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The Low’s theorem is applied to the soft gluon emission from heavy quark scattering in quark-
gluon plasma (QGP). The QGP is described by the dynamical quasi-particle model (DQPM) which
reproduces the EoS from lQCD at finite temperature and chemical potential. We show that if the
emitted gluon is soft and of long wavelength, the scattering amplitude can be factorized into the
scattering part and the emission part and the Slavnov-Taylor identities are satisfied in the leading
order. Imposing a proper upper limit on the emitted gluon energy, we obtain the scattering cross
sections of charm quark as well as the transport coefficients (momentum drag and diffusion) in
the QGP with and without gluon emission.
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Radiative energy loss of heavy quark through soft gluon emission in QGP Taesoo Song

1. Introduction

The energy loss of heavy flavor in heavy-ion collisions is one of important observables which
reveal the properties of the quark-gluon plasma (QGP). The energy loss takes place through elastic
and inelastic scatterings [1–3]. In this study we extend the soft photon approximation [4–6] to the
soft gluon emission from the elastic scattering of heavy quark, and discuss its effect on the transport
coefficients of heavy quark in QGP.

2. Soft gluon approximation

In the soft photon approximation [4–6] a low-energy photon is emitted from the external
charged particles and the complicated inner structure of the scattering can be ignored. Then the
Feynman diagrams can be factorized into the elastic scattering and the gluon emission.
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Figure 1: Feynman diagrams for 𝑐 + 𝑞 → 𝑐 + 𝑞 with a gluon emitted from external partons (upper) and from
the internal exchanged gluon (lower).

Applying the same approximation to the soft gluon emission from 𝑐 + 𝑞 → 𝑐 + 𝑞 scattering, it
is sufficient to calculate the upper diagrams in Fig. 1, of which transition amplitude is given by [7]

𝑀
𝜇,𝑎,𝑘𝑙;𝑖 𝑗
2𝑞→2𝑞+𝑔 (𝑝1, 𝑝2; 𝑝3, 𝑝4, 𝑞) = 𝑔

{
𝑝
𝜇

1
𝑝1 · 𝑞

𝑀
𝑘𝑙;𝑚𝑗

2𝑞→2𝑞𝑇
𝑎
𝑚𝑖

+
𝑝
𝜇

2
𝑝2 · 𝑞

𝑀
𝑘𝑙;𝑖𝑚
2𝑞→2𝑞𝑇

𝑎
𝑚𝑗 −

𝑝
𝜇

3
𝑝3 · 𝑞

𝑇𝑎
𝑘𝑚𝑀

𝑚𝑙;𝑖 𝑗
2𝑞→2𝑞 −

𝑝
𝜇

4
𝑝4 · 𝑞

𝑇𝑎
𝑙𝑚𝑀

𝑘𝑚;𝑖 𝑗
2𝑞→2𝑞

}
, (1)

where 𝜇, 𝑎 are respectively the Lorentz and color indices of emitted gluon, 𝑖, 𝑗 and 𝑘, 𝑙 the color
indices of the incoming and outgoing quarks and 𝑀

𝑘𝑙;𝑖 𝑗
2𝑞→2𝑞 the transition amplitude of 𝑐 + 𝑞 → 𝑐 + 𝑞

scattering. Considering the simplest color structure of 𝑀
𝑘𝑙;𝑖 𝑗
2𝑞→2𝑞 is 𝑇𝑏

𝑘𝑖
𝑇𝑏
𝑙 𝑗

, one can prove that the
transition amplitude of Eq. (1) satisfies the Slavnov-Taylor identities [7]:

𝑞𝜇𝑀
𝜇,𝑎,𝑘𝑙;𝑖 𝑗
2𝑞→2𝑞+𝑔 (𝑝1, 𝑝2; 𝑝3, 𝑝4, 𝑞) = 0. (2)
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On the other hand, the lower diagram in Fig. 1 is simplified in the limit 𝑞 → 0 into

𝑀5 ≈ −𝑖𝑔𝜀𝑎∗𝜇 (𝑞) 2(𝑝1 − 𝑝3)𝜇
(𝑝1 − 𝑝3)2 + 2(𝑝1 − 𝑝3) · 𝑞

𝑓 𝑎𝑏𝑐
(
𝑀

𝑘𝑙;𝑖 𝑗
2𝑞→2𝑞

)𝑏𝑐
. (3)

Comparing Eqs. (1) and (3), apart from 𝑀2𝑞→2𝑞, the former is of the order of 1/𝑞 and the latter of
the order of 1/𝑝 in the limit 𝑞/𝑝 ≪ 1. Therefore, the lower diagram is of higher order than the
upper diagrams in Fig. 1, if the transition amplitude is expanded in term of 𝑞/𝑝.

Similar calculations can be done for the soft gluon emission from 𝑞 + 𝑔 → 𝑞 + 𝑔, and the
transition amplitude reads [7].

𝑀
𝜇, 𝑗𝑏𝑐;𝑖𝑎
𝑞+𝑔→𝑞+𝑔+𝑔 (𝑝1, 𝑝2; 𝑝3, 𝑝4, 𝑞) = 𝑔

{
𝑝
𝜇

1
𝑝1 · 𝑞

𝑀
𝑗𝑏;𝑚𝑎
𝑞+𝑔→𝑞+𝑔𝑇

𝑐
𝑚𝑖 −

𝑝
𝜇

3
𝑝3 · 𝑞

𝑇𝑐
𝑗𝑚𝑀

𝑚𝑏;𝑖𝑎
𝑞+𝑔→𝑞+𝑔

+𝑖
𝑝
𝜇

2
𝑝2 · 𝑞

𝑓 𝑎𝑑𝑐𝑀
𝑗𝑏;𝑖𝑑
𝑞+𝑔→𝑞+𝑔 + 𝑖

𝑝
𝜇

4
𝑝4 · 𝑞

𝑓 𝑏𝑑𝑐𝑀
𝑗𝑑;𝑖𝑎
𝑞+𝑔→𝑞+𝑔

}
, (4)

where 𝑎, 𝑏 and 𝑐 are respectively the colors of the incoming, outgoing and emitted gluons, and 𝑖

and 𝑗 the colors of the incoming and outgoing quarks. It also satisfies the Slavnov-Taylor identities,
considering that the color structure of 𝑀 𝑗𝑏;𝑖𝑎

𝑞+𝑔→𝑞+𝑔 is given by [𝑇𝑎, 𝑇𝑏] 𝑗𝑖 or 𝑖 𝑓 𝑎𝑏𝑐𝑇𝑐
𝑗𝑖

[7]:

𝑞𝜇𝑀
𝜇, 𝑗𝑏𝑐;𝑖𝑎
𝑞+𝑔→𝑞+𝑔+𝑔 (𝑝1, 𝑝2; 𝑝3, 𝑝4, 𝑞) = 0. (5)

In QGP partons are dressed and interacting. As a result, the parton self energy is a nonzero
complex function whose real and imaginary parts are interpreted as 𝑇, 𝜇𝐵−dependent pole mass
and spectral width, respectively. The massive off-shell partons reproduce lattice EoS of QGP in the
dynamical quasi-particle model (DQPM) [8]. Then the propagators of quark and gluon in Eqs. (1)
and (4) are modified, respectively, into

𝐺𝑖 𝑗 (𝑝) = 𝑖
̸ 𝑝 + 𝑚𝑞 (𝑇, 𝜇)

𝑝2 − 𝑚2
𝑞 (𝑇, 𝜇) + 𝑖 |𝑝0 |Γ𝑞 (𝑇, 𝜇)

𝛿𝑖 𝑗 ,

𝐺𝜇𝜈,𝑎𝑏 (𝑝) =
−𝑖𝑔𝜇𝜈

𝑝2 − 𝑚2
𝑔 (𝑇, 𝜇) + 𝑖 |𝑝0 |Γ𝑔 (𝑇, 𝜇)

𝛿𝑎𝑏, (6)

where 𝑚𝑞 (𝑔) and Γ𝑞 (𝑔) are the pole mass and spectral width of quark(gluon).
Assuming the center-of-mass frame of 𝑝3 + 𝑝4 is similar to that of 𝑝1 + 𝑝2, the differential cross

section is approximated as [7]

𝑑𝜎2→3
𝑑 cos 𝜃

≈ 𝑑𝜎2→2
𝑑 cos 𝜃

∫ 𝐸𝑚𝑎𝑥

𝑚𝑔

𝑑𝐸𝑔

2(2𝜋)3

√︃
𝐸2
𝑔 − 𝑚2

𝑔

∫
𝑑 cos 𝜃′𝑑𝜙′ |𝜖 · 𝐽 |2 |p3 |

√
𝑠

𝑝 𝑓
√
𝑠2
, (7)

where 𝜃 is the scattering angle, (𝜃′, 𝜙′) the solid angle of emitted gluon, 𝑚𝑔 the thermal gluon mass,
𝑠2 = (𝑝3 + 𝑝4)2 and

|𝑀2→3 |2 ≡ |𝜖 · 𝐽 |2 |𝑀2→2 |2 = 32𝜋𝑠 |𝜖 · 𝐽 |2 𝑝𝑖

𝑝 𝑓

𝑑𝜎2→2
𝑑 cos 𝜃

(8)

with 𝑝𝑖 and 𝑝 𝑓 being respectively the initial and final momenta of 2-to-2 scattering in the center-
of-mass frame. The maximum energy of soft gluon, 𝐸𝑚𝑎𝑥 in Eq. (7), is kinetically given by
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𝐸 𝑘𝑖𝑛.
𝑚𝑎𝑥 =

√︃
𝑚2

𝑔 + 𝑞2
𝑚𝑎𝑥 with 𝑞2

𝑚𝑎𝑥 = {𝑠 − (𝑚3 + 𝑚4 + 𝑚𝑔)2}{𝑠 − (𝑚3 + 𝑚4 − 𝑚𝑔)2}/(4𝑠). In the
soft gluon approximation (SGA), however, we have neglected gluon emission from the interaction
region, which means that the wavelength of the emitted gluon is assumed larger than the scattering
scale that is roughly 1/

√
−𝑡 with 𝑡 = (𝑝1 − 𝑝3)2. Therefore, more reasonable upper limit for SGA

will be 𝐸𝑟𝑒𝑎𝑙.
𝑚𝑎𝑥 = min

[
𝐸 𝑘𝑖𝑛.
𝑚𝑎𝑥 ,

√
−𝑡
]
.
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Figure 2: Differential (left) cross sections of 𝑐 + 𝑞 → 𝑐 + 𝑞 + 𝑔 and 𝑐 + 𝑔 → 𝑐 + 𝑔 + 𝑔 in the soft gluon
approximation with the kinetic and the realistic energy limits, which are respectively shown as dotted and
solid lines, in comparison with the elastic scattering cross sections, which are dashed lines, at

√
𝑠 =10 GeV

and 𝑇 = 200 MeV and (right) their integrated cross sections as a function of temperature at
√
𝑠 =10 GeV.

The left panel of Fig. 2 displays the differential cross sections for 𝑐 + 𝑞(𝑔) → 𝑐 + 𝑞(𝑔) and
𝑐 + 𝑞(𝑔) → 𝑐 + 𝑞(𝑔) + 𝑔 with the kinematic and realistic upper limits of gluon energy as a function
of the scattering angle of charm quark at

√
𝑠 =10 GeV and 𝑇 = 200 MeV. Charm quark mass is taken

to be 1.5 GeV, and the masses of light quark and gluon the pole masses in the DQPM. The radiative
differential cross sections with the two different upper limits are almost same except near cos 𝜃 = 1,
where 𝑡 is small and thus the realistic upper limit of the soft gluon energy is low. In the right panel
the integrated cross sections are shown as a function of temperature. The temperature dependence
of 2-to-3 scattering cross sections is stronger than that of 2-to-2 scattering cross sections, because
the former is proportional to 𝛼3

𝑠 while the latter to 𝛼2
𝑠 , and the 𝛼𝑠 rapidly increases near 𝑇𝑐 in

the DQPM. We note that the above results agree with those from the full calculations without
introducing the SGA at low momentum of emitted gluon [9].

3. Transport coefficients

Heavy quark loses energy-momentum traversing a QGP produced in relativistic heavy-ion
collisions. The most suitable quantities to describe the energy-momentum loss are the momentum
drag coefficient (𝐴) and the transverse momentum transfer squared per unit length 𝑞 which are

4
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defined as

𝐴(𝑝) = −𝑑⟨Δ𝑝𝐿⟩
𝑑𝑡

= ⟨⟨(𝑝 − 𝑝′)𝑧⟩⟩, (9)

𝑞(𝑝) =
𝑑⟨(Δ𝑝𝑇 )2⟩

𝑑𝑧
=

𝐸

𝑝𝐿
⟨⟨𝑝′2𝑥 + 𝑝′2𝑦 ⟩⟩, (10)

where 𝑝𝐿 and 𝑝𝑇 are respectively the longitudinal and transverse momentum of charm quark with
𝑝 and 𝑝′ being respectively initial and final momenta, and the double bracket implies

⟨⟨𝑂∗⟩⟩ ≡
∑︁

𝑖=𝑞,𝑞̄,𝑔

∫
𝑑𝑚𝑖𝑑𝑚 𝑓 𝑑𝑚𝑔𝐴𝑖 (𝑚𝑖)𝐴𝑖 (𝑚 𝑓 )𝐴𝑔 (𝑚𝑔)

∫
𝑑3𝑘

(2𝜋)3 𝑓𝑖 (𝑘) 𝑂∗ 𝑣𝑖𝑐𝜎𝑖𝑐, (11)

where 𝑚𝑖 , 𝑚 𝑓 and 𝑚𝑔 are respectively the incoming and outgoing parton masses and the emitted
gluon mass, 𝐴𝑖 , 𝐴 𝑓 and 𝐴𝑔 their spectral functions in the DQPM, 𝑓𝑖 (𝑘) is a distribution function
of parton 𝑖, and 𝑣𝑖𝑐 and 𝜎𝑖𝑐 are the relative velocity and the scattering cross section of the charm
quark and parton 𝑖, respectively.
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Figure 3: Momentum drag coefficient 𝜂𝐷 = 𝐴/𝑝𝑐 (left) and 𝑞/𝑇3 (right) of charm quark as a function of
charm quark momentum at 𝑇 = 200 MeV, excluding and including the radiative corrections with the kinetic
and the realistic upper limits of emitted gluon energy.

In Fig. 3 we present the drag coefficients 𝜂𝐷 = 𝐴/𝑝𝑐 (left) and 𝑞/𝑇3 (right) of the charm
quark without and with soft gluon emission for the kinematic and realistic upper limits of soft
gluon energy at 𝑇 = 200 MeV. The radiative corrections hardly change the transport coefficients at
low momentum, because the scattering energy of a slow charm quark with a thermal parton is not
large enough to produce an additional massive gluon. As a result, the radiative scattering barely
contributes to the spatial diffusion coefficient 𝐷𝑠 = lim𝑝𝑐→0 𝑇/(𝑀𝑐𝜂𝐷) of heavy quark [7], which
is already well reproduced within the DQPM [3, 10].

The radiative energy loss, however, enhances 𝐴 and 𝑞 of the charm quark at large momentum.
It may influence the 𝑅AA of 𝐷 mesons which has been well described only with elastic scattering
in heavy-ion collisions [11, 12]. According to our recent study [13] the 𝛼𝑠 (𝑇) extracted from the
lattice EoS overestimates jet quenching. More realistic strong coupling at large momentum will be
smaller than 𝛼𝑠 (𝑇), because an energetic parton is far off thermal equilibrium, and it will cure the
potential problem raised from the enhancement of transport coefficients in Fig. 3.
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4. Conclusion

We have studied the radiative energy loss of heavy quark by using the soft gluon approximation
which is motivated by the soft photon approximation in QED. It has been shown that for the
pQCD case this approximation satisfies the Slavnov-Taylor identities, which guarantees the gauge
invariance, and the results agree with those from the full calculations at the low energy of emitted
gluon. Extending it to the energy loss in non-perturbative strongly interacting QGP within the
DQPM, we have found that the radiative energy loss little affects the spatial diffusion coefficient
𝐷𝑠 of heavy quark, while it greatly enhances the transport coefficients at large momentum of heavy
quark, which can be suppressed by adopting a more realistic 𝛼𝑠 for the energetic scattering of
partons.

The authors acknowledge support by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) through the grant CRC-TR 211 "Strong-interaction matter under extreme
conditions" - project number 315477589 - TRR 211. I.G. also acknowledges support from the
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