4. Therefore, we can identify
(A1) = NQ, [ufa] = NQx?, (24)

where Q is the conformal factor in the metric (9). From this point of view, the inner product (1.1)
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can be thought of as the conformal factor  as observed in [47]. This suggests us to parametrize
A, A projectively as

6
A= a2 i=af ! (25)
1 D) Ze_le D)
where |z|>+1 = N and z € R*, 6 € [0, 2x]. Next, plugging (21) to the basis (15), we recover the
usual definition of the Dolbeault operator on PT, i.e.
0

_ 0 . n
0=dl®— +du®—— =d24— .
o M Gua 674

(26)

Hence, d can play the role of the background on the twistor space PT associated to complex
conformally flat spacetime M. For this reason, we will abusively denote V also as 0, where V is
the corresponding connection of V on PS.

Deformation of twistor geometry. In the study of deformation of complex structures on twistor
space [73, 74], one often deforms the “background” d by some connection (0, 1)-form a with
homogeneity zero on P77, i.e.

d—>D=d+a, ae Q" (PT,0). (27)
The integrability condition for the deformed complex structure D is the Kodaira-Spencer equation:
F=DAD=da+ara=0, Fe Q" (PT), (28)

In this situation, the deformed twistor space 7~ will corresponds to a self-dual background
associated with the deformation a, and is defined as

PT ={Z4 =A% u* = F*(x,2) e P*|dF*|,, =a“%.,}. (29)

While the twistor lines L, ¢ PT are sections of 7 : P7 — P! with the same normal bundle
O(1) ® O(1) as before, deforming 0 leads to a distortion of L, away from the original twistor line
x?% 2, by a displacement (F¢ — x‘m/la)%. This deformation can be depicted by the following
cartoon:

PS
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As shown in [67], the moduli space of solutions to the PDE (29) has complex dimensions 4,
and is identified with a self-dual background .# = M & (deformations). Furthermore, the incident
relations are no longer of the form (21) but rather a solution of

A%V 0 e FP(x,2) = 0. (30)

where V is a self-dual connection on M. The operator €4 := 12V, is known as Lax pair whose
integrability, i.e. [€4,4] = 0, is equivalent to the self-dual vacuum equations on .#. Note that
depends on the nature of a, we have either: (i) a radiative self-dual background [74], (i1) gravitational
self-dual background [73], (iii) higher-spin extension of self-dual radiative background [46], etc.
Furthermore, in the radiative cases, the incident relations reduce to the usual ones in (21), while it
is more complicated for higher-derivative deformations, see e.g. [73, 75].

To this end, let us introduce a Poisson structure induced by the infinity twistor 48 on P

P 9 8 9 3
=718 A = A A . 1
0z2 " az8 = a1 " aa, T an " dug (3D

A nice feature of the above Poisson structure is that it can act naturally on holomorphic objects on
curved twistor space. Furthermore, it also induces the following star-product on P [35-37]

= Ry .
f*g::fe["n/\gzzk—[:fl'[kg, (32)
k=0 '

where £, is some natural length scale that plays the role of a deformation parameter. Note that the
expansion of the x-product at order k has weight —2k for k£ € N. This allows us to obtain the (+++)
cubic vertices in chiral HSGRA on twistor space since all twistor fields at the cubic vertex can have
positive weights. We also note that (A)dS4 can be realized in terms of the following generators

L = 2908, P = yop L = b (33)

where due to the definition of the x-product, we have

[L(xa’ Lﬁﬁ]* — AG(tﬁLaﬁ , [Ld('l/, Lﬁﬂ]* — €dBLd'3 , (343)
[L@®, PPP], = Ae®P PP [LO%, pPR], = P pPa (34b)
[Pad/’ P,Bﬁ’]* — AeafﬁLdﬁ + GC'YBLQ.B . (34¢)

Intriguingly, in the flat limit, only ‘half’ of the above relations remain. In addition, the above
realization of (A)dS, algebra does not reduce to the usual Poincare algebra in flat space but rather
a Maxwell algebra [76-79] that describes self-dual spacetime.

The twistor action for chiral HSGRA. Since we are working with 7, everything must have
appropriate projective scalings. Therefore, it is useful to define the following Euler operator

0
_ A
&=2"-—2, (35)
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to keep track of the homogeneity in Z for any twistor expression.

It is well-known that the canonical bundle of P? is O(—4). This fact motivates us to choose the
following SU (4)-invariant measure

D’Z = eapcpZAdZB ANdZC A dZP = (AdA) A [du A du) (36)

as the canonical measure on P7 where &(D3Z) = 4. The twistor action for chiral HSGRA in
(anti)de-Sitter space which admits a smooth flat limit is [37]

_ 2
_ _ 3
S[A] _ShCS+SC_/D zTr[éA_h*aAHgl;ezAhl*Ahz*Ah3]+sc, 37)

where the twistor field A, € Q%' (P7,End(E) ® O(2h — 2)) corresponds to a matrix-valued
higher-spin fields of helicity / in spacetime. Furthermore, we must have at least one positive-
helicity field in (37) so that the constraint & (L[A]) = —4 can be fulfilled. Here, L[A] is the
Lagrangian associated with the action (37). Note that the measure (306) is not gauge-invariant under
the higher-spin diffeomorphism:

6Z4 = Y UZN &) = D (M6 +09,), £ €T(PT,02h-2).  (38)

heZ heZ

For this reason, a correction denoted as S, has to be added to the above action (c.f. (37)).

Scattering amplitudes. Remarkably, by doing integration by parts, the number of the star-
products in each term of the action Sjcs can be reduced by one [37]. Accordingly, in finding
amplitudes from twistor space, it is convenient to choose the following twistor representative for
momentum eigenstates [35, 36]

dt; - i
Ahi = / IZhT(Sz(tl/l - /li)etl ludi] s hi € Z9 (39)

in terms of the on-shell four-momentum kl."d = /llf’/if’ , which is a null vector on the tangent space
of (A)dS,. Here,

_ 1 _0 1
6(az—b) = ﬁdza_z(az——b) ) (40)

is a (0, 1)-form holomorphic delta function [80]. If we consider 4, = (1,z) and 1/, = (b, a), the
above can be recast into:

= 1 — 0 1
6({A")) = =—dA?— 41
() = 5 2ddT— 41)
In addition, we can define a projective version of the holomorphic delta function:
< &0 1< / dr o
S0, ) = | Sy = | Z82@a-x 42
m(4,47) & ({11) o ( ) (42)
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for (0, 1)-form ‘currents’ that can have different scaling. As shown in [81, 82], the plane wave
solutions in the affine patch of (A)dS4 have the same structures with the ones in flat space. This
explains why the above above twistor representative can be chosen. We arrive at (up to some overall
factor)

k

A 9 o k
A pP 2 1-2h1 ,k+1-2hy ,k+1-2h
Mo hs) =2 | @2 dtydisdts 17720 k12 et 1=2hs [ 153 A<——>
Mt ) =g [ @andnan g2 (a2

X 52(t121 + tz/iz + t3/i3)(§2(l‘1/1 - /11)52(&/1 - /12)52(I3/1 - /13) .

The three-point amplitudes read

h1+h2+h3—1
€,(1—ADp)|
M/\ h ,h ,h =[12 hi+hy—hs 23 hy+h3—h 31 h3+h1—h2[ p 64 P) . (44)
b, hs) = [12]" 0 23] s [31] a0 P
From this, we can extract the celebrated coupling constants of chiral HSGRA
fh]+h2+h3—l
Chyho iy = m hi+hy+hs3 > 0. (45)

Note that in our construction, the coupling constant Cy, 4, n, Naturally comes from the definition of
the *-product.

Reduction to spacetime. While obtaining the scattering amplitudes from twistor space is a
reasonably simple task, integrating out fibre coordinates is quite complicated. The reason is that
we have to take into account what is so-called “frame-dragging” effects on PS since the pullback
ny @ PT — PS is not holomorphic. To illustrate how this subtle effect affects the process of
integrating out fibre coordinates, it is enough for us to consider a 7 associated with a flat target
space. To begin, let us define the following (1, 0)-vector fields and their dual (1, 0)-forms:

Ao 0 e

(1, 0)-vectors : 0y i= ——— 0g = ———=0aaq > (46a)
Ay 0o (A1)

(1,0)-forms : e = (Ad), e = 1,dx?? . (46b)

where 9y and 4 are elements of I'(T"°PT, O(-2)) and I'(T"-°PT, O(-1)), respectively. Using
(15) and (46), we can check that

[0, 0] = 4 [0 0] = D4 - 47)

Note that when 04 = %d acts on functions, it is sufficient to use the definition of d, in (46a)

when we pull it back from 7 to PS. However, when the d4-vector field acts on differential forms,
we must think of this operation as a Lie derivative generated by a flow along 9. This fact motivates

us to introduce the following Poisson structure [83]:
Wy = {w,nhn = € Lo,w A Logn, (48)

that acts any (p, g)-forms w,  on PS to work with higher-spin extension of Penrose transform. The

10
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holomorphic Poisson structure (48) naturally induces the following star-product

00 gk
w*n::wefpn/\nzzk—p’wnkn, (49)
k=0 " °

where w and 7 are differential forms.

Instead of working directly with PS, it will be more convenient to work with the non-projective
undotted spinor bundle S since we can skip the step of trivializing line bundles in different patches
of PS, i.e. we do not need to find a holomorphic frame e where

D, e=0. (50)

Ly

The tradeoft is that we need to project all functions/forms from S to PS appropriately with the help
of the following Euler operator
. 0
X2=1%— 51
317 (5D
on C2\{0} to pick out the correct projective scaling. Any w € QP4(P7T,0(n)) is demanded to
satisfy

2_w=0, Liw=now. (52)

Here, the notation S = ts is the interior product wrt. to the 3 vector field. Furthermore,
L, ~ P! ~ 52 is endowed with a hermitian Fubini-Study metric of the form

AdAy A (AdA

K= o0 p g = A4 A Add). (53)
(a2

The usual exterior derivative on PS, denoted as dpg = 0, gets lifted to a unique Chern connection

on the bundle O(n) — P! where [84, 85]

(AdA)
dps =0 :=ds+n—— A . 54
PS s D (54)
Here,
ds := %8y + %8y + dx®? =d1® 0 +d1® 0 +dx@? (55)
S = 0 0 Hxad - o1 a/ia Oxad

is the exterior derivative on the unprojective spinor bundle S. The Lie derivative L, acting on
O(n)-valued (p, g)-forms can be defined via the Cartan’s magic formula by

Lo,w=045 20w+0(0g - w). (56)

11
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It is easy to check that
3" =02 =0, de?*=e'ne?, et =etné. (57)
Furthermore, since d := d + d, we find
0e°=0, 9e¥=e*né. (58)

This is what is so-called the “frame-dragging” effect that occurs on twistor space whenever we
deform twistor space with a potential that contains derivatives along the fibres O(1) & O(1) of the
fibration 7 : 7 — L. Let us now focus on holomorphic form on PS where we can decompose
A =Ape’ + Agze?. A simple computation provides

JA = (Bohg — 05ho)d® N ET +Bahze? NP, (59a)
OA = 0pAoe’ A ¥+ BpAge® A EY = (Daho+Aa)E" Ae® +05Aze" A ZZa (59b)

which can be used to obtain
Logh = (05ho+Ag)E +dshzel (60)
where 045 — A = 0; and vector fields ‘eat’ differential forms according to the following menu:
Boe=1, =1, 4.8 =6s", oo’ =054". (61)
Due to the holomorphicity of A, we can show that

Ladl Ly, A= ((9(,1 ...adkA() + ka(dl ...adk_,Adk))éO + 04, ...adkABéB . (62)

ap
We will choose the following gauge condition [85]

Lo, AY = 0,AY =0, (63)

to reduce the number of #-product by one. Indeed, one can show that L5, Ly+A = 0 if (63) holds.
Once again, we have only one derivative, i.e. 9, in the kinetic term. Pulling (37) back to PS, we get

2
S[A] = / Tr[ > Audh, + 2 > A, * Ah3] . (64)
BS “hez hieZ

With a little more effort, we end up at

.Ladl ...La(.lkA A Ladl ...LadkA

= (0,0 A0 + kD (-0 Pgy)) 0N .. 0% A2 P + D, ... 0, Agd™...0% Ayl e ©
ay---Oaqy (al"' -1 ak) ﬁ ay---Uay IB y .

Observe that Woodhouse gauge (fixing Ay € Q%!(P!,0(n)) = 0 for n > —1 [72]) is no longer a
suitable gauge choice since there is an in-homogeneous contribution to the ¢° A €% component of

12



Twistor approach to higher-spin theories and matrix model Tung Tran

the equation of motion
A+AxA=0. (66)
In terms of components, the above decomposes into two sub-equations:

0= oA — daho+ (9,...05 Ao+ kd g, .05 Ay 0P ..0P A, (672)
0=04hp+0y,..05,As0" .. 07 Ay . (67b)

It can be shown that if we assume A, to have the usual Woodhouse representative for positive-
helicity higher-spin fields, then the solution of (67a) is

dabo =—-Ag, (68)

This implies that A4, Ay are holomorphic in A when they have positive weight since dydg = —04.
As a result, we have the following equations

0hAs =0, oA =0 (69)

that address the holomorphicity of Ay, Ay € Q%(PT,0(n)) when n > 0. If we consider the
dotted component of A with the usual Woodhouse representative [72]

Apae® =27 VA, 04 6 87, (70)

then the zero component of A takes the following form [37]

A} 1@ = - Aal’, h>0, (71a)
A
A7 &0 = 2D paling0 <) (71b)
h,0 </l/l>2|h|

where we used the convention 1%(9) = A(®1__ 19) etc. to shorten our expressions. As always, the
scalar field is the most problematic piece to be inserted into the spectrum of HSGRAs, given that it
has to respect higher-spin symmetry. Let us consider the following twistor field

~

Ao

=2 92,7, 72
D e (72)

Ah:o+ =1

Here, 9“4 is the auxiliary field associated to the scalar field, which can be integrated out by its own
equation of motion as observed in [86]. As a straightfoward exercise, we can show that

1 o
B = (a"d +A% )AO + — 05,00, AgdT L GTEATD) (73)

k! Vi Vil
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where A4 € {®,'(PT,End(E) ® O(25s—2)) | s = 1} . With this information, we can write (64) as

- . A%B ,
S = / UTr[AO(6d+Ad*)A"+ ——aa ﬂﬁa +Sc, (74)
PS (A1)
where the measure O is [69]

_ d4x</1d/1>A<2d,i> _

UV=D3Z"A[e¥ Aéy) -
(A1)?

XK, (75)

and K is the top form on P'. To obtain the spacetime action for chiral HSGRA, we can use the
following integral over P! [8, 72, 86]:

A

A A8(m) Vi
/ K a(m)A - ef...eaﬁ. (76)
P! (a)m (m+1)

The final details of this step can be found in [37].

The upshot of the presented approach is that we can work with holomorphic forms and Poisson
structure. As a consequence, it somewhat simplifies the structures of higher-spin interactions after
integrating out fibre coordinates using (76) as compared to the fuzzy twistor construction approach
(see the next section). However, as it stands, this approach is designed mainly for self-dual theories
written in terms of BF or holomorphic Chern-Simons forms, see e.g. [7, 69, 87]. To go beyond
self-dual sectors with this approach is rather involved and requires further technical details on
Wilson loops, see e.g. [88, 89]. This situation can be circumvented by using a more practical
approach known as fuzzy twistor construction [47].

3. HS-IKKT from fuzzy twistor space

There is a fundamental difference between the fuzzy twistor construction, and the usual twistor
construction. Namely, the primary objects of the former are functions, while they are holomorphic
forms in the latter. By working directly with functions, we do not need to deal with the frame-
dragging effect as before (cf. (57)). Furthermore, everything is naturally higher-spin extensible.
The only downside of this approach is that we need to have a correct action to start with. Here, we
discuss how to find the higher-spin extension of the IKKT-matrix model (HS-IKKT).

The action. The SO (10)-invariant Euclidean IKKT model has the following action functional:
S = Tr([Y’, Y[, Y] + ‘i‘ﬂyfﬂB[Yl,‘PB]) . I=1,..10, 7

where Y7 are N x N hermitian matrices, and W% are matrix-valued spinors. A coordinate y! in the
target space R'? may be defined via localized quasi-coherent states |y) € H as [90-93]:

= @Y yy eR, (78)
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where H is some Hilbert space. In this sense, y/ can be used to define some fuzzy manifold
M < R0, Thus, it is possible to associate classical functions to matrices through the map

Mat(H) ~ C(M)

(79)
D~ (y|®ly) = o(y) .

The matrix algebra Mat(%H) generated by ¥/ is interpreted as quantized algebra of functions on M.
Since Y7 is not commutative on M, it breaks Lorentz invariance. This is mitigated on covariant
quantum spaces such as a fuzzy 4-sphere [66] (denoted as S‘}v), where the non-commutativity of
Y% € R’ is measured by a quantized Poisson structure

[Y4 vP] = ig%, a,b=1,2,3,4,5. (80)

Decomposing Y¢ = Y% + A% where Y¢ is the background S?'V, the action defines a non-commutative
Yang-Mills-type gauge theory on M [94], with the gauge transformations U~ (Y4 + A4)U.

Fuzzy 4-sphere in the semi-classical limit. Consider R> with the metric 7%? = diag(+, +, +, +, +).
By requiring Y to transform as vectors under SO(5) equipped with the generators M,;,, we have
the following so(6) algebra

(Map, Mcal =i(Maadpe — Macdpa — Mpadac + MpcOaa) » (8la)
[Map,Ye] = i(Ya0pe — Yolac) (81b)
[Ya, Yol = ity Mas, . 8lc)
Y, Y =R?, (81d)

which defines a fuzzy 4-sphere with a radius R.
In practice, we will work mostly with almost-commutative/semi-classical limit where the
natural length scale £, ~ % ~ 0. In this limit, we replace [65]

Y4 — y? (these are commutative coordinates), (82a)
[.1—-d{.}. (82b)

Note that the Poisson bracket {,} is not the same with the holomorphic holomorphic Poisson
structure defined in (48); and we shall define {,} the moment we discuss about almost-non-
commutative twistor space.

Affine patch. What we gain from the semi-classical limit is a proper notion of geometry. Consider

y[lyll+y§:R2’ ﬂ:1’2’3’4’ (83)
where
2R?xH R(R? - x?)
L S 2= M 84
T s R e
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The conformally flat metric that corresponds to S* is obtained by the pullback:

4R477#de’“‘dx"
(R2+x2)2 °

aye dyb
dszz(y Y (85)

Oh Wﬂab)dx"dx" = guyvdxtdx” =

where 7, = diag(+, +, +, +). Though this coordinate system does not give us the desired Lorentzian
signature as in [82], the metric (85) admits a smooth flat limit when R — oo.

Almost-commutative twistor space. Since, s0(6) ~ su(4) we can consider the maps:

1

where

i
ar = ~Tha = Zap = 71Va 1) (87)

provide the spinorial representation of s0(5) =~ sp(4). The su(4) algebra reads [95]

[LAB,LCD] — i(LACCBD + LADCBC + LBDCAC + LBCCAD) , (88a)
[YAB, YCD] — i(LACCBD _ LADCBC _ LBCCAD + LBDCAC) . (880)

LAB YAB

Here, we recognize the as sp(4) generators, and
This realization allows us to view S;‘V as a non-commutative twistor space spanned by sp(4) vectors

ZA and their dual Z4. Note that [73, 96-98]

as “vectors” that transform under sp(4).

i{zA, 28} = cAB CAB = diag(e“P , eP). (89)
In terms of Weyl spinors, the above relations decompose into
H{A7, P} = P i{u®, ) = ™. (90)

It is crucial to note that all Weyl spinors are dimensionless in the approach of almost-commutative
twistor construction. In addition, the incident relations (21) remain the same, i.e.

’u('z :Xad/la, (91)

where x@¢ is also dimensionless. Its relation to the dimensionful x* reads

R? .
X% = sz , X2 = X% g . (92)

Consider the following symplectic form on almost-commutative twistor space IP’?V:

} B
dx®® A dx 0

_ A - DA lg———2
Q=dZAANdZs=(1+x>)|DA* ADAy + g TESOE s,

93)
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where we have used the incident relation (21) and

xaﬁdxﬁ'g

dXBB'X“'B W ——Ag.
(1+x2)

DAY =dA® + 228,
(1+x2)

Dlg =dlg+ (94)
This means that P3 can be identified as the total space of P'-bundle over S*, which is in the same
spirit with (12). Thus, any generating function f(x|Z, Z) on almost commutative twistor space can

be written as?>
FXIZ,2) = FEILD =) faipin (27D D (95)
i,j

It is clear from the above that the fuzzy Riemann sphere with coordinates (1, 1) is responsible for
the internal quantized structure of spacetime.

The correspondence between almost-commutative twistor space and spacetime is expressed
via the Hopf fibration [99]

P! — P3 ~ S7/U(1) — S4,
A a €P S5A/.a B (96)
27>yt = —72 (y*)aBZ”,

where S is defined by (22), and a convenient basis for the y-matrices is:

0 —(om @
)’y =i((0 L )ﬂ) (raY'y = (fz ij) (rsYy = (1)2 _012) ©7)
"np

form = 1,2,3, where 0, = (ioy,, ). Another way to express the above basis is to lower their
indices down:

(ym>AB=(_(&Z)BQ (&'g)"ﬂ), <74>AB:(ESd ‘EO) <y5>AB:(‘60“ﬁ Sﬁ) ©8)

where 677 = —i(0)°, €aar-

Spinorial representation of the IKKT model. The twistor representation of the action (77) in
the semi-classical limit reads:

S = / U (i{yAB,yCD}{yAB,)’CD} + ‘i’A{YAB,‘PB})

99)
(i{¢j‘7, oMVHorg, dmnt + ¥ {1, ‘PJ}) ,

where the remaining five coordinates of SO(10) are treated as scalar fields ¢/, which carry
I,9 =1,2,3,4indices of the internal symmetry group SU(4) of N = 4 SYM. Since ys transforms
under the external SO(5), the model breaks supersymmetries explicitly when it is placed on non-

SRecall that there will always be an equal number of A and A by virtue of (6).
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commutative twistor space. However, note that the internal group SU(4) can be recovered in the
flat limit, see e.g. [100].

From (98), we can decompose

0 p\ (¢ 0
AB _ _AB AB _
yU=Eptt g —(_pﬁ-a 0 )+( 0 g8 (100)

where pA8 are off-diagonal, and g% stands for the fifth direction. In particular,

prY = pro, o2 = (io3, b, —ioy,io) (101a)
g% = —yseP, g% = +yse . (101b)

Now, we can consider the following decompositions of p and ¢ in terms of ‘background’ plus

pad B yad Aad
) = o)+ (5]

where ¢ is the scalar field that the external SO(5) acts on.

fluctuations.

For simplicity, let us consider the semi-classical and flat limit of the IKKT matrix. It can be
checked that all contributions related to the background ys vanish in this limit [47]. Furthermore,
the external scalar ¢ will rejoin with the other 5 internal scalars to form the 6 adjoint scalars of
the internal group SU(4). Due to the non-commutativity of coordinates/fields, there will be more
terms (some of which we do not have a clear interpretation of) in the IKKT action, as illustrated
in [66, 99]. This makes it difficult to deal explicitly with the mixtures between backgrounds and
fluctuations. For illustrative reason, consider the “Yang-Mills’ term in the IKKT matrix model
where

1 . . . ;
—F, F = 2{y"y,A"7}{y(,g,Aa§} + {y"y,y‘”}{A(,g,Aa’(}

2 (103)

) . 1 ) ;
+ 2{ya')” Aa’y}{AaéLs Aa{} + E{Aa’ya Aa’y}{Aaéa Aa{} :

The troublesome term that we mentioned about is the second term in the above expression. To
circumvent this problem, one can introduce an auxiliary B, field to absorb these troublesome
terms:

M _ / %) (BWFW + %B(,(,Bm) . (104)

As aresult, we obtain the following action for the IKKT-matrix model in the semi-classical and flat
limit
- aa i aa |, o aaq¢ 41T —a ~B
S= U|BgalF +§Ba/aB +i{p®?, ¢ }{p(tda¢fj}+2)( {PQB,X }

. (105)
+ X brr X+ X 015 0+ 5107 0N b1 5 o pun]
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where ¥4 = (2, v%) and ¥ = (yZ, ¥?). Note that the spacetime action of the IKKT model
is already recognized in the above action without the need of referring to the twistor cohomology.
This is main advantage of this approach compared to the previous section.

Note that by dropping some terms in (105) while retaining gauge-invariance, we can obtain the
self-dual sector of IKKT-matrix model:

] i - ~3 ~7 —
SSD=/U[BQQFCYQ+l{paa,¢[j}{pad,¢fj}+2)(a{pw’6~,,)(13}+)( {¢IJ,X‘7} . (106)

To obtain the spacetime action of the twistor actions (105) and (106), one can proceed as before
by integrating out all fiber coordinates. However, before doing that let us show the structure of
interactions coming from the Poisson brackets {, }.

Spinorial effective vielbein and derivativation. Essentially, since everything can be expressed
in terms of spinors, all derivatives thereof can be obtained by (90). For example, if we consider
yod = —(/i“ﬂd - A919), then

{y®, AP} = +ie®Pp? (107a)
{ya/('x’ /’iﬁ} — _ie(tﬁ’a\d ] (]07b)

As aresult,
{ya(i/,yﬁﬁ} — 21'(/1(0/,1\'8)6&3 +M(dﬂ5)6(zﬁ) , (108)

Using the above information, we can define

UL DY = (" P =y 28 ﬁ+{y““
( AyPP oA (')/lﬁ (109)

0 0
_ 8(1(y|ﬁﬁa 90 + 8(1(1|ﬁ a/lﬁ‘p +8aa|ﬁ 0.

9B

The objects & are referred to as the effective spinorial vielbeins. There are two & that are particularly
important to us since they are used to construct the effect metric:

saGIBB . _ {yaa ,8/5’} ZL(J.(Q/lﬁ) ap +,u(“ aﬁ) (110a)
85|<m - {y ’y(ul} — —l(/laﬂw +/l(l/j‘l) ) (110b)

Note that in the flat limit, all expression involved dotted spinor y, & will vanish (recall that the
incident relations (91) contain dimensionless spinors; so  roughly scales as 1/VR in this picture).
The effective metric. Consider some scalar field ¢#(y) and the kinetic term

(Y 0y oo 0 + (Y OHY . 9 = 8541790040 &, 4 1530PP 0 + 87190059 Es5,30PP D

. (111)
= G PP, 0 0pp .
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This gives us the effective metric:
Gadﬁﬁ’ (y) — N2€aﬁ€dﬂ _ y(tdyﬁﬁ ) (1 12)

In terms of x?% € §%, the effective metric reads

G (x) = (A1 N

B x‘“”xﬁﬁ') . (113)
(A1)?

EoM, DoF and plane-wave solution in the flat limit. Since we started with a 5-dimensional
system, it is important to ask whether the higher-spin spacetime fields will carry only two degrees
of freedom. To answer this question, it is good enough to look at the free action in (106) and extract
the free equations of motion for the higher-spin valued gauge fields A%? and B q:

{(y%, A%} =0, SAYY = {y¥? &£}, (114a)
{yy('t’ Bya/} =0. (114b)

Here, & is some hs-valued section on & = (P')V x R*. As alluded to above, A®? is a hs-valued
function; and it has the following mode expansion

Aad(x) - Z AK(S)T(S)|ad(x)/l;((s)/,i‘r(s) , (115)

S
with (@, &) are independent indices. This gives 4 independent tangential modes of the A field [101].

We can decompose A%? into two eigenmodes

A(alf)t _ A(K(zs)a)d/lk(s)ik(s) i (116a)

AEYZ()Y — EaKAK(Zs—l)d/lK(S)/l’\K(S) — /laAK(zs_l)d/lK(S—l)/iK(S) +/}iaAK(zs_l)d/lK(S)/iK(S—l) ) (116b)

The gauge field A?¢ transforms as
5§’ﬂAK(2s)|ad — {yad,fk(Zs)} + Ekaﬁk(Zs—l)d ) (117)

where ¢ and 9 are some fhs-valued sections on #. Here, the algebraic symmetry, whose gauge
parameter is 17, is used to gauge away the (unwanted) second eigenmode A ).

On the other hand, the B, field can be decomposed as

BEYI.) = BK(ZS)Q.AK(S)/?.K(S) , (118a)

B = B>, (o Ay (118b)

where o is the index that contract to y*;. Note that the second mode B(‘”z‘)" plays the role of a

Lagrangian multiplier and provides us a non-commutative version of the Lorenz gauge condition:

/ UBu(2n-1){Yaqr AT} (119)
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Therefore, only the first eigenmodes of A?? and B, propagate. Since there are 2s + 1 equations
in {y®4, A2(2s~D@} and there are 25 — 1 number of components in the gauge symmetry generator

&, the number of degree of freedom the AE’l‘)’ eigenmodes has is [102]:

25+1-(2s-1)
5 =

1. (120)

For the B field, there are in total 4s equations in {y” 4, B, o(2s-1) } and there are (2s — 1) 2nd order
fuzzy Bianchi identities

{y7d7 {yydeyya/(Zs—Z)}} ~0. (121)
Thus, the number of degree of freedom that B(1) possesses is

4s —2(2s - 1) _

5 1. (122)

Together, A and B (which correspond to positive/negative helicity ‘spacetime’ fields) describe
massless higher-spin fields in complexified Euclidean spacetime. Note that besides the affine
patch considered in [47], there is also the FLRW patch where the intrinsic signature is Minkowski
[103, 104]. This is the patch that is relevant for matrix-model type cosmology.

Next, we can use (90) to solve the free equations of motion for the A%? and B, fields. First
of all,

0= {yad’ Agyl()l} = {yad’ Ak(zs)ad(x)/lk(s)ik(s)}

I DO e A (123)
- —M/DS“(-,'B “ par: ﬁ.A"(z”‘ “ () () Ar(s) -
This is equivalent to saying that
s (2s)aa k(2s)ad
a 1p OA ~ a3 94 _
8('2 W_/la/l (%(T_O (124)
in the flat limit. The solution of the above reads
A(1(2s+1)d — {a'"{aﬁd eiv"x(mﬁd (125)
<§U>25+1
in terms of on-shell four momentum k%% = v®3%.6 Note that A(j) satisfies the gauge-fixing
condition
_0_qaa_g 126
oxaa () T ( )
For the Bﬁ()’ eigenmodes, we find
B2 =y el (127)

®We assume there is a suitable analytic continuation or complexification.
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Reduction to spacetime. Let us now show the structure of the cubic vertices B{A, A} for the
self-dual YM sector of the HS-IKKT in spacetime. Since {A% 4, A??} involves both the fibers
and spacetime derivatives on % = (P;)N x R%, there will be more terms in spacetime compared
to the holomorphic case (cf., (48)) due to the structure of the effective vielbein &. However,
as discussed, the advantage of this almost-commutative twistor construction is that everything is
naturally higher-spin extensible and the fibers does not get deformed by the Poisson bracket (89).
The leading contributions in B{A, A} read

/lﬁ(S)/ip(S) Baaﬁ(s)p(s)/ly(m)/ié(m)/lk(n)/i'r(n) {A)/(m) 6(m)ad’ AK(n)T(n)ad(X)}

Ky 3 N obee 1 (1 28)
~ /lﬁ(S)/lp(S)Baaﬁ(s)p(s)/l'y(m)/lé(m)/lk(n)/l‘r(n)8 aoéA?’(m)(s(m)dd B AKMT(Mad
Using (76), we obtain the following spacetime expression
Véead - Z Ba(zs)aaiAa(m)daaiAa(n)d 4 yirrelevant (129)

m+n=2s-2

Here, Vi™®levant are contributions that vanish when we plugging in the asymptotic states (125) and
(127). It is remarkable that the cubic vertex (129) is closely related to the one of the higher-spin
extension of self-dual gravity in [45]. For this reason, HS-IKKT is a gravitational theory of higher
spins.

Besides the leading term, we also get the following subleading contributions:

V;ub =2 Z mn Ba(zs_Q)Aa(m) “Aa/(n)oi . (130)

m+n=2s-2

Their contributions to the scattering amplitudes vanish upon substituting the plane-wave solutions
(125). Furthermore, one can check that this vertex vanishes identically in the light-cone gauge. As
an observation, we see that the only non-vanishing contributions coming from the Poisson bracket
between two twistor fields contains terms with derivatives acting on fields but the fiber coordinates.
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