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While experimental studies on jet quenching have achieved a large sophistication, the theoretical
description of this phenomenon still misses some important points. One of them is the interplay of
vacuum-like emissions, usually formulated in momentum space, with the medium induced ones
that demand an interplay with a space-time picture of the medium and thus must be formulated
in position space. A unified description of both vacuum and medium-induced emissions is
lacking. In this work, we compute the tree-level probability of a double gluon emission in
vacuum, and identify the enhanced phase-space regions for each diagram, corresponding to
different configurations of the parton cascade. This calculation provides a parametric form for the
formation times associated with each diagram, highlighting the equivalence of various ordering
variables at double logarithmic accuracy. This equivalence is further explored by building a toy
Monte-Carlo parton shower ordered in formation time, virtuality, transverse momentum, and angle.
Aiming at a link with jet substructure, we compute the Lund Plane distributions and trajectories
for each ordering prescription. We also compute the distributions in number of splittings and
final partons, with the goal of clarifying the differences to be expected from the different ordering
variables and the vetoes that must be implemented at Monte Carlo level to conserve energy-
momentum, which turn out to have a sizeable influence on the shower’s evolution.

HardProbes2023
26-31 March 2023
Aschaffenburg, Germany

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:carlota.andres-casas@polytechnique.edu
mailto:liliana@lip.pt
mailto:nestor.armesto@usc.es
mailto:andre.cordeiro@tecnico.ulisboa.pt
mailto:fabio.dominguez@usc.es
mailto:gmilhano@lip.pt
https://pos.sissa.it/


P
o
S
(
H
a
r
d
P
r
o
b
e
s
2
0
2
3
)
1
7
8

Parton cascades at DLA: the role of the evolution variable André Cordeiro

1. Introduction
Ultra-relativistic heavy ion colliders, such as the Large Hadron Collider (LHC) and the Rel-

ativistic Heavy Ion Collider (RHIC) have unlocked the study of the Quark-Gluon Plasma (QGP),
a hot and dense nuclear medium characterised by color deconfinement. Studies of this state of
matter are made possible by the analysis of high-energy jets produced in the collision. Compared to
proton-proton collisions, their energy and substructure are modified through interactions with the
medium(see e.g. [1, 2]). Due to the wide range of energy scales present within a jet, jet quenching
observables may enable a space-time tomography of the QGP (e.g, [3–6]). A theoretical descrip-
tion of jet quenching effects requires a full accounting of the interplay between vacuum-like and
medium-induced emissions [7] (see also [8] for a review), complicated by the fact that the former
are formulated in momentum space by sampling a resummed no-emission probability, while the
latter require an interface with a space-time picture of an expanding medium. Aiming at such
a description, this work gives an account of the vacuum evolution of parton cascades within the
double logarithmic approximation (DLA), relying upon the ordering of successive parton emissions
along some kinematic variable. The ambiguity inherent to this choice of ordering variable is re-
flected in the shower kinematics [9] and can be understood as characterising the uncertainty of this
approximation. In this work we study this uncertainty by building three toy Monte Carlo parton
showers ordered in virtual mass, formation time, and opening angle [10–12]. We explore the quark
branch of the resulting cascades, comparing their kinematic distributions, Lund Plane [13] densities
and trajectories, and evaluating the varying impact of a simplified jet quenching model.

2. Building differently ordered cascades

The scale evolution of a QCD cascade is generated by sampling the no-emission probability
between a previous scale 𝑠prev and the next scale 𝑠 , given by the Sudakov form factor,

Δ(𝑠prev, 𝑠) = exp
{
−𝛼𝑠𝐶𝑅

𝜋

∫ 𝑠prev

𝑠

d𝜇
𝜇

∫
𝑧 (1−𝑧)>𝑧cut (𝜇)

d𝑧
𝑧

}
, (1)

obtained by resumming the differential rate for resolvable emissions calculable in perturbative QCD.
This requires integrating over all possible emission scales 𝜇 and splitting fractions 𝑧 and taking
the leading logarithmic contribution for the splitting function, 𝑃̂(𝑧) ≃ 2𝐶𝑅

𝑧
, where 𝑅 stands for the

color representation of the emitter. The integration range in (1) is due to the resolution criterion
for the splittings, corresponding to a transverse momentum cutoff. Explicitly, for some splitting
𝑝 −→ 𝑘1 + 𝑘2, this reads

|ℓ |2 = 𝑧(1 − 𝑧)𝑝2 − (1 − 𝑧)𝑘2
1 − 𝑧𝑘2

2 > 𝑘2
had , (2)

where ℓ stands for the relative transverse momentum between the daughter particles, and 𝑧 for the
light cone momentum fraction1 of one of the daughters,

𝑧 = 𝑘+1/𝑝
+ , with ℓ = (1 − 𝑧)𝒌1 − 𝑧𝒌2 , and 𝒑 = 𝒌1 + 𝒌2 . (3)

1Another valid choice would be to take 𝑧 as the energy fraction of the emitted particle in some specific frame. These
choices introduced another source of ambiguity when building a parton shower, and are not changed for the purposes of
this work.
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The scale 𝑠 can now be assigned to a chosen kinematic variable, and the momenta of the
emitted particles extracted. In this work, we define three such variables, namely the inverse light-
cone formation time 𝑡−1

f , the virtual mass squared of the emitter 𝑚̃2, and the light-cone angle
between the daughters 𝜃2,

𝑡−1
f =

|ℓ |2
2 𝑝+𝑧(1 − 𝑧) , 𝑚̃2 =

|ℓ |2
𝑧(1 − 𝑧) , 𝜃2 =

���� 𝒌1
𝑘+1

−
𝒌2
𝑘+2

����2 =
|ℓ |2

(𝑝+)2 [𝑧(1 − 𝑧)]2 . (4)

According to each of these definitions one can write the resolution condition (2) as a function
of the splitting scale. As an example, in a formation time ordered shower one would write

|ℓ |2 > 𝑘2
had ⇐⇒ 𝑧(1 − 𝑧) > 𝑘2

had/(2𝑝
+𝑡−1

f ) , (5)

yielding the integration range in equation (1), and providing an analytical expression for the available
phase-space for emissions, expected to close as the radiating parton approaches the hadronisation
scale. The method for generating a parton splitting is straightforward. One begins by sampling
the ordering variable from the no-emission probability (1), and sampling the light-cone momentum
fraction from the splitting function, in the range given by the resolution condition |ℓ |2 > 𝑘2

had, such
that the ordering variable sets the regulator for the 𝑧 divergence. From these quantities one can
obtain the relative transverse momentum |ℓ | and extract the kinematics of the daughters by inverting
the relationships in (3).

This algorithm was implemented for the three ordering variables defined above, with the initial
condition set by the scale of the hard scattering, written 𝑡−1

f < 𝑝+jet, to express the scale separation
between parton production and parton radiation. Further, as a consistency check, it was required that
a generated splitting obeyed the condition 𝜃2 < 8 =⇒ 𝑡−1

f < 𝑝+, also serving to avoid unreasonably
wide splittings. This condition was implemented as a veto, such that any sampled (𝑠trial, 𝑧trial) pair
not obeying 𝜃2 < 8 was ignored, and the parton evolution continued to some lower scale 𝑠 < 𝑠trial.

In the remainder of this work we describe some preliminary results for our parton cascades sam-
pled according the three ordering prescriptions, for an initiating quark with light cone momentum
𝑝+jet/

√
2 = 1000 GeV, and an hadronization cutoff of 𝑘had = 1 GeV.

3. Comparing ordering prescriptions

The similarities between ordering prescriptions can be illustrated by considering some shower
variables such as the number of gluon emissions along the quark branch of the cascade and the
transverse momentum of the first emitted gluon, whose distributions are shown in figure 1.

The number of quark splittings, in figure 1 (left), characterises how the ordering prescriptions
fill the available phase-space at different rates, with virtuality ordered showers (in green) resulting
in longer cascades than formation time (in orange) and angular ordered showers (in purple) on
average. Despite these differences, the transverse momentum of the first emitted gluon (with respect
to its parent) is distributed similarly across ordering variables, displaying the familiar logarithmic
enhancement in figure 1 (right). Finding a similar behaviour for the three ordering variables with
respect to these distributions, we turn to the characterisation of the shower evolution as a function
of the splitting kinematics.
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Figure 1: Distributions characterising the variation between parton cascades sampled according to different
ordering prescriptions, namely formation time (orange), virtual mass (green), and light-cone angle (purple).
(Left) Number of splittings along the quark branch. (Right) Transverse momentum of the first emitted gluon.

4. Lund Plane densities and trajectories

Lund diagrams [13] allow for a representation of of parton emissions as points in a plane with
coordinates

(
log( |𝒌 |/𝑘had), log(1/𝑧)

)
. As such, figure 2 (left) depicts the Lund plane density for the

first emission of cascades ordered in formation time, generally favoring large transverse momenta
and small light cone fractions. A comparison between ordering prescriptions is made simpler if
one considers the “trajectories” of the quark splittings in this Lund plane that is, the mean values
of the |𝒌 | and 𝑧 distributions depicted for different splittings in a Lund diagram. This is shown in
figure 2 (right), for the first five quark splittings and all three ordering prescriptions. Here we find
an evolution towards increasing values of the light-cone fraction (relative to the quark), consistent
with the closing of the phase-space predicted in equation (5). It is also worth noting that showers
ordered in formation time (in orange) and virtual mass (in green) follow similar trajectories, with the
difference arising due to the relative factor of 𝑝+ in the variable definition, while the angular ordered
shower (in purple) evolves along a different path, roughly corresponding to increasing angle.

In general, this means differently ordered cascades can differ significantly in their kinematics,
resulting in a different distribution of formation times, 𝑡−1

f . In order to better explore these
differences, which may play a determining role in coupling the shower evolution with a finite
medium, the next section explores a simplified quenching model, and its impact on differently
ordered cascades.

5. A simple quenching model

A quenching model can be built by simplifying the parton-medium interactions into a single
condition, stating that a shower is suppressed if, in any of its splittings, the relative transverse
distance acquired by the daughter partons is above the saturation scale of a static medium [14],
taken to be 𝑄−1

sat ∼ (𝑞𝐿)−1/2, where the transport coefficient 𝑞 depends on the medium density and
𝐿 stands for the medium length. This can be translated into the following quenching probability,
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Figure 2: (Left) First splitting Lund distribution for cascades ordered in formation time. (Right) Lund
trajectories for cascades ordered in formation time (orange), virtual mass (green), and angle (purple).

Pquenching = Θ(𝐿 − 𝑡f) × Θ

(
ds − (𝑞(𝐿 − 𝑡f))−1/2

)
with ds =

√︂
𝑡f
𝑧 𝑝+

, (6)

where the medium length 𝐿 was shifted to account for a finite formation time. Further, only
splittings produced inside the medium length, 𝐿 > 𝑡f , can be suppressed by medium effects.

The simplified quenching model was applied to the cascades sampled according to all three
ordering prescriptions. This was done in two different modes; either checking the conditions in in
equation (6) only against the first emission in the cascade, or against the full quark branch. The
percentage of quenched events are displayed in tables 1a for the former case and 1b for the latter. In
these tables, two different values for 𝐿 and three different values for 𝑞 were considered. While we
find significant differences between the ordering variables when the model is applied exclusively to
the first splittings, these are seen to disappear when the full quark branch is taken into account.

𝐿 [fm] 4 6
𝑞 [GeV2 / fm] 2 5 5

𝑡−1
f 1.1 % 3.1 % 5.9 %
𝑚̃2 1.1 % 3.1 % 5.9 %
𝜃2 4.0 % 9.1 % 15.6 %
(a) Applied only to the first emission.

𝐿 [fm] 4 6
𝑞 [GeV2 / fm] 2 5 5

𝑡−1
f 4.6 % 11.5 % 22.0 %
𝑚̃2 4.9 % 12.4 % 23.5 %
𝜃2 4.6 % 11.5 % 22.0 %
(b) Applied to the full quark branch.

Table 1: Percentage of quenched events when applying the simplfied model to differently ordered cascades.

These results indicate that while the integrated energy loss of a parton cascade is not sensitive
to the ordering prescription at DLA accuracy, medium-induced effects (or modifications) over the
first few splittings may be affected by this choice. Compounded by lack of medium evolution in
this simplified model, these findings motivate the need for a theoretically consistent formalism to
describe the interface between a developing jet and an evolving medium.
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6. Summary

In this work we developed a toy Monte Carlo for parton showers at double logarithmic accuracy.
The setup allows to consistently change between different ordering variables that were chosen to be
formation time, virtual mass and opening angle. The Lund plane densities and trajectories for all
three prescriptions were computed. Moreover, we applied a simplified quenching model inspired by
coherence effects in a finite size medium of constant density and obtained the suppression probability
for different quenching scenarios. While this quenching probability was found to be independent
of the ordering prescription when the quenching model is applied to the full shower, there are
significant differences when applying the model exclusively to the first emission, motivating the
necessity of an interface between jet development and medium evolution.

Acknowledgements

This work has received funding by OE Portugal, Fundação para a Ciência e a Tecnologia
(FCT), I.P., projects EXPL/FIS-PAR/0905/2021 and CERN/FIS-PAR/0032/2021; by European
Research Council project ERC-2018-ADG-835105 YoctoLHC and has received funding from
the European Union’s Horizon 2020 research and innovation programme under grant agreement
No.824093. A.C. and L.A. were directly supported by FCT under contracts PRT/BD/154190/2022
and 2021.03209.CEECIND. C.A. has received funding from the European Union’s Horizon 2020
research and innovation program under the Marie Skłodowska-Curie grant agreement No 893021
(JQ4LHC). N.A. has received financial support from Xunta de Galicia (Centro singular de in-
vestigación de Galicia accreditation 2019-2022), by European Union ERDF, and by the Spanish
Research State Agency under project PID2020-119632GB-I00.

References

[1] L. Cunqueiro and A.M. Sickles, Studying the QGP with Jets at the LHC and RHIC, Prog.
Part. Nucl. Phys. 124 (2022) 103940 [2110.14490].

[2] L. Apolinário, Y.-J. Lee and M. Winn, Heavy quarks and jets as probes of the QGP, Prog.
Part. Nucl. Phys. 127 (2022) 103990 [2203.16352].

[3] C. Andrés, N. Armesto, M. Luzum, C.A. Salgado and P. Zurita, Energy versus centrality
dependence of the jet quenching parameter 𝑞 at RHIC and LHC: a new puzzle?, Eur. Phys. J.
C 76 (2016) 475 [1606.04837].

[4] L. Apolinário, J.G. Milhano, G.P. Salam and C.A. Salgado, Probing the time structure of the
quark-gluon plasma with top quarks, Phys. Rev. Lett. 120 (2018) 232301 [1711.03105].

[5] L. Apolinário, A. Cordeiro and K. Zapp, Time reclustering for jet quenching studies, Eur.
Phys. J. C 81 (2021) 561 [2012.02199].

[6] Y. He, W. Chen, T. Luo, S. Cao, L.-G. Pang and X.-N. Wang, Event-by-event jet anisotropy
and hard-soft tomography of the quark-gluon plasma, Phys. Rev. C 106 (2022) 044904
[2201.08408].

[7] P. Caucal, E. Iancu, A.H. Mueller and G. Soyez, Vacuum-like jet fragmentation in a dense
QCD medium, Phys. Rev. Lett. 120 (2018) 232001 [1801.09703].

[8] C. Andrés, Jets medium modifications, PoS Hard Probes 2023 (to be published) .

6

https://doi.org/10.1016/j.ppnp.2022.103940
https://doi.org/10.1016/j.ppnp.2022.103940
https://arxiv.org/abs/2110.14490
https://doi.org/10.1016/j.ppnp.2022.103990
https://doi.org/10.1016/j.ppnp.2022.103990
https://arxiv.org/abs/2203.16352
https://doi.org/10.1140/epjc/s10052-016-4320-5
https://doi.org/10.1140/epjc/s10052-016-4320-5
https://arxiv.org/abs/1606.04837
https://doi.org/10.1103/PhysRevLett.120.232301
https://arxiv.org/abs/1711.03105
https://doi.org/10.1140/epjc/s10052-021-09346-8
https://doi.org/10.1140/epjc/s10052-021-09346-8
https://arxiv.org/abs/2012.02199
https://doi.org/10.1103/PhysRevC.106.044904
https://arxiv.org/abs/2201.08408
https://doi.org/10.1103/PhysRevLett.120.232001
https://arxiv.org/abs/1801.09703


P
o
S
(
H
a
r
d
P
r
o
b
e
s
2
0
2
3
)
1
7
8

Parton cascades at DLA: the role of the evolution variable André Cordeiro

[9] Z. Nagy and D.E. Soper, Ordering variable for parton showers, JHEP 06 (2014) 178
[1401.6366].

[10] T. Sjostrand, S. Mrenna and P.Z. Skands, PYTHIA 6.4 Physics and Manual, JHEP 05 (2006)
026 [hep-ph/0603175].

[11] Y.L. Dokshitzer, V.A. Khoze, A.H. Mueller and S.I. Troian, Basics of perturbative QCD,
Editions Frontières (1991).

[12] G. Corcella, I.G. Knowles, G. Marchesini, S. Moretti, K. Odagiri, P. Richardson et al.,
HERWIG 6: An Event generator for hadron emission reactions with interfering gluons
(including supersymmetric processes), JHEP 01 (2001) 010 [hep-ph/0011363].

[13] F.A. Dreyer, G.P. Salam and G. Soyez, The Lund Jet Plane, JHEP 12 (2018) 064
[1807.04758].

[14] Y. Mehtar-Tani, C.A. Salgado and K. Tywoniuk, The Radiation pattern of a QCD antenna in
a dense medium, JHEP 10 (2012) 197 [1205.5739].

7

https://doi.org/10.1007/JHEP06(2014)178
https://arxiv.org/abs/1401.6366
https://doi.org/10.1088/1126-6708/2006/05/026
https://doi.org/10.1088/1126-6708/2006/05/026
https://arxiv.org/abs/hep-ph/0603175
https://doi.org/10.1088/1126-6708/2001/01/010
https://arxiv.org/abs/hep-ph/0011363
https://doi.org/10.1007/JHEP12(2018)064
https://arxiv.org/abs/1807.04758
https://doi.org/10.1007/JHEP10(2012)197
https://arxiv.org/abs/1205.5739

	Introduction
	Building differently ordered cascades
	Comparing ordering prescriptions
	Lund Plane densities and trajectories
	A simple quenching model
	Summary

