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Introduction

These are the lecture notes for a short course on black holes delivered at the Second Training School
of COST Action CA18108 “Quantum gravity phenomenology in the multi-messenger approach”.
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We begin in the classical realm, explaining the defining feature of a black hole—the event horizon—
and reviewing several central results of classical black hole theory: Penrose’s singularity theorem,
Hawking’s black hole area theorem, and the no-hair theorem. Then we study how black holes react
when they are disturbed (e.g., by infalling particles or by the presence of classical fields), how
they settle down to quiescence following their formation in e.g., a merger, and the consequences
that these phenomena have for gravitational wave observations. We will also see that the black
hole can be set into rotation, and, as it does so, qualitatively new phenomena appear with new
opportunities for astronomical observation. Afterwards, we discuss what happens when the black
hole is surrounded by quantum fields (as it always is). The black hole turns out to emit a very subtle
quantum radiation with deep consequences, some of which remain perplexing and incompletely
understood.

Breadth and depth. The focus is on phenomena of “fundamental physics” in the immediate
surroundings of the black hole. These will be classical and quantum fields, with little astrophysics.
Due to time restrictions, much of great interest is not covered: for instance, we do not touch at all on
any aspects of binary configurations and their inspirals, nor astrophysics of the medium around black
holes such as accretion disks. Of fundamental physics, nothing more exotic than Hawking radiation
is discussed, the idea being that a good grasp of the widely accepted, conventional lore in these
lectures is necessary for assessing current speculations that aim at revealing new physics—even
quantum gravity—from observations of the black holes in our universe.

Target audience. When designing this course we have had in mind a reader who does not
necessarily intend to become an expert on General Relativity or black hole theory, but who is
interested in understanding the elementary concept of a black hole and the physics behind some of
its main effects. This reader does not need to see the detailed computations but wants to get the gist
of what the experts who perform them are doing, and why. Qualitative and intuitive explanations
are then of more value than elaborate technical detail.

We will assume that the reader has already been exposed to a conventional, elementary introduction
to GR—with the basic tensor calculus for understanding what the Einstein equations are, and with a
glancing acquaintance with the Schwarzschild solution. No more advanced differential geometry is
assumed, nor knowledge of the full structure of the Schwarzschild solution, even less so of the Kerr
solution. When discussing quantum phenomena, we do not assume any more than an elementary
appreciation of what a quantum field is; correspondingly, the exposition of these aspects remains at
an even more qualitative level than for the classical ones.

We have included a set of problems with detailed guidance, which should allow the interested reader
to delve into aspects that are only briefly discussed in the course.

We have not attempted to provide a detailed and complete list of original references. Instead, we
make a few suggestions for texts—comprehensive reviews or pedagogical textbooks, preferably
both—where the reader will readily find how to go beyond each of the four lectures:

• For lecture 1: almost any textbook of General Relativity covers in detail the material we
discuss. The reader may want to consult, at an increasingly technical level, [1], [2] and [3].
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• For lecture 2: [4, 5].

• For lecture 3: [6, 7].

• For lecture 4: [8, 9], and, for the latest developments, [10].

• As a recent comprehensive black hole textbook that covers most of what we discuss here and
much more, we recommend [11].

1. The black hole as a tale of light and darkness

As you already know, Einstein’s general theory of relativity reduces gravity to an effect created by
the curvature of spacetime. More precisely, it posits that spacetime is a dynamical four-dimensional
Lorentzian manifold, and the information about the geometry of spacetime and how it is curved
is contained in the metric 𝑔𝑖 𝑗 (𝑥), which expresses the distance relations between nearby points
through the line element

𝑑𝑠2 = 𝑔𝑖 𝑗 (𝑥)𝑑𝑥𝑖𝑑𝑥 𝑗 , 𝑖, 𝑗 = 0, . . . , 3 . (1.1)

Physical magnitudes must not change under generic coordinate transformations (diffeomorphisms)
𝑥𝑖 → 𝑥′𝑖 (𝑥 𝑗). For instance, if we demand that the line element remains invariant under an
infinitesimal transformation 𝑥𝑖 → 𝑥𝑖 + 𝜀𝑣𝑖 (𝑥) with 𝜀 ≪ 1, the metric coefficients must change as

𝑔𝑖 𝑗 → 𝑔𝑖 𝑗 + 𝜀
(
𝜕𝑖𝑣 𝑗 + 𝜕 𝑗𝑣𝑖

)
, 𝜕𝑖 ≡

𝜕

𝜕𝑥𝑖
. (1.2)

The metric is the fundamental dynamical variable in GR. By considering second-order variations
of the metric one can construct another invariant object, the Riemann tensor,1 which characterizes
the curvature of the geometry. Simpler tensors can be obtained from it, such as the Ricci tensor 𝑅𝑖 𝑗

and the curvature scalar (Ricci scalar), which contain partial but convenient information about the
curvature averaged over all directions.

1.1 Matter and geometry, or why you are not attractive (and who is)

The Einstein equations describe the dynamical manner in which the geometry and the matter couple
to each other. They relate the components of the Ricci tensor 𝑅𝑖 𝑗 and its trace, the Ricci scalar, to
the matter stress-energy tensor 𝑇𝑖 𝑗 as

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 =

8𝜋𝐺
𝑐2 𝑇𝑖 𝑗 , (1.4)

where 𝑐 is the speed of light and 𝐺 is Newton constant. These two fundamental constants are
necessary in order to meaningfully connect the two sides of this equation—geometry and matter—
since they allow us to express all the material notions such as mass, energy, and pressure, in

1A tensor 𝑇 is a locally defined object that is invariant under coordinate transformations. Its components in a basis
of vectors 𝜕𝑖 and one-forms 𝑑𝑥𝑖 (a.k.a. covariant and contravariant vectors),

𝑇 = 𝑇
𝑖 𝑗...

𝑘𝑙...
𝜕𝑖 ⊗ 𝜕 𝑗 ⊗ · · · ⊗ 𝑑𝑥𝑘 ⊗ 𝑑𝑥𝑙 ⊗ · · · (1.3)

transform under a diffeomorphism in such a way that 𝑇 remains unchanged.
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geometrical units of length. Observe that for this translation to be possible we need both 𝑐 and 𝐺,
that is, we need a relativistic theory of gravity. To be concrete, given a mass 𝑀 we can always
construct a quantity with dimensions of length that is proportional to it,

𝐿𝑀 =
𝐺

𝑐2 𝑀 , (1.5)

and this implies that we can measure mass in meters. For instance, instead of saying that the mass
of an object is 1 kg, we can equivalently say that it weighs 10−29 m. Your own weight is then
∼ 10−27 m, which is manifestly much less than your physical size. What this fact means is that you
are not very attractive—at least gravitationally speaking. You are not alone in this: the mass of the
Earth is only ∼ 1 cm, so our beloved planet is not that attractive either.

To see how this notion works out in the equations (1.4), imagine that you have an object of a
characteristic size 𝑅𝑜, which bends the geometry around it so much that the curvature radius is
comparable to 𝑅𝑜. Schematically, (1.4) says that

Curvature =
𝐺

𝑐2 Mass density , (1.6)

so the Einstein equations determine that for such an object to exist, it must satisfy2

1
𝑅2
𝑜

=
𝐺

𝑐2
𝑀

𝑅3
𝑜

, (1.7)

and therefore

𝑅𝑜 ∼ 𝐺𝑀

𝑐2 . (1.8)

That is, an object so massive and compact that its physical size 𝑅𝑜 is comparable to its mass in
length units (1.5), manages to create a very large spacetime curvature. These objects (and not you)
are indeed attractive, so we have given them a very sexy name: black holes.3

In these lectures we will only consider the simplest instance of the theory, namely in the absence of
matter. The vacuum Einstein equations (1.4) then simplify to

𝑅𝑖 𝑗 = 0. (1.9)

Since, unlike Newton’s theory, GR is a non-linear theory, it is possible to have matter-free but
non-trivial gravitational fields, i.e., self-bending spacetime geometries. It is indeed mind-boggling
how much richness and intricacy of physics is encoded in equations that are conceptually as simple
as (1.9).

2The Riemann and Ricci tensors are obtained taking two derivatives of the metric, so they measure an inverse square
curvature radius.

3Beware the morality tale here: don’t try to be too attractive, or no one will ever see you.
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Figure 1: Left: A collapsing star distorts the geometry around it giving rise to a horizon. Right: If you are a reckless
astronaut riding along with the collapsing star, you will be increasingly stretched (in height) and compressed (in width),
while the horizon recedes away from you at the speed of light, making it impossible for you to come back out again.
Eventually, the distortion is so extreme that the notion of a smooth geometry of space and time loses sense. This
final moment is the Singularity. The interior of the black hole can be regarded as an anisotropic Little Big Crunch, a
strongly time-dependent geometry where the universe locally comes to an end. In contrast, the exterior remains calm
and essentially unchanging.

1.2 Schwarzschild’s solution

The simplest nontrivial exact solution of (1.9) was found by Karl Schwarzschild while he was in
the Eastern front in December 1915, barely a month after Einstein obtained the vacuum form of his
equations.4

This solution describes a static, spherically symmetric spacetime that is supposed to model the
empty exterior of a static spherical star, or the geometry that remains after a very massive star has
collapsed on itself, a situation of strong field behavior in GR.

Let us anticipate some striking notions that will emerge from our study of this solution. We illustrate
them in figure 1. Once you are inside the black hole, the horizon recedes away from you at the
speed of light, so you will not be able to catch up with it to cross it back outside: there is no escape
for you.

This horizon shields the final stages of the collapse in the interior, which ends at a singularity. The
singularity is a terminal instant in the future of anything inside the black hole. It is not a fiery point
that you could see if you were inside the black hole—because, simply, you cannot see the future.
And, once inside the black hole, you cannot avoid the singularity any more than you can prevent

4Schwarzschild’s article was published in January 1916.
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Monday coming after Sunday: the singularity is ineludible for you because time passes and the
future will arrive. You can think of the black hole interior as undergoing a Little Big Crunch, a
local end of the universe that is invisible to anyone who remains outside the black hole. If you enter
the black hole, you cannot escape this Little Big Crunch: there is no future for you. So it goes.

We now proceed to flesh out these gloomy observations with a proper analysis of the Schwarzschild
geometry. In a convenient and conventional form using spherical coordinates, it is written as

𝑑𝑠2 = −
(
1 − 𝑟0

𝑟

)
𝑑𝑡2 + 𝑑𝑟2

1 − 𝑟0
𝑟

+ 𝑟2
(
𝑑𝜃2 + sin 𝜃2𝑑𝜙2

)
, (1.10)

where the last terms stand for the 2-sphere line element, and 𝑟 denotes the radial coordinate.

This metric describes a manifestly static (time-independent) and spherically symmetric geometry.
It is characterized by a length parameter 𝑟0, whose meaning we will presently clarify. The metric
is asymptotically flat, meaning that far away from the gravitational spherical body, where 𝑟 ≫ 𝑟0,
the universe is well described by the flat Minkowski metric.

We can learn more about 𝑟0 by taking the weak-field Newtonian limit, expanding the time component
of the metric around the flat background 𝑔𝑡𝑡 ≃ −1, so that

𝑔𝑡𝑡 ≈ −1 − 2Φ𝑁

𝑐2 , for |Φ𝑁 | ≪ 𝑐2 , (1.11)

where Φ𝑁 is the Newtonian potential. We know what this potential is for a mass 𝑀 , and thus we
can compare it to (1.10) at distances 𝑟 ≫ 𝑟0,

Φ𝑁 = −𝐺𝑀

𝑟
⇒ 𝑟0 =

2𝐺𝑀

𝑐2 . (1.12)

This gives the physical interpretation of 𝑟0 and confirms what we said about (1.8).

It can be proven that this is the unique solution to the Einstein equations that describes a spherically
symmetric vacuum. Thus, it describes the empty exterior of any spherically symmetric object in
the universe. If, on the other hand, we are interested in the geometry in the interior of the star, we
must go back to the general equation (1.4) and solve it with an energy-momentum tensor 𝑇𝑖 𝑗 that
describes the stellar matter. In this way, one derives the relativistic equations of stellar structure.5

A most intriguing feature of the Schwarzschild metric (1.10) is the presence of an apparent sin-
gularity at 𝑟 = 𝑟0. Historically, this was initially dismissed by saying that, as long as the radius
of a star is 𝑅∗ ≫ 2𝐺𝑀/𝑐2, we do not have to worry about it since only the exterior geometry is
described by (1.10)—and for a star like our Sun, the radius 𝑅⊙ ≃ 750, 000 km is certainly much
larger than 2𝐺𝑀⊙/𝑐2 ≃ 3 km (so even the Sun is not that attractive). It took decades until the nature
of the surface 𝑟 = 𝑟0 began to be understood, and even longer until it was regarded as relevant to
astrophysics. Now we know that it corresponds to the defining feature of a black hole: its horizon.

5Schwarzschild found the first such solution in 1916, shortly before his premature death. Years later, his son Martin
went on to become a distinguished expert in the theory of stellar structure.
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1.3 The horizon

Henceforth we set natural units 𝐺 = 𝑐 = 1. We consider that there is no matter anywhere and study
the Schwarzschild solution (1.10), which we now write as

𝑑𝑠2 = −
(
1 − 2𝑀

𝑟

)
𝑑𝑡2 + 𝑑𝑟2

1 − 2𝑀
𝑟

+ 𝑟2𝑑Ω2
2 , (1.13)

where we abbreviate 𝑑Ω2
2 for the line element of the unit two-sphere 𝑆2.

This metric, as a matrix with components 𝑔𝑖 𝑗 , has a singularity at 𝑟 = 2𝑀 . A matrix is non-singular
if all its components are finite and if it is invertible, that is, if its determinant is non-zero and finite.
But some singularities of the matrix of metric coefficients can be artifacts of the coordinates we
use—indeed, the metric above is not invertible at the poles of the 𝑆2, but we know that this is simply
a feature of polar coordinates, not any physical difficulty, and it can be avoided by choosing different
coordinates. That is, the coefficients 𝑔𝑖 𝑗 change under coordinate transformations, and if we can
find coordinates where the singular behavior at a point disappears, then this means that there is no
physical singularity associated with that point.

Let us then take a closer look at the singularity at 𝑟 = 2𝑀 and see if it is just an artifact of the
specific coordinates we are using.

In order to do this, we study what happens to ingoing radial light rays once they reach this
singularity.6 In general, light rays are characterized by a vanishing line element 𝑑𝑠2 = 0. After
setting the angles 𝜃 and 𝜙 to a constant, we obtain a relation between the temporal and radial
displacements for these light rays,

𝑑𝑡 = − 𝑑𝑟

|1 − 2𝑀
𝑟
|
, (1.14)

where we have chosen the sign to describe ingoing trajectories. This can be easily integrated to give

𝑡 = −𝑟∗ + const. , (1.15)

where we have introduced the radial tortoise coordinate 𝑟∗ defined by

𝑑𝑟∗ =
𝑑𝑟

|1 − 2𝑀
𝑟
|
⇒ 𝑟∗ = 𝑟 + 2𝑀 log|𝑟 − 2𝑀 | . (1.16)

Observe that

𝑟∗ → 𝑟 → ∞ as 𝑟 → ∞, (1.17)
𝑟∗ → −∞ as 𝑟 → 2𝑀 . (1.18)

Let us now define a new coordinate
𝑣 ≡ 𝑡 + 𝑟∗ (1.19)

which remains constant along the ingoing light ray (1.15). We will use it instead of 𝑡. This is
convenient: when traveling along a light ray, in order to get to 𝑟 → 2𝑀 , we must take 𝑡 → +∞

6Problems 1.a and 1.d discuss other approaches.
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(see (1.15) and (1.18)), so in terms of 𝑡 it would seem to take an infinite time to get to 𝑟 = 2𝑀 ,
which sounds strange. However, 𝑡 is just a coordinate whose meaning is clear at large distances,
but much less so at smaller 𝑟. Near 𝑟 = 2𝑀 it is more convenient to use 𝑣, which remains constant,
and therefore finite, along the ingoing light ray even when it gets to 𝑟 = 2𝑀 .

Since
𝑑𝑡 = 𝑑𝑣 − 𝑑𝑟∗ = 𝑑𝑣 − 𝑑𝑟

1 − 2𝑀
𝑟

, (1.20)

when we make the coordinate transformation (𝑡, 𝑟) → (𝑣, 𝑟) in the Schwarzschild metric (1.13) we
obtain

𝑑𝑠2 = −
(
1 − 2𝑀

𝑟

)
𝑑𝑣2 + 2𝑑𝑣𝑑𝑟 + 𝑟2𝑑Ω2

2 . (1.21)

Now the matrix of the metric coefficients

𝑔𝑖 𝑗 =

©­­­­­«
−
(
1 − 2𝑀

𝑟

)
1 0 0

1 0 0 0
0 0 𝑟2 0
0 0 0 𝑟2 sin2 𝜃

ª®®®®®¬
, (1.22)

does not have any element that diverges at 𝑟 = 2𝑀 , and since its determinant, det(𝑔𝑖 𝑗) = −𝑟4 sin2 𝜃,
is non-zero there, it is also invertible.

We conclude that the ingoing light rays encounter 𝑟 = 2𝑀 as a smooth place. The peculiar
behavior of the metric (1.13) at 𝑟 = 2𝑀 is a coordinate singularity and not a physical one. The
coordinates (𝑣, 𝑟) that make this manifest are called ingoing Eddington-Finkelstein coordinates (see
also Problems 1.c and 1.d).

Using these coordinates and solving for 𝑑𝑠2 = 0 in (1.21) we easily find three types of radial light
rays:

• Ingoing rays 𝑣 = const.

• ‘Frozen’ rays at constant radius 𝑟 = 2𝑀 .

• Outgoing rays 𝑣 = 2𝑟∗ + const.

We illustrate them in figure 2. The sphere where the light rays are frozen is what, as we will explain
next, we can rightly call the horizon.

You may now want to pause for a moment to see how this diagram encodes the qualitative properties
in figure 1. For instance, figure 2 makes it apparent that, since you always move inside a light cone,
when you fall into the black hole you will get increasingly distorted while you are headed towards
a singularity that you cannot see.

1.4 The event horizon in black hole collapse and mergers

Our aim now is to provide a more pictorial description of these findings, which will lead us to an
understanding of the meaning of the black hole and its event horizon.

9
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Figure 2: Different types of radial light rays. Red lines: ingoing light rays with constant 𝑣. Thick black vertical line:
light rays frozen at 𝑟 = 2𝑀 . Blue lines: locally outgoing light rays—for 𝑟 < 2𝑀 they fail to escape away to infinity. In
green, the behavior of light cones.

(a) Light rays curve under the gravity of a static star. Outgoing
lightfronts contract. (b) A star that collapses to form a singularity.

Figure 3: Stars: static and collapsing.

Consider the propagation of light rays in the spacetime of a spherically shaped star. An initial
spherical lightfront that is contracting will reach zero size inside the star, and then (since the interior
of the star may be quite hot, but the geometry there is still smooth and not that different from flat
space), it will expand again, feeling only some attraction from the star which slightly delays its
expansion. This is what figure 3a illustrates.

Now consider a star that, as in figure 3b, has collapsed to form a singularity where the geometry
is not at all smooth but actually it is not even well defined. Lightfronts that begin early enough

10
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(a) Lightfronts that begin early enough contract to zero, and
then expand.

(b) Later lightfronts are dragged back so strongly that they
collapse to the singularity and fail to escape away.

Figure 4: Fate of early and late spherical lightfronts near the collapsing star.

(a) Three classes of light rays, according to whether they
escape to infinity, fall to the singularity, or do neither of that.

(b) Buridan light rays remain frozen at a fixed radius.

Figure 5: Classes of light rays in a collapsing star. Cf. figure 2.

will, as before, contract to zero and then expand, as shown in figure 4a. But there will also be
later lightfronts that, when they try to expand, are dragged back so strongly that they collapse to the
singularity and fail to escape away to infinity, as in figure 4b.

Thus, we can identify two classes of null geodesics: those that escape and those that fall into the
singularity. But clearly, there must also be a third class of null geodesics that neither escape nor fall.
Like Buridan’s ass, they remain frozen in place as shown in figure 5b. This class of null geodesics
is particularly interesting since they represent a causal boundary between regions in the spacetime
geometry.

11
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(a) Event horizon. (b) Black hole.

Figure 6: Definitions of black hole and event horizon.

Event horizon and black hole. The event horizon is the surface traced (generated) by these
frozen null geodesics that bipartition the spacetime into causally separated regions, in the sense that
nothing beyond it can be seen by any external observers. Hence its name (figure 6a).

The region of spacetime enclosed by the event horizon is what we call the black hole. No signals,
including any type of light, sent from the black hole can reach the far asymptotic region. Hence its
name (figure 6b).

The event horizon is a three-dimensional null hypersurface in four-dimensional spacetime, but it is
very common to talk about the horizon as the two-dimensional spatial sections of this hypersurface,
which in this case are spheres.

In a collapsing situation, the null geodesics only begin to form the event horizon at some instant.
The points where this happens are caustics (since light rays cross at them). They are singular points
of the surface, but not singularities of spacetime.

Event horizon in a binary black hole merger. Now that we understand what the event horizon
is—a family of null geodesics, with the property that they bound a region of spacetime causally
amputated from the late asymptotic region—let us consider the event horizon in a process where
two black holes merge to form a single one (figure 7).

We begin with two cylindrical null surfaces, corresponding to the event horizons of the initial black
holes. Viewed in constant time snapshots, we expect that the two (approximately) spherical black
holes come together, and then fuse into a single one. We can continuously trace the null surface
along the merger to find the shape of the event horizon: it takes the form of a pair of pants.7

7The surface is not completely smooth, since new light rays are added to it at the crotch of the pants, where a crease
forms. This is a spacelike set of points which is not shown in figure 7.
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(a) Two black holes approaching each other. (b) Constant time snapshots: the black holes fuse.

(c) Continuously trace the horizons during the merger. (d) The event horizon is a pair of pants made of light rays.

Figure 7: Event horizon in the fusion of two black holes.

1.5 General theorems: Singularity (Penrose) and Area (Hawking)

The central results of the classical theory of black holes are two theorems that apply very broadly
and have deep and wide consequences. Penrose’s singularity theorem is especially relevant for the
collapse that forms a black hole. Hawking’s area theorem instead brings out consequences for the
merger of two black holes. The two results are indeed so profound that they also point towards
directions beyond Einstein’s classical theory.

1.5.1 Trapped surfaces, apparent horizons, and the singularity theorem

In a revolutionary (and eventually award-winning) article in 1965, Penrose introduced the notion
of trapped surface and proved that it is an indicator of a collapse so strong that it necessarily leads
to a singularity in the future—meaning an instant beyond which no predictions can be made using
Einstein’s theory.

In order to understand what this means, we begin by considering a closed surface at some instant
of time, such as a sphere (see figure 8). We distribute a set of light bulbs on it and flash them at a
given moment. The light rays that emanate from the surface will form lightfronts, some of which
will travel outwards from the surface while others will propagate inwards. Normally, the outgoing
front will expand and the ingoing will contract.

But then Penrose imagined a situation where the pull of gravity is so strong that the outgoing
lightfronts fail to expand but instead, their area remains constant. You may recall that we have seen

13
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(a) Distribute light bulbs on a closed surface (e.g., a sphere)
and flash them at a given instant in time. Then, follow the
lightfronts that emanate from the surface.

(b) There will be a lightfront that moves outward from the
surface and another inward. In a normal situation, the former
will expand and the latter will contract.

(c) When gravity is very strong, it can happen that lightfronts
sent outwards do not expand. We say that the surface is an
apparent horizon.

(d) It may even occur that the outgoing lightfronts actually
contract. Then the surface is trapped.

Figure 8: Apparent horizon and trapped surfaces. Penrose’s theorem predicts that if trapped surfaces appear at some
moment, then a singularity will form in a finite time in the future.

this before: it happens on the event horizon of the static black hole. But here we are not assuming
any specific spacetime geometry, nor are we attempting to follow whether these light rays escape
or not to infinity: we are simply watching if the lightfronts leaving from the surface instantly grow
or not. A surface with non-expanding outgoing lightfronts is called an apparent horizon. In the
Schwarzschild static solution, the event horizon8 is an apparent horizon, but we are allowing for
more general time-dependent situations where the two notions need not coincide.

Furthermore, when gravity is so strong as to force the outgoing lightfronts to actually contract,
then we say that the surface is trapped. How is such weird behavior possible at all? We can see
from our previous study that surfaces of this kind actually exist inside the Schwarzschild black hole
(a weird place indeed), but forget about that for a moment and think about what is going on here:
the geometry of spacetime itself is collapsing so strongly that it drags everything with it, including
light. You may then fear that the universe is catastrophically headed towards a Big Crunch. The
collapse, however, need not encompass the entire universe but only a smaller, compact region of it.
How will this end?

8That is, a constant-time spherical section of it.
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Badly, said Penrose. His theorem asserts that in this situation a singularity will form within a finite
time in the future.

So, if you find yourself caught between two collapsing lightfronts, then you are trapped and your
time will come to an end. So it goes.

Let us be more precise. Assume that:

• Energy along null geodesics is non-negative (this is called the null energy condition).

• In some noncompact constant-time slice of spacetime, there exists a compact trapped surface.

Then it follows that

• there must exist null geodesics that are incomplete, and their further evolution cannot be
predicted using Einstein’s equations.

The first condition effectively implies that the gravity created by any matter in the geometry has an
attractive effect on light (such as we see in the light rays in fig. 4a).

The incompleteness of geodesics may sound like a strangely mathematical concept, but Penrose
introduced it as a way to express that some sort of singular behavior arises—evolution along a null
geodesic stops at some moment. It is a very weak definition of a singularity, since it says nothing
about what is happening to spacetime as the singularity is approached. In particular, it does not
say that the curvature is necessarily diverging, even though that is physically the most natural and
interesting possibility. It would mean that the spacetime geometry of Einstein’s classical theory is
fated to break down and be superseded by a deeper quantum notion.

Nevertheless, even with these physical limitations, geodesic incompleteness is mathematically a
very convenient concept, since it allows to prove theorems for the appearance of singularities.

Finally, observe that the theorem refers to apparent horizons but not anywhere to event horizons—
and it is the latter that are boundaries to causal communication. In particular, the theorem does not
assert that an event horizon will appear hiding the singularity from the view of faraway observers.
That is, it does not predict that a black hole will form as a consequence of the collapse. Still,
this seems the most likely possibility, so Penrose was led to hypothesize that indeed it is what will
happen: a cosmic censorship conjecture.

1.5.2 The horizon area theorem

In 1971 Hawking used Einstein’s theory to show that the total area A𝐻 of sections of the event
horizon can never decrease as time evolves,

ΔA𝐻 ≥ 0 . (1.23)

His theorem makes two assumptions:

• Energy along null geodesics is nonnegative (null energy condition again).

• There are no naked singularities (cosmic censorship).
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One can then show that the null generators of the horizon can not come close, that is, the area of a
cross-section of a pencil of these null rays cannot shrink. Furthermore, it can also be proven, very
generally, that null generators can be added, but not removed, from the event horizon. These effects
can only lead to an increase of the total horizon area, and never to a decrease.

In his original article, Hawking motivated this result by the consequences it has for the amount
of gravitational radiation that can be generated during a merger. The energy that is radiated away
when two black holes collide must come from the conversion of the mass of the initial black holes
into radiation9. The area of the horizon in (1.13) is

A𝐻 = 4𝜋𝑟2
0 = 16𝜋𝑀2 , (1.24)

and therefore if a very large fraction of the mass were converted into radiation, there might be
a possibility that the final area was less than the total initial black hole area. The area theorem
forbids this, and puts an absolute upper bound on the amount of mass-to-radiation conversion in the
collision.

This theorem must be revisited for quantum black holes, due to an effect also discovered by Hawking
that will be the subject of Section 4. Quantum effects can (with some limitations) violate the null
energy condition, and make the horizon of the black hole shrink. This is what happens during the
evaporation of a black hole by the emission of Hawking radiation.

1.6 Non-radial null geodesics: the photon ring

There are other properties of a black hole, besides its horizon and singularity, which will prove to
be important and which are revealed by a study of light rays propagating in its geometry. For this
purpose, we turn to the study of non-radial null geodesics.

We know that in Newtonian mechanics the conservation of angular momentum fixes the trajectories
of planets to lie on a fixed plane. The same is true in GR, not only for particle geodesics but also
for null geodesics. Therefore, we choose the trajectory to lie in the equatorial plane 𝜃 = 𝜋/2 of the
Schwarzschild geometry. The metric (1.13) then reduces to

𝑑𝑠2 |𝜃=𝜋/2 = −
(
1 − 2𝑀

𝑟

)
𝑑𝑡2 + 𝑑𝑟2

1 − 2𝑀
𝑟

+ 𝑟2𝑑𝜙2 . (1.25)

This geometry is static and rotationally symmetric, so there will be two constants of motion along
the geodesics: energy 𝐸 and angular momentum 𝐿. Introducing an affine parameter10 𝜆 for the
geodesics, these constants of motion are easily found to be

𝐸 =

(
1 − 2𝑀

𝑟

)
𝑑𝑡

𝑑𝜆
, (1.26)

𝐿 = 𝑟2(𝜆) 𝑑𝜙
𝑑𝜆

. (1.27)

9If the colliding black holes initially have relativistic velocities, their kinetic energy must be added to the total energy
budget.

10For massive test particles the proper time is usually taken for the affine parameter. However, for light rays the proper
time is zero.
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Figure 9: Effective radial potential (1.30) for circular light rays with angular momenta 𝐿 = 1, 2, 3. The potential vanishes
at 𝑟 = 2𝑀 and has a maximum at 𝑟 = 3𝑀 for all 𝐿. This maximum defines the radius of the photon ring (or photon
sphere). The height of the potential is ∝ 𝐿2.

Using them we can derive a differential equation for 𝑟 (𝜆). Since light rays must satisfy 𝑑𝑠2 = 0, we
find (

𝑑𝑟

𝑑𝜆

)2
+
(
1 − 2𝑀

𝑟

)
𝐿2

𝑟2 = 𝐸2 . (1.28)

Recall now that the energy conservation equation in classical mechanics for a particle in a potential
is given by

1
2
¤𝑟2 +𝑉𝐿 (𝑟) = 𝐸 . (1.29)

We notice that the geodesic equation (1.28) is of this form if we identify an effective potential

𝑉𝐿 (𝑟) =
1
2

(
1 − 2𝑀

𝑟

)
𝐿2

𝑟2 . (1.30)

Here 𝐿2/2𝑟2 represents a centrifugal barrier term and −𝑀𝐿2/𝑟3 is a relativistic gravitational
attraction term for light rays: observe that the mass 𝑀 exerts an attractive effect on the rotational
(kinetic) energy ∼ 𝐿2/𝑟2 of a circular ray at radius 𝑟 . This attraction drastically modifies the
behavior of the potential at short enough distances (see figure 9).

Using the effective potential (1.30) we can easily build intuition about circular light rays. First, we
notice that𝑉𝐿 (𝑟) approaches zero for 𝑟 = 2𝑀 (the horizon, so this is expected) and for 𝑟 → ∞ (also
expected). Since 𝑉𝐿 > 0 for 2𝑀 < 𝑟 < ∞, there must be a maximum in between. We can easily
verify that 𝑉 ′

𝐿
(𝑟 = 3𝑀) = 0, and 𝑉 ′′

𝐿
(𝑟 = 3𝑀) < 0 so this maximum (a global one) is at 𝑟 = 3𝑀 .

It corresponds to unstable circular trajectories of light rays, or photons, and for this reason this is
called the photon ring or more generally, the photon sphere (see figure 10). It is a central feature in
black hole imaging, and it will play an important role in the next section.

You can verify with an easy calculation that the time a photon takes to go once around the ring is
Δ𝑡 = 6𝜋

√
3𝑀 , and that it has 𝐿/𝐸 = 3

√
3𝑀 .
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Figure 10: Light rays in a circular orbit of radius 3𝑀 outside a static black hole form the photon ring (or photon sphere).
The orbit is unstable.

2. The black hole that vibrates

Now we turn to investigating what happens to the Schwarzschild black hole when we introduce a
little perturbation. For instance, we may want to figure out whether it is stable, namely, will it return
back to the initial state? If so, as it returns to equilibrium, what kind of signal does the black hole
emit, and what information does this signal carry? We refer to this as the ringdown problem.

We will see that the black hole relaxes down to equilibrium like a bell does: with damped oscillations

exp(−𝑖𝜔𝑡) = exp (−2𝜋𝑖 𝑓 𝑡 − 𝑡/𝜏) , (2.1)

where 𝑓 is the real part of the oscillation frequency and 𝜏 the damping time. These are quasinormal
vibrations—not “normal”, since the frequencies have an imaginary part owing to the absorption by
the black hole, which is a dissipative effect.

This problem is studied using linear perturbation theory, which in GR is a rather technical subject,
but we will sketch its main features. Anticipating the final result, one finds that the black hole does
indeed radiate energy into gravitational waves, relaxing back to the initial state through damped
oscillations of the form (2.1) with 𝜏 > 0. The black hole is therefore ‘mode-stable’, and the
amplitude of the perturbations decreases by a factor of exp(−1/ 𝑓 𝜏) with each oscillation.

2.1 Master equation for black hole perturbations

The starting point is to introduce a perturbation of the metric,

𝑔𝑖 𝑗 (𝑥) = 𝑔
(0)
𝑖 𝑗

(𝑥) + 𝜀ℎ𝑖 𝑗 (𝑥), |𝜀 | ≪ 1 , (2.2)

where 𝜀 is a parameter considered to be very small and all background (initial) quantities are denoted
with the superscript (0). In order to find how this perturbation evolves in time, we insert (2.2) into
Einstein’s vacuum equations,

𝑅𝑖 𝑗 (𝑔) = 0 ⇒ 𝑅𝑖 𝑗

(
𝑔 (0) + 𝜀ℎ

)
= 𝜀L(ℎ) = 0 . (2.3)

Here we have used that 𝑅 (0)
𝑖 𝑗

(
𝑔 (0) ) = 0, and L is a fairly complicated differential tensor operator

(the Lichnerowicz operator). In this way we find a set of coupled second-order partial differential
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equations for ℎ𝑖 𝑗—not so easy to unravel. To further simplify it, we use that the spherical symmetry
and time independence of the background metric allow us to decompose ℎ𝑖 𝑗 as

ℎ𝑖 𝑗 (𝑥) = 𝑒−𝑖𝜔𝑡𝑌𝑙𝑚(𝜃, 𝜑)ℎ (𝜔,𝑙,𝑚)
𝑖 𝑗

(𝑟) , (2.4)

where𝑌𝑙𝑚(𝜃, 𝜑) are spherical harmonics11. We must bear in mind that there are ambiguities plaguing
this problem since some solutions are not physical but are instead pure gauge: they correspond to
coordinate transformations such as the ones we saw in (1.2), i.e., ℎ𝑖 𝑗 = 𝜕𝑖𝑣 𝑗 (𝑥) + 𝜕 𝑗𝑣𝑖 (𝑥). One
possibility is to fully fix the gauge with a specific choice of coordinates. Another option, possibly
more common, is to leave at least some gauge freedom unfixed and work with combinations of the
metric components that are invariant under the remaining gauge transformations.

With the separation of variables (2.4) one hopes to obtain a set of coupled second-order ordinary
differential equations. After quite some toil, it is indeed possible to not only obtain such a set
of ODEs, but, remarkably, also reduce them to a single second-order ODE for a gauge-invariant
function Ψ𝜔𝑙𝑚(𝑟) from which the original metric perturbations, ℎ𝑖 𝑗 (𝑟), can be recovered up to pure
gauge configurations. This Ψ𝜔𝑙𝑚 is called a master variable, and the master equation that it must
solve can be written in the Schrödinger form

𝑑2Ψ𝜔𝑙𝑚

𝑑𝑟∗2 +
(
𝜔2 −𝑉𝑙 (𝑟)

)
Ψ𝜔𝑙𝑚(𝑟) = 0 , (2.5)

with
𝑉𝑙 =

(
1 − 2𝑀

𝑟

) [
𝑙 (𝑙 + 1)

𝑟2 − 6𝑀
𝑟3

]
. (2.6)

The radial variable 𝑟∗ is the tortoise coordinate introduced in (1.16), which was useful to study the
propagation of light rays, and thus also for massless fields. We regard 𝑟 as a function of it, 𝑟 = 𝑟 (𝑟∗).

The master equation (2.5) with the potential (2.6) describes the propagation of weak gravitational
spin-2 fields around a black hole solution. We can also consider the much simpler spin-0 case of a
scalar field Φ(𝑥) and the spin-1 case of the gauge vector field 𝐴𝜇 (𝑥), which obey the equations

2Φ(𝑥) = 0, ∇𝜇𝐹
𝜇𝜈 = 0 , (2.7)

where 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇. Written more explicitly, they are

1
√−𝑔 𝜕𝜇

(√−𝑔𝑔𝜇𝜈𝜕𝜈Φ)
= 0 ,

1
√−𝑔 𝜕𝜇

(√−𝑔𝐹𝜇𝜈
)
= 0, (2.8)

where 𝑔 = det(𝑔𝑖 𝑗). These equations are linear, so there is no need to perform any perturbation
expansion—we are consideringΦ(𝑥) and 𝐴𝜇 (𝑥) as ‘test fields’ that do not backreact on the geometry.
The equation for the scalar field is easy to work out (see Problem 1.d), while for 𝐴𝜇 (𝑥) one must,
again, bear in mind gauge issues. At the end of the day, the equations can be reduced to a master
equation of the form (2.5) with

𝑉
(𝑠)
𝑙

=

(
1 − 2𝑀

𝑟

) (
𝑙 (𝑙 + 1)

𝑟2 + (1 − 𝑠2) 2𝑀
𝑟3

)
, (2.9)

11We are oversimplifying. In the full problem, one needs to consider not only these scalar spherical harmonics but
also vector and tensor harmonics. Yes, it is complicated.
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where

𝑠 =


0, scalar field
1, gauge field
2, gravitational field.

(2.10)

2.2 No-hair theorem and other basic features

To start with, we study whether there are zero-frequency, static solutions with 𝜔 = 0 for the different
values for 𝑠. This is not very difficult, and one finds that:

• For 𝑠 = 2 there exist solutions with 𝑙 = 0 and 𝑙 = 1. These perturbations add, respectively, a
small mass and a small rotation to the black hole.

• For 𝑠 = 1 there are again static solutions, in this case just for 𝑙 = 0. This perturbation adds
charge to the black hole.

• For 𝑠 = 0 the equation does not have any zero-frequency solutions.

These results provide a linearized version of the no hair theorem: Stationary black holes are fully
characterized by their mass, angular momentum, and charge, and they cannot have any scalar “hair".

Let us now examine general features of the potential (2.9) (see fig. 11). For gravitational wave
astrophysics the interesting case is 𝑠 = 2, but since the potentials for the other 𝑠 are similar, the
qualitative features do not differ much. For 𝑙 ≫ 1, which is a limit of large quantum numbers called
the eikonal limit, we recover the same potential as for the motion of light rays in (1.30),

𝑉𝐿 (𝑟) ≈ 𝑉
(𝑠)
𝑙

(𝑟), with 𝐿 ≈ 𝑙 ≫ 1 . (2.11)

In general (and not only in this eikonal limit), the peak of 𝑉 (𝑠)
𝑙

(𝑟) occurs at a value of 𝑟 close to
the maximum of 𝑉𝐿 (𝑟), namely the photon ring radius 𝑟 = 3𝑀 . We will see that this simple fact is
extremely important to understand how and when black holes vibrate. Near this maximum, and for
large 𝑙, the potential is approximately

𝑉
(𝑠)
𝑙,max ≈ 𝑙2

27𝑀2 , for 𝑙 ≫ 1 . (2.12)

Its growth ∝ 𝑙2 is expected: this is a centrifugal barrier.

From the shape of this potential, we can readily infer that incident waves with 𝜔2 > 𝑉max ≈
𝑉 (𝑟light-ring) travel ballistically into the black hole, while low-frequency waves with 𝜔2 ≪ 𝑉max are
mostly reflected.

2.3 Quasinormal vibrations of the black hole

We are now interested in the proper vibrational modes of the black hole, which for the gravitational
field will have 𝑙 ≥ 2. By proper vibrations, we mean that there is no external field exciting the
black hole. Moreover, the horizon can only absorb and not emit classical waves. Thus we require,
as boundary conditions, that there are no incident waves infinitely far away from the black hole and
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Figure 11: Effective radial potential for the propagation of scalar fields (black), gauge fields (red), and gravitational
fields (blue) in the Schwarzschild black hole background. We use the coordinate 𝑟∗, for which the horizon is at 𝑟∗ → −∞.
In each case, we show the potential for the lowest value of 𝑙 for which there are propagating modes, 𝑙 = 𝑠. We can see
that scalar s-waves will be easily absorbed, while gravitational waves have to surmount a large centrifugal barrier. The
peak of the potential is close to the photon ring radius 𝑟 = 3𝑀 .

no waves coming out from the horizon. Recalling that the horizon is at 𝑟∗ → −∞, (1.18), then we
must impose that

Ψ ∼ 𝑒−𝑖𝜔 (𝑡−𝑟∗ ) , as 𝑟∗ → ∞ , (2.13)
Ψ ∼ 𝑒−𝑖𝜔 (𝑡+𝑟∗ ) , as 𝑟∗ → −∞ . (2.14)

That is, we have a boundary value problem for the ODE for Ψ which will admit solutions only
for a discrete set of complex frequencies 𝜔 of the general form (2.1). These are the quasinormal
mode spectrum of the black hole. Mode stability is ensured if 𝜏 > 0. For observations, the most
important modes are the least-damped, longest-lived ones.

All the scales in the Schwarzschild black hole are set by 𝑀 , so by simple dimensional analysis the
mass dependence of the frequency must be

𝜔 ∝ 𝑐3

𝐺𝑀
. (2.15)

Solving for the fundamental mode 𝑙 = 2 one finds

𝜔 = (0.37 − 0.089𝑖) 𝑐3

𝐺𝑀
. (2.16)
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In observational units, using that 𝐺𝑀⊙/𝑐3 ≈ 5 ms,12, i.e., 𝑐3/𝐺𝑀⊙ ≈ 200 Hz, we have

𝑓 = 1.21
10𝑀⊙
𝑀

kHz , (2.17)

𝜏 = 0.55
𝑀

10𝑀⊙
ms, (2.18)

where we have taken 10 solar masses as reference because it is the characteristic mass of the black
holes we currently observe. Since 𝑓 𝜏 is a number of order one, the black hole does not ring for
long—its quality factor as an oscillator is low. The amplitude decreases after each oscillation by a
factor

exp(−1/ 𝑓 𝜏) ≈ 0.22 . (2.19)

Black holes do not make good bells.

Properties of quasinormal modes. Let us try to gain some intuition behind these quasinormal
modes (see figure 12). We have defined them so that they match an ingoing wave on the horizon and
an outgoing wave at large distances. Clearly, no such wave is possible for frequencies 𝜔2 ≫ 𝑉max,
since they are so energetic that they pass well above the potential as purely ingoing or outgoing
waves. For 𝜔2 ≪ 𝑉𝑚𝑎𝑥 , on the other hand, the wave encounters a very high barrier, below which it
will be extremely damped, so at these low frequencies, the waves remain mostly on one or the other
side of the potential. The optimal case is to search for solutions with frequencies just below the
peak of the potential, where we can match an outgoing and an ingoing wave that are only slightly
damped below the peak.

From these considerations, we infer that:

• The least-damped, dominant QNMs are localized near the photon ring, where the potential
reaches a maximum.

• They can be computed using the WKB approximation for inverse parabolic potentials.

• They have higher frequencies for higher 𝑙 (see (2.12)).

• Their complex frequencies (2.16) carry information about the mass of the black hole. Mea-
surements of 𝑓 and 𝜏 for a static black hole provide two independent determinations of 𝑀: a
test of general relativity.

From the first point above we learn a perhaps surprising fact:

The proper vibrations of the black hole should not be thought of as vibrations of the
horizon. Instead, most of the vibration of the geometry occurs at a distance ∼ 3𝑀 .

All the vibrations that start out closer than the maximum of the potential at the photon ring get
quickly absorbed. Having most of the damped vibrational modes centered around 𝑟 = 3𝑀 is not a
coincidence, since light rays on the photon ring are a classical (eikonal) limit of the quasinormal
perturbations of the QNMs. In general, the normal modes of a wave in a box can be regarded as

12Recall that we can measure mass in seconds. This is, approximately, the light-crossing time for a black hole of mass
𝑀⊙ .
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Figure 12: Quasinormal modes are waves that are ingoing towards the horizon at 𝑟∗ → −∞ and outgoing towards
infinity at 𝑟∗ → +∞. Waves of very high frequency (purple) cannot satisfy this: they will be either purely ingoing or
outgoing, passing ballistically well above the potential barrier. Waves of very low frequency (orange) are damped too
strongly below the barrier. Ingoing and outgoing waves (red) with frequency near the peak of the potential at the photon
ring 𝑟 = 3𝑀 can be matched with only small damping, and thus form a quasinormal mode.

stationary oscillations that bounce around in the box. It is similar for the quasinormal vibrations
of a black hole: the circular photon ring is a stationary trajectory for waves that travel around the
black hole. But this trajectory is unstable, with a characteristic decay time, which is the eikonal
counterpart of the dissipative decay of QNMs. Indeed, the frequency and characteristic decay time
of a light ray trajectory in the photon ring provide a good approximation to the 𝑓 and 𝜏 of the black
hole QNMs, even at relatively low wave numbers.

Exciting quasinormal oscillations. The localization of QNMs around the photon ring has other
interesting consequences. An accretion disk around a Schwarzshild black hole cannot be closer
than the innermost stable circular orbit (ISCO) for test particles, which is located at 𝑟 = 6𝑀 . Thus,
the particles in the accretion disc are located at a radius quite bigger than the photon ring and do
not excite the QNMs. In contrast, particles that fall into the black hole, from the ISCO or farther
away, will excite the QNMs as they cross the photon ring.

For the same reason, extreme-mass-ratio inspirals (EMRIs), where a small object (e.g., stellar-mass
black hole or neutron star) orbits around a supermassive black hole, excite very little the QNMs. It
is only at the end of the EMRI, when the small inspiralling object plummets from the ISCO into
the black hole, that it crosses the photon sphere. But being a very small object in a quick drop, the
emission from this final plunge is tiny and short. The events that excite QNMs the most are binary
mergers between black holes of similar masses. The QNMs are then those of the resulting black
hole.
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Imagine, on the other hand, that instead of a black hole we have an exotic compact object (ECO),
that is, an impostor such that instead of the horizon it has a hard surface slightly above 𝑟 = 2𝑀 , but
otherwise its exterior geometry is much like in the black hole. In this case, the proper oscillations
of the spacetime geometry would again occur mainly near the photon ring. These waves, as we saw,
will have outgoing and ingoing components. The latter would encounter not a perfectly absorbing
horizon but a hard reflecting surface. This would give rise to echoes from the reflection of the
ingoing part of the QNM wave. Then, the detection of echoes of QNMs in the ringdown would
reveal the presence of an object different than the black hole that General Relativity predicts. This
would be a harbinger of radically new physics.

Other properties:

• Unlike normal modes, QNMs are not a complete basis of functions. There are “late time
tails" in the radiation, from backscattering in the gravitational potential outside the black
hole, that can not be represented by QNMs.

• They do not provide good initial data: if 𝜔 = 2𝜋 𝑓 − 𝑖
𝜏

with 𝜏 > 0, then 𝑒𝑖𝜔 (𝑡−𝑟∗ ) diverges at
constant 𝑡 and 𝑟∗ → +∞.

• QNMs are also very important in the AdS/CFT correspondence, where they describe the
relaxation to equilibrium of the thermal plasma that is holographically dual to a black hole
in Anti-deSitter spacetime.

3. The black hole that rotates

3.1 Black hole uniqueness

Now we turn to more realistic black holes. Since the collapse of a massive object typically involves
some angular momentum, the geometry in the exterior of such an object will not be described by
the Schwarzschild solution. Of course, the collapse need not produce a black hole. Nevertheless,
as the black hole uniqueness theorem teaches us, if indeed a black hole (and not a star) is born, then
there is a unique solution for the geometry. This is the Kerr solution and it is the subject of this
section.

Indeed, we had a preview of this uniqueness in section 2.2, when we discussed the linearized gravi-
tational perturbations of the Schwarzschild black holes. There, we saw that the only deformations of
the geometry of the black hole that remain stationary (zero frequency) were modes that added either
mass or angular momentum to it (or charge, when a gauge field is present). Any other distortion of
the shape will not remain stationary but will instead be absorbed or radiated away.

The much more powerful uniqueness theorem, proven through a sequence of results in the early
1970s by Hawking, Carter, and Robinson, states that the only stationary, asymptotically flat solution
of the vacuum Einstein equations that is regular on and outside a (non-degenerate) event horizon is
the Kerr black hole with mass 𝑀 and angular momentum 𝐽.

Moreover, this solution proves to be dynamically stable. In other words, if we perturb the metric
linearly, as we did in (2.2), and try to solve the equations for the perturbation ℎ𝑖 𝑗 (a problem even
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harder than the static case, as we will see in Sec. 3.7), one finds that the perturbation decays in
time13. Proving nonlinear stability turns out to be much more difficult. However, in numerical
simulations, the Kerr solution always appears as the unique, stable final state of the collapse of
massive objects to form black holes, or in binary mergers. For this reason, even if the stability of the
Kerr black hole, and also its uniqueness (whose proof requires a large degree of differentiability)
may not yet have completely satisfactory mathematical proofs behind them, there is strong reason
to take them as true. They have an immediate striking consequence:

The Kerr solution gives the exact description of all astrophysical black holes in the universe.

This means that for a black hole such as the photogenic M87*, we only need to determine two
parameters, 𝑀 and 𝐽, to be able to deduce all its physical behavior—and this for an object that is 15
Mpc away from us. For comparison, just think about how many numbers you would need to begin
to parametrize and understand the behavior of the Sun, of your next-door neighbor, or even of your
partner. Black holes are, by a very wide margin, the simplest macroscopic objects in the universe.

Before we delve into the Kerr solution and its properties, let us mention briefly what to expect. We
know that in linearized gravity, with 𝑔𝑖 𝑗 = 𝜂𝑖 𝑗 + ℎ𝑖 𝑗 , the equations of motion are schematically

2ℎ𝑖 𝑗 ∼ 𝑇𝑖 𝑗 . (3.1)

If there is linear momentum along the 𝑥 direction then 𝑃𝑥 ∼ 𝑇𝑡 𝑥 . Likewise, a nonzero angular
momentum along 𝜙 means 𝐽𝜙 ∼ 𝑇𝑡 𝜙. Therefore

𝑃𝑥 ≠ 0 ⇒ ℎ𝑡 𝑥 ≠ 0 , (3.2)
𝐽𝜙 ≠ 0 ⇒ ℎ𝑡 𝜙 ≠ 0. (3.3)

The presence of a non-zero component ℎ𝑡 𝜙 implies that the black hole drags the spacetime around
it, and thus also the matter in its vicinity. This has momentous consequences that we will explore
below.

3.2 Kerr’s solution

It took until 1963 to find the rotating extension of Schwarzschild’s solution—almost fifty years,
which gives an idea of how difficult it is to go from diagonal metric solutions to non-diagonal ones.
The exact solution of the vacuum equations that Roy Kerr found is

𝑑𝑠2 = −
(
1 − 2𝑀

Σ

)
𝑑𝑡2 − 2𝑎 sin2 𝜃

2𝑀𝑟

Σ
𝑑𝑡𝑑𝜙 + (𝑟2 + 𝑎2)2 − Δ𝑎2 sin2 𝜃

Σ
sin2 𝜃𝑑𝜙2 + Σ

(
𝑑𝑟2

Δ
+ 𝑑𝜃2

)
,

(3.4)
where

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2 , Σ = 𝑟2 + 𝑎2 cos2 𝜃 . (3.5)

We have now two parameters that (with 𝐺 = 𝑐 = 1) have dimensions of length: 𝑀 and 𝑎. One can
easily show that by taking 𝑎 = 0 we recover the Schwarzschild solution (1.13). We can expect (and

13This can be shown for linearized perturbations beyond the mode analysis.
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will verify) that 𝑀 stands for the mass, and we will presently see what 𝑎 measures. For now, we
note that the metric (3.4) is time-independent and axisymmetric, i.e., independent of the angular
variable 𝜙. Thus, it describes stationary rotation around a fixed axis.

We can confirm that 𝑀 is indeed the mass from the expansion of 𝑔𝑡𝑡 at large distances, as we saw
in (1.11),

−𝑔𝑡𝑡 = 1 − 2𝑀
𝑟

+ O
(

1
𝑟2

)
. (3.6)

Similarly, we should measure the angular momentum from its effects on the geometry at large
distances. In general, the angular momentum for a distribution of rotating matter can be read from
the asymptotic behavior of 𝑔𝑡 𝜙,

𝑔𝑡 𝜙 = −2𝐽
𝑟

sin2 𝜃 + O
(

1
𝑟2

)
. (3.7)

Comparing to the expansion of the 𝑔𝑡 𝜙 component of (3.4) we find

𝐽 = 𝑎 𝑀 , (3.8)

so the parameter 𝑎 is the angular momentum, or spin, per unit mass. From now on, without loss of
generality, we take 𝑎 ≥ 0.

3.3 Singularities and horizons

Looking at the Kerr metric (3.4) we notice two instances where the coefficients become singular:
Δ = 0 and Σ = 0. The latter is reached for (𝑟 = 0, 𝜃 = 𝜋/2) and it is a true curvature singularity: one
can verify that the Kretschmann scalar 𝑅𝑖 𝑗𝑘𝑙𝑅

𝑖 𝑗𝑘𝑙 diverges there. We will not deal more with this
singularity in these lectures, since it has no relevance to astrophysics (furthermore see footnote 14),
but focus instead on the other apparent singularities.

The solutions to Δ = 0 are
𝑟 = 𝑟± = 𝑀 ±

√︁
𝑀2 − 𝑎2 . (3.9)

Let us assume that 𝑀 ≥ 𝑎 so these are real roots. Then, as for the Schwarzschild black hole, we can
find Eddington-Finkelstein coordinates (Problem 3.a) to show that 𝑟 = 𝑟± are indeed just coordinate
singularities. The largest one, 𝑟+, gives the location of the event horizon.14

The condition 𝑎 ≤ 𝑀 for the existence of the horizon is equivalent, temporarily restoring 𝐺 and 𝑐

and using (3.8), to
𝐽 ≤ 𝐺

𝑐
𝑀2 . (3.10)

That is, there is an upper bound on the angular momentum of a black hole of a given mass (see
Problem 3.b). The bound is saturated in the extremal Kerr limit for which 𝐽 = 𝑀2, or equivalently
𝑎 = 𝑀 . One may wonder what happens if one tries to overspin an extremal Kerr black hole past

14The inner horizon at 𝑟 = 𝑟− is widely believed to be unstable to becoming a severe singularity, if not by classical
effects then by quantum ones. Effectively, this strong cosmic censorship removes all the fun you could have in the
Kerr interior—a timelike ring singularity, passages to other universes, time machines—and makes the resulting inner
singularity not an ‘object’ you could see, but a terminal event. So it goes.
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Figure 13: Null generators of the event horizon in static and rotating black holes.

this limit, by throwing particles with a small mass and a high impact parameter towards it. One
can solve the geodesic equations in (3.4), and find that these particles miss the black hole precisely
when their impact parameter i.e., their orbital angular momentum divided by their energy, would
be large enough to cause the black hole to have 𝐽 > 𝑀2 if it absorbed the particles.15

By going to Eddington-Finkelstein coordinates one can see that the null rays that remain fixed at
𝑟 = 𝑟+ are not trajectories with tangent vector 𝜕/𝜕𝑡—that is, 𝑔𝑡𝑡 does not vanish at 𝑟 = 𝑟+. Instead,
one finds that the vector that vanishes there is

𝜉𝜇 = (𝜕/𝜕𝑡)𝜇 +Ω𝐻 (𝜕/𝜕𝜙)𝜇 , (3.11)

with

Ω𝐻 =
𝑎

2𝑀𝑟+
. (3.12)

This is a Killing vector field that has a Killing horizon at 𝑟+. The difference between 𝜕𝑡 and the
horizon generator 𝜉 allows us to make precise the sense in which the black hole (which is nothing
but empty spacetime) is rotating (fig. 13). We can think of the vector 𝜕𝑡 as the four-velocity vector
of observers who remain static at infinity: in the flat asymptotic geometry, this timelike vector is
unit-normalized, and generates motion only in time, not in any spatial direction. Then, the null
geodesic rays parallel to 𝜉 that generate the event horizon (recall section 1.4) are rotating relative to
these static asymptotic observers.

The four-velocity 𝑢𝜇 of an observer who is instead very close to the horizon and corotating with it
must be a vector almost proportional to 𝜉𝜇. The observer at infinity measures the rotation of this
corotating observer, in the limit to the horizon, to be

𝜔 =
𝑑𝜙

𝑑𝑡
=

𝑑𝜙

𝑑𝜏

𝑑𝑡
𝑑𝜏

=
𝑢𝜙

𝑢𝑡
≡ Ω𝐻 . (3.13)

It is in this sense, relative to the observer at infinity, that the black hole rotates with constant angular
velocity Ω𝐻 .

15If such an absorption were possible, presumably it would not create a naked ring singularity (as is sometimes said),
but rather generate a large, violent reaction of the black hole, i.e., it would be a sign of a strong instability of the solution.

27



P
o
S
(
Q
G
-
M
M
S
c
h
o
o
l
s
)
0
0
4

Black holes in the classical and quantum world Roberto Emparan

Figure 14: Ergosphere of a rotating black hole, viewed from the side (left) and from above (right).

3.4 Ergosphere

Particles at finite distances that follow trajectories with a four-velocity parallel (i.e., proportional) to
𝜕/𝜕𝑡 will remain at rest relative to the asymptotic static observers. However, in order for a particle
to have such a four-velocity, the vector 𝜕/𝜕𝑡 at the location of the particle must be timelike, i.e.,
we must have 𝑔𝑡𝑡 < 0 there. In the Schwarzschild solution, this happens everywhere outside the
horizon, but in the Kerr geometry, this is not guaranteed. From (3.4) we find that this will happen
only if 𝑟 > 𝑟𝑒, where

𝑟𝑒 = 𝑀 +
√︁
𝑀2 − 𝑎2 cos2 𝜃 ≥ 𝑟+ . (3.14)

The surface 𝑟 = 𝑟𝑒 is topologically spherical (similar to an oblate ellipsoid) and lies strictly
outside the horizon, except at the poles 𝜃 = 0, 𝜋, where the two surfaces touch. At the equator,
𝑟𝑒 (𝜃 = 𝜋/2) = 2𝑀 > 𝑟+ (figure 14).

The region bounded by 𝑟+ < 𝑟 < 𝑟𝑒 is called the ergosphere (sometimes, ergoregion). The fact that
𝜕/𝜕𝑡 becomes a spacelike vector implies that no 𝑢 ∝ 𝜕/𝜕𝑡 can be a timelike velocity vector inside the
ergosphere, and therefore there cannot be any particle (or light ray) in a trajectory in the ergosphere
that remains static relative to the asymptotic observers. Any particles in the ergoregion must
necessarily move along 𝜙, since the rotational dragging is so strong that it cannot be counteracted
by any acceleration in the opposite direction.

The event horizon is a causal boundary but the ergosphere is not: it is perfectly possible to escape
from it towards asymptotic infinity, and particles can flow into and out of the ergosphere. This will
be important in the next section.

The main implications of the ergosphere are therefore not related to causality but to energy (hence
its name). Inside the ergosphere, a particle that locally has positive energy (as measured in its own
reference frame) can have negative energy relative to observers at infinity. To see this, note that
for a particle with four-momentum 𝑝𝜇, the energy conjugate to the time coordinate 𝑡 (the time of
asymptotic observers at rest) is

𝐸 = −𝑝𝜇

(
𝜕

𝜕𝑡

)𝜇
. (3.15)

Since 𝑝𝜇 is a timelike vector, then wherever 𝜕/𝜕𝑡 is also timelike (i.e., outside the ergosphere) we
will have 𝐸 > 0. However, in the ergosphere 𝜕/𝜕𝑡 is spacelike, and there, the local interpretation
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Figure 15: Penrose mechanism for extracting energy from a rotating black hole. A particle with energy 𝐸 is designed
to fission into two fragments with energy 𝐸 − 𝜖 and 𝜖 . When the fission happens inside the ergosphere, it is possible to
have 𝜖 < 0 for one of the fragments, which then falls into the black hole in a counterrotating trajectory. The particle that
escapes has more energy than it came in with. In the process, the black hole loses rotational energy and spins down.

of 𝐸 is not as the energy of the particle but as a component of its spatial momentum, which
can certainly be negative. A particle in the ergosphere with 𝐸 < 0 will, from the viewpoint of
asymptotic infinity, have negative energy.

In the Schwarzschild geometry, there is a sense in which these (classical) negative energies can
happen too, but only for particles inside the horizon, so they are outside of causal contact with
asymptotic infinity. In Kerr, a particle with negative 𝐸 can escape outside the ergosphere, but it
would need to absorb enough energy to compensate for 𝐸 , since in the asymptotic region only
positive energies are allowed.

3.5 Penrose process

The possibility of negative energy particles in a region outside the event horizon permits a mecha-
nism for extracting rotational energy out of the black hole. This is the Penrose process.

Avail yourself of a particle with an energy 𝐸 , which can be timed to fission into two fragments with
energies 𝐸 − 𝜖 and 𝜖 .

Now throw your particle towards the black hole and arrange that it fissions inside the ergosphere,
adjusting the trajectory in such a way that one of the fragments has negative energy 𝜖 < 0 conjugate
to the asymptotic time 𝑡. The other fragment escapes the ergosphere and, since the components of
the four-momentum along 𝜕/𝜕𝑡 are conserved, its energy as it reaches the asymptotic region will
be

𝐸 − 𝜖 = 𝐸 + |𝜖 | > 𝐸 . (3.16)

The outgoing fragment comes out with more energy than the initial particle!

The extra energy is taken away from the rotational energy of the black hole: it is easy to prove that
for the infalling fragment to have energy 𝜖 < 0, it must fall inside the black hole in a counterrotating
trajectory. So the black hole will slow down when it absorbs the particle. The balance between the
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energy and the spin that the black hole loses in the process is such that the ratio 𝐽/𝑀2 decreases.
Then, the mechanism can continue until the black hole loses all its spin, at which point the ergosphere
ceases to exist.

One can use also classical field waves instead of particles. The phenomenon is then called superra-
diance and can be viewed as follows: inside the ergosphere, the field polarizes into two components,
and one of them is absorbed by the black hole, in a wave analog of the Penrose process. If the wave
is a mode of frequency 𝜔 and angular momentum number 𝑚, then one can prove that if

0 ≤ 𝜔 ≤ 𝑚Ω𝐻 (3.17)

is satisfied, the outgoing wave has a higher amplitude than the ingoing one (Problem 3.c). Eq. (3.17)
is known as the superradiance condition.

Let us make a remark anticipating aspects that we will discuss in Section 4. Superradiance can be
interpreted as stimulated emission of radiation. It is related to spontaneous emission of radiation
(Hawking radiation) by the usual relation between Einstein’s 𝐴 and 𝐵 coefficients, i.e., by detailed
balance. Equivalently, if a mode characterized by (𝜔, 𝑙, 𝑚) has a decay rate Γ𝑙𝑚(𝜔), detailed
balance requires that when there is an incident flux of the field F𝑖𝑛, we have

F𝑖𝑛𝜎𝑙𝑚(𝜔) + Γ𝑙𝑚(𝜔) = 0 , (3.18)

where 𝜎ℓ𝑚(𝜔) is the absorption cross section for this mode.

Superradiant modes spontaneously decay, so Γ𝑙𝑚(𝜔) > 0 and hence 𝜎𝑙𝑚(𝜔) < 0. One can prove
using flux conservation that

F𝑜𝑢𝑡 − F𝑖𝑛 = 𝐶𝑙 (𝜔)F𝑖𝑛𝜎𝑙𝑚(𝜔) , (3.19)

where 𝐶𝑙 (𝜔) > 0 is a universal coefficient (essentially a conversion factor between plane waves
for the fluxes and spherical waves for the absorption 𝜎𝑙𝑚(𝜔)). Then, since 𝜎𝑙𝑚(𝜔) < 0, we have
F𝑜𝑢𝑡 > F𝑖𝑛 : the outgoing wave is amplified. For large occupation numbers, stimulated emission is
a classical process, whereas spontaneous emission is always quantum.

3.6 Superradiant instability, or the black hole bomb

Imagine that outside a black hole there is a potential barrier for the propagation of a field. The
barrier could be the mass of the field—so its waves can reach infinity only if their energy is equal
or above this mass, otherwise they bounce back inwards—or some geometric effect such as created
by the negative cosmological constant in Anti-deSitter space, which acts as a sort of ‘covariant box’
for anything propagating in its interior.

Let us look at what would happen to a small scalar perturbation propagating in this scenario.
Superradiant amplification will take place for field modes that satisfy the condition (3.17) when
they propagate inside the ergosphere, so the wave will emerge with higher amplitude. However,
as the wave travels further out, it encounters a barrier that acts as a mirror, and it gets reflected
back toward the ergosphere, where it will undergo another round of amplification. The process will
repeat itself as the wave goes back and forth, giving rise to a self-amplifying field cloud around the
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Figure 16: Instability of a rotating black hole surrounded by a barrier. An initial small classical wave that satisfies
the superradiant condition (3.17) can go back and forth between the ergosphere and the barrier, extracting energy and
angular momentum from the black hole and eventually forming a rotating cloud around it.

black hole, whose angular momentum will be gradually depleted. This process is called the black
hole bomb instability. Depending on the nature of the barrier, the cloud may not exist as a strictly
stationary configuration (which would be a form of hair), but it may nevertheless be long-lived
(pseudo-hair).

The simplest possibility for such a mirror to exist in an astrophysical setting is provided by the mass
of a scalar field. For the mechanism to work, the Compton wavelength of this scalar field must
be bigger than the black hole—otherwise, the field barrier would be inside the ergosphere and the
waves could not propagate away from it. Since the Compton wavelength is inverse to the mass of the
field, 𝜆𝑐 = ℏ/(𝑚𝑐), the scalar field must be extremely light. There are many theoretical scenarios
that allow or predict the existence of ultralight scalar fields in the universe—very often they are not
really scalars but pseudoscalar axions, but this does not affect their superradiant amplification. The
superradiant instability offers the possibility of detecting their presence using their gravitational
(i.e., universal) coupling to black holes.

If such fields do exist, there must be a range of spins that black holes of a certain mass would not
have, since they should have been depleted by superradiant spin extraction. Therefore, by studying
the spectrum of black hole spins and masses in the universe it might be possible to detect the
existence of an ultralight scalar field in nature. Fields of such low masses would be extremely
difficult to detect with the usual particle detection mechanisms, but nothing can escape gravity, and
the superradiant instability provides a way to amplify the presence of these fields.

3.7 Perturbations of the Kerr black hole: Testing Kerr

As in the case of the Schwarzschild black hole, we can slightly perturb the Kerr black hole and
observe how the disturbance develops through time. As a warm-up, we may study the simpler case
of a scalar field in the Kerr background. We can decompose it as

Φ = 𝜙(𝑟, 𝜃)𝑒−𝑖𝜔𝑡+𝑖𝑚𝜙 . (3.20)

Now we do not have full spherical symmetry of the background to simplify the analysis. Only axial
symmetry is present, and the problem appears considerably more complicated.
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Plugging this field in the scalar field equation we get a PDE for the amplitude function 𝜙(𝑟, 𝜃).
Fortunately, due to the existence of a hidden symmetry16, we can separate variables into 𝑅(𝑟)Θ(𝜃).
The functions Θ(𝜃) are spheroidal harmonics, which are known numerically, and analytically for
small 𝑎. Then we can write down a radial equation for 𝑅(𝑟) and study the QNMs of a scalar field.

Gravitational perturbations are more complicated. One may hope to still be able to separate the
variables 𝑟 and 𝜃, but it is unclear whether one will succeed in the task of decoupling the equations
to obtain a single, second-order master equation. Impressively, such a decoupling was achieved by
Teukolsky, and the remarkable master equation he obtained bears his name. After decoupling it, the
gauge-invariant master variable Ψ(𝑟, 𝜃) of the Teukolsky equation can be separated into 𝑅(𝑟)Θ(𝜃).
Explicit inversion formulas to recover the metric perturbations from Ψ(𝑟, 𝜃) are known, but they
take a complicated form.

It is possible to numerically solve the Teukolsky equation to obtain the spectrum of quasinormal
frequencies,

𝜔(𝑀, 𝐽) = 2𝜋 𝑓 (𝑀, 𝐽) − 𝑖

𝜏(𝑀, 𝐽) . (3.21)

For all of them, 𝜏 > 0. This proves the mode stability of the Kerr black hole.

The ringdown phase of a black hole merger provides the possibility of measuring both the frequency
𝑓 (𝑀, 𝐽) and decay time 𝜏(𝑀, 𝐽) for the slowest quasinormal mode, from which we can determine
𝑀 and 𝐽. If our data are accurate enough to measure two QNMs, then we can test the validity of the
‘Kerr hypothesis’, or the ‘no-hair theorem’, namely, whether it is indeed true that all the properties
of a Kerr black hole, including all the higher QNMs, are fully determined by just 𝑀 and 𝐽. At
present, the observations of ringdown are too noisy to allow precise tests, but this will definitely
improve in the future. Einstein’s theory will then be subjected to unprecedented scrutiny in the
strong-field regime where its nonlinear character is in full swing.

By now we have covered a good deal of the behavior of black holes as purely classical systems.
Time to enter the quantum world.

4. The black hole that evaporates

In 1974 Hawking studied quantum fields propagating on a geometry that collapses to form a black
hole. He found out that during the process of collapse, quantum radiation is emitted, as expected in
a time-dependent situation. But more surprisingly, after the black hole has settled into a stationary
configuration and the transient effects have died out, there remains a steady outflow of radiation,
which observers at a large distance detect as a black body spectrum17 with temperature

𝑇𝐻 =
ℏ𝜅
2𝜋

, (4.1)

16The presence of a conserved quantity, the Carter constant, related to the existence of a higher order symmetry of the
Kerr metric generated by a Killing tensor field.

17Filtered by frequency-dependent ‘greybody factors’ from the propagation of the field from the black hole out to
infinity.
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where 𝜅 is the surface gravity of the black hole horizon.18 We will not attempt to rigorously derive
this result but rather provide a physical, heuristic argument for it.

4.1 Particle production in an external field

We intend to study the production of particles in a given background field, due to fluctuations of a
quantum field. Virtual quantum fluctuations of a field with mass 𝑚 are described by

⟨𝜙(𝑥)𝜙(0)⟩ ∼ 𝑒−𝑥
𝑚𝑐
ℏ . (4.2)

This is the probability amplitude that a pair of field-quanta separated by a distance 𝑥 would
spontaneously form. In vacuum, these fluctuations do not materialize in the production of a real
pair since that would violate energy conservation. But the energy required for this materialization
can be provided if there is an external field to which the quantum field couples.

Let us denote the field strength (force per unit charge) by 𝐹, and the coupling (charge) by 𝜆.
Assuming the field is uniform, in order to materialize the pair of quanta, we need the equality

𝜆𝐹𝑥 = 2𝑚𝑐2 , (4.3)

for energy conservation to hold. Then the probability for a pair creation per unit volume and unit
time is given by

Γ ∼ |⟨𝜙(𝑥)𝜙(0)⟩|2 ∼ 𝑒−
4𝑚2𝑐3
ℏ𝜆𝐹 . (4.4)

A proper calculation in quantum field theory involves a tunneling process (hence the exponential
suppression) which can be evaluated in the WKB approximation, and indeed gives

Γ ∼ 𝐴 𝑒−𝛾
𝜋𝑚2𝑐3
ℏ𝜆𝐹 , (4.5)

where 𝐴 is the quantum one-loop determinant factor, which we will ignore in the following (it is
not easy to compute, and yields subdominant corrections), and 𝛾 is a numerical factor of order one,
which depends on the specific type of particle and its coupling to the field.

This is a process of pair creation by a background field, where the latter is a semi-classical, coherent
state involving a large number of quanta in the background. The process is described in terms of a
non-perturbative instanton bounce. It is different than the perturbative process of pair creation, e.g.,
𝑒+𝑒− creation by photon-photon collision. The non-perturbative 𝑒+𝑒− production in a background
electric field was studied by Schwinger in a classic paper in 1950. In this case 𝜆 = 𝑒, 𝐹 = 𝐸 , and
𝛾 = 1. Schwinger’s leading order result yields

Γ𝑒+𝑒− ∼ 𝐴 𝑒−
𝜋𝑚2𝑐3
ℏ𝑒𝐸 . (4.6)

The energy for the creation of the pair is provided by the background field, which as a result decays
gradually.

18See Problems 1.a and 1.b.
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A black hole creates a strong gravitational field, so we might also expect particle pairs to form near
the horizon. In this case the coupling is the particle’s mass, while for the force we take the surface
gravity,

𝜆 = 𝑚 , 𝐹 = 𝜅 . (4.7)

With these choices, we find that
Γ ∼ 𝑒−𝛾

𝜋𝑚𝑐3
ℏ𝜅 . (4.8)

Observe that the exponent is proportional to 𝑚, i.e., to the energy 𝐸 = 𝑚𝑐2 of the particle. Thus we
can write it as

Γ ∼ 𝑒−𝐸/𝑇𝐻 , (4.9)

where
𝑇𝐻 =

ℏ𝜅
𝛾𝜋𝑐

. (4.10)

This is a thermal spectrum with temperature 𝑇𝐻 ∝ 𝜅. So, the black hole is expected to radiate like
a blackbody. In contrast, the Schwinger production rate (4.6) is not thermal. The reason that it is
thermal in the case of a black hole is that gravity couples to the particle’s energy. It is very suggestive
that the universal character of gravity appears to be related to a universal thermal behavior.

Some caveats about this heuristic argument:

• We have not pinned down the value of 𝛾. For this we need Hawking’s proper calculation,
which yields 𝛾 = 2.

• The argument was made for massive particles. However, Hawking’s result applies as well to
massless quanta, with 𝐸 = ℏ𝜔.

• The energy required by the creation of the pair is supplied by the black hole. The energy of
the black hole decreases, since one of the members of the pair has negative energy (relative
to asymptotic observers) and falls inside the black hole. In more detail, if the pair have four-
momenta 𝑝1 and 𝑝2, four-momentum conservation requires that

𝑝1 + 𝑝2 = 0 . (4.11)

If 𝜕𝑡 is the generator of asymptotic time-translations, so that 𝑡 is conjugate to the energy
measured by asymptotic observers, then the energy of a particle with four-momentum 𝑝 is

𝐸 = −𝑝 · 𝜕𝑡 . (4.12)

Thus for the particle pair we must have 𝐸1 +𝐸2 = 0. Now, if particle 1 is to escape to infinity,
it must have 𝐸1 > 0. If particle 2 goes inside the black hole, then in that region 𝜕𝑡 is spacelike,
so 𝐸2 is actually not an energy but a component of momentum, which can be negative. Thus
it is consistent to create the pair if one of the particles falls inside the black hole. In this case,
the total mass of the black hole will decrease by an amount

𝛿𝑀 = 𝐸2 = −𝐸1 , (4.13)

consistent with conservation of the energy as measured by outside observers.
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Figure 17: Hawking emission as quantum pair production, in an Eddington-Finkelstein diagram (cf. fig. 2). A quantum
wavefunction initially straddling the horizon is stretched by the collapse of the black hole interior, until one of its
components escapes away as a Hawking quantum and the other falls to the singularity. The pair is created in an entangled
Bell-like state.

Let us provide yet another viewpoint on why quantum physics in the presence of a black hole
horizon gives rise to what may seem an unexpected consequence. A classical particle outside a
stationary black hole perceives that nothing changes. A quantum field can be excited when the
geometry that it lives in is time-dependent, a phenomenon of parametric excitation well-known in
cosmology. The exterior of the black hole is static, and so naively one might conclude that no field
excitation will occur. However, a quantum wave function can have support simultaneously in the
exterior and the interior of the black hole. This is a crucial property since the interior geometry of a
black hole is dynamically collapsing (a Little Big Crunch) in a time scale ∼ 𝜅−1 (in units 𝑐 = 1). A
quantum field will be sensitive to the time dependence of the collapsing interior and therefore will
be excited. The characteristic time of this collapse implies that the field excitations will have typical
frequency ∼ 𝜅, and the energy of the produced quanta will be ∼ ℏ𝜅, which agrees with (4.10).

The part of the wave function that is in the interior will be dragged in by the collapse, and stretched
until it becomes a wave packet separated from its exterior partner (see figure 17). This produces a
pair of quanta, with positive and negative energies relative to asymptotic time. The quantum that
is radiated away will be entangled with the quantum in the interior since they are part of the same
wave function, so they will be in a maximally entangled Bell-like state.

Observe also that, according to this interpretation, a black hole with a time-independent interior
(static or stationary) must not give rise to Hawking radiation. This is indeed what happens in
extremal black holes, which have 𝜅 = 0 and therefore 𝑇𝐻 = 0 too. Nevertheless, extremal black
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holes can decay through non-thermal spontaneous emission of superradiant modes (3.18).

4.2 Further aspects of Hawking radiation and black hole evaporation

We can now draw two major consequences: black holes must have entropy, and they will evaporate.

Back to the 19th-century, with a black hole. Rudolf Clausius explains to us that black holes
must be assigned an entropy on very general phenomenological grounds: an object with energy 𝐸

that radiates at a temperature 𝑇 has an entropy 𝑆 given by

𝑆 =

∫
𝑑𝐸

𝑇
. (4.14)

Let us see how this works. As the seasoned experimentalists that we are, we can measure the energy
(mass) of the black hole and its temperature from far away without even knowing that the radiating
object is a black hole. We proceed to collect data using a dynamometer and a bolometer and thus
we obtain 𝑇 (𝑀). Our measurements yield

𝑇 =
ℏ

8𝜋𝐺𝑀
, (4.15)

which, using that 𝐸 = 𝑀 , we plug into (4.14) to find

𝑑𝑆 =
8𝜋𝐺
ℏ

𝑀𝑑𝑀 , (4.16)

⇒ 𝑆 =
4𝜋𝐺
ℏ

𝑀2 , (4.17)

When we work out the numbers we are at first surprised to find that this entropy is (as we will see
in a moment) enormous. But we attribute it to having a peculiar object that has a very large energy
but is radiating at an extremely low temperature.

By now we have also figured out, e.g., by scattering particles or waves, that the radiating object is
a black hole whose radius we have measured to be 𝑟𝐻 = 2𝐺𝑀 . Then we realize that we can write

𝑆 =
4𝜋(2𝐺𝑀)2

4𝐺ℏ
=

A𝐻

4𝐺ℏ
(4.18)

=
Horizon area
Planck area

. (4.19)

Therefore, the entropy of the black hole is nothing but its area measured in Planck units—truly, an
enormous number for any macroscopic area! But then Clausius looks puzzled at us: why should
entropy—a quantity that he introduced for understanding the efficiency of heat exchanges—bear
any relation with that most basic entity, the geometry of space and time?

The identification of the black hole area with an entropy was first proposed—very boldly, and not
without controversy—in 1973 by Bekenstein. It was then put on a firm footing by Hawking’s
discovery that black holes emit thermal radiation with a precise temperature. For this reason,

𝑆𝐵𝐻 =
A𝐻

4𝐺ℏ
(4.20)
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is called the Bekenstein-Hawking Black Hole entropy formula. It contains 𝐺 and ℏ, and over the
last half-century it has provided the deepest and most fruitful guidance towards a quantum theory
of gravity.

Now we go to interrogate other 19th-century physicists about the implications of this result. Lud-
wig Boltzmann informs us that, ultimately, it implies the existence of many microscopic states
corresponding to the macroscopic system that we characterize by this mass and temperature i.e.,
the black hole. Indeed, he continues, there must be as many as 𝑒𝑆𝐵𝐻 states! In other words, a
black hole—which is nothing but strongly warped space and time—must somehow be made of a
humongous number of microscopic degrees of freedom, even if we do not see them at all.

Boltzmann raises an eyebrow and asks: if we are to think of these degrees of freedom as somehow
related to ‘atoms of spacetime’ (an idea he seems to relish), shouldn’t their number scale like
the spatial volume, instead of the area? He begins to warn us about the tribulations of applying
statistical reasoning to entities that have long been regarded as paradigms of determinism, but it is
time that we take leave of him (some of his concerns will reappear later) and continue with other
consequences of Hawking’s discovery.

Evaporation rate and black hole lifetime. The black hole will evaporate by emitting radiation
like a blackbody. The radiating power of a blackbody of area 𝐴 and temperature 𝑇 is

𝑑𝐸

𝑑𝑡
= 𝜎𝐴𝑇4 , (4.21)

where 𝜎 is the Stefan-Boltzmann factor, which depends on the specific (effectively massless) fields
that are being radiated. For a real scalar field, 𝜎 = 𝜋2/60. As a first approximation, we can take
𝐴 ≃ A𝐻 . For a Schwarzschild black hole,

A𝐻 = 16𝜋𝑀2 , 𝑇 =
1

8𝜋𝑀
, (4.22)

and since 𝑑𝐸 = −𝑑𝑀 we can obtain the evaporation rate of the black hole as
𝑑𝑀

𝑑𝑡
≃ − 𝜎

256𝜋3
1
𝑀2 ∝ 𝑀−2 , (4.23)

so that the total evaporation time derived from∫ 𝑡evap

0
𝑑𝑡 ∝ −

∫ 0

𝑀

𝑑𝑀 ′ 𝑀 ′2 , (4.24)

is simply
𝑡evap ∝ 𝑀3 . (4.25)

It is then obvious that the black hole evaporates in a finite time. This calculation is of course very
rough since it neglects the back-reaction effect that the emission of radiation and loss of mass have
on the black hole geometry and on the radiation process itself. These effects should be small when
the energy of emitted quanta is much smaller than the mass of the black hole,

𝑇𝐻 ≪ 𝑀 , (4.26)

i.e., as long as 𝑀 ≫ 𝑀Planck. Therefore, for most of the black hole lifetime the approximation is
good, and its mass will reach Planck size in a time ∝ 𝑀3.
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Astrophysical (ir)relevance of Hawking evaporation. Cosmic dominance of black hole entropy.
Restoring full units, the Hawking temperature takes the form

𝑇𝐻 =
ℏ𝑐3

8𝜋𝑘𝐵𝐺𝑀
= 6 × 10−8 𝑀⊙

𝑀
K , (4.27)

so for a solar-mass black hole, 𝑇𝐻 ∼ 10−7 K. This is much colder than the temperature (∼ 3 K) of
the CMB! Thus the accretion of CMB photons alone is a stronger effect for these black holes than
Hawking evaporation. Of course, it gets even worse for supermassive black holes.

The smallness of the effect should not be surprising: it is a quantum effect and therefore one expects
it to be small for macroscopic objects (and for a black hole, macroscopic means larger than the
Planck scale).

The initial mass of a black hole that started evaporating in the early universe and ends its evaporation
today, so 𝑡evap ∼ 1010 yr, is 𝑀 ∼ 1015 g. This is roughly the mass of a kilometer-high mountain.
Black holes with these masses are necessarily primordial, i.e., formed by density fluctuations in the
early universe, since astrophysical collapse cannot yield black holes lighter than a couple of solar
masses (Chandrasekhar limit).

On the other hand, the entropy of astrophysical black holes is enormous:

𝑆𝐵𝐻 =
𝑐3

ℏ𝐺
A𝐻

4
≃ 1076

(
𝑀

𝑀⊙

)2
. (4.28)

A single galactic black hole, with 𝑀 ∼ 106−9𝑀⊙, has more entropy than all the matter and radiation
in the universe (𝑆CMB ∼ 𝑁photons ∼ volume of universe in mm3 ∼ 1087). See Problem 4.c.

Black holes are at the same time the simplest classical objects in the universe and the most complex
quantum objects.

With black holes, it is always all or nothing. They are the ultimate drama queens.

Black holes are small radiators. The wavelength of Hawking quanta is given by

𝜆𝐻 ∼ ℏ
𝑇𝐻

∼ 𝐺𝑀 , (4.29)

which is comparable to the Schwarzschild radius of the black hole (it had to be, since this is the
only scale in the system). Including numerical factors, one in fact finds 𝜆𝐻 ≳ 𝑅𝑆𝑐ℎ𝑤 .

The black hole is therefore a small radiator, with a size comparable to or smaller than the wavelength
of the radiation. Thus, Hawking radiation cannot be traced to any point on the horizon. The image
one forms of a black hole from its Hawking quanta is a blurred one. This is unlike, e.g., the Sun,
whose size (∼ 109 m) is much larger than the wavelength of the radiation it emits (102−3 nm), and
therefore we can use it to get a detailed image of the star. Another consequence is that black holes
radiate mostly in low-multipole waves.

Furthermore, observe that the typical frequency and wavelength of Hawking quanta is the same as
that of the classical quasinormal vibrations of the black hole. The difference is that in quasinormal
ringdown the occupation numbers are very large, while in Hawking emission they are of order one.
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Scanning all the particle spectrum. During black hole evaporation,𝑇𝐻 increases as 𝑀 decreases,
all the way until Hawking’s approximations break down. Thus, in its evaporation the black hole will
produce any particle that is permitted by local conservation laws, with mass possibly all the way up
to the Planck energy. So, initially the black hole will radiate mostly photons, gravitons, and then
neutrinos, and as it reaches different mass thresholds, all other particles will be produced: electrons
and positrons around 𝑇𝐻 ∼ 1 MeV, mesons at 𝑇𝐻 ∼ 𝑂 (100) MeV, nucleons at 𝑇𝐻 ∼ 1 GeV, Higgs
bosons at ∼ 126 GeV„ then X? at ???ev etc.

However, given that 𝑡evap − 𝑡 ∼ 𝑀3, we have 𝑇𝐻 ∼ (𝑡evap − 𝑡)−1/3, and therefore the black hole
spends most of its lifetime, and releases most of its energy, emitting low-energy quanta in copious
quantities. By the time it reaches the threshold to produce more interesting massive stuff, little
energy is left and relatively few of these particles are produced.

Negative specific heat. The specific heat of the black hole is negative:

𝐶 =
𝑑𝐸

𝑑𝑇
=

𝑑𝑀

𝑑𝑇𝐻
= −8𝜋𝑀2 < 0 . (4.30)

This means that the black hole is thermodynamically unstable. The black hole heats up by radiating
energy, and cools down by absorbing it. So if we try to keep it in equilibrium with a radiation bath
at temperature 𝑇𝐻 , then if the black hole absorbs a little more energy than required, it will become
cooler than the bath, and then it will tend to absorb more and get further away from equilibrium.
Conversely, if it absorbs less energy than demanded by equilibrium, it will heat up and radiate even
more.

This is unlike conventional thermodynamic systems in equilibrium, but it is in fact typical of
gravitating systems. For instance, a star that emits radiation reduces its pressure and contracts,
which raises its temperature19. In fact, this property of gravitating systems to increase their entropy
by becoming more concentrated is absolutely crucial for the universe to evolve structure from an
initial thermal, almost homogeneous state.

In these arguments we have been considering the Schwarzschild black hole. Indeed the thermody-
namic instability is typical of vacuum black holes. But there do exist other black hole solutions with
positive specific heat, which are thermodynamically stable. One way to achieve this is to add charge
to the black hole: the Reissner-Nordstrom solution near its extremal limit has positive specific heat.

Another possibility is to put the black hole in a box, say by limiting the radial coordinate to be
smaller than some 𝑟box > 𝑟Schw. For a given temperature of the box, there are two possible black
holes with that temperature, a small and a large one. The small one hardly feels the presence of
the box and is qualitatively similar to the one in asymptotically flat space. The large one feels, so
to speak, that radiation cannot easily fit in the box and comes to a stable equilibrium with it. A
covariant version of this box is provided by Anti-deSitter spacetime, which has a confining effect on
radiation. Black holes in AdS with a size larger than the cosmological radius have positive specific
heat and play an important role in the AdS/CFT correspondence.

19For instance, at the core of a newly-formed neutron star 𝑇 ∼ 1011−12K, while at the center of the Sun 𝑇 ∼ 107K.
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Generalized Second Law (Bekenstein 1972). The second law of thermodynamics is extended to
include the contributions from black hole entropy so that

Δ𝑆total = Δ𝑆𝐵𝐻 + Δ𝑆matter ≥ 0 . (4.31)

Each of the two contributions can separately be negative, but only as long as their total sum is
positive.

In the process of collapse to a black hole, Δ𝑆matter < 0 but the entropy 𝑆𝐵𝐻 that is produced
overwhelms this decrease by far. A simple estimate for the collapse of a weakly-gravitating ball of
radiation gives

Δ𝑆𝐵𝐻

|Δ𝑆matter |
∼
(

𝑀

𝑀Planck

)1/2
> 1 , (4.32)

which is in fact ≫ 1 for any astrophysical black hole. In order to understand the huge increase
in the entropy, observe that the ordinary matter before the collapse naturally probes only a small,
low-energy subset of all the degrees of freedom of the fundamental theory (e.g., string theory), so it
has a low entropy. The black hole, instead, samples all the stringy (fundamental) states available.20

On the other hand, in the process of black hole evaporation we have Δ𝑆𝐵𝐻 < 0, but the radiation
carries sufficient entropy to compensate for it. Again a simple calculation for the entropy production
when massless radiation is emitted can be seen to yield

Δ𝑆rad
|Δ𝑆𝐵𝐻 | ≃

4
3
> 1 . (4.33)

Observe that in this case the entropy produced is of the same order as the entropy of the black hole.
The reason is that the evaporation produces a number of quanta 𝑁 ∼ 𝑆𝐵𝐻 . The factor 4/3 comes
from the relation 𝑠rad = 4

3𝜖rad𝑇 between the entropy and energy density of massless radiation at
temperature 𝑇 (in 𝐷 spacetime dimensions, 𝑠rad = 𝐷

𝐷−1𝜖rad𝑇). The number is guaranteed to be > 1
for any form of radiation or matter that is thermodynamically stable.

4.3 The black hole information loss problem

Shortly after his discovery that black holes emit quantum thermal radiation, Hawking realized a
surprising consequence: black hole evaporation implies that classical general relativity and quantum
mechanics are incompatible.

It was already known that the merger of the two theories was marred by the non-renormalizability
of the quantum theory of the massless spin-two field (the graviton). But the latter is a problem
of the ultraviolet, high-energy structure of the theory and becomes manifest only when trying to
probe the nature of spacetime close to the Planck scale, where the curvatures are so large that the
very notion of spacetime geometry becomes dubious. It is therefore a situation where we naturally
expect that general relativity, regarded as an effective theory, breaks down.

The problem that Hawking identified is much more surprising, since it appears in situations where
the geometry of spacetime is expected to be smooth. The curvature near the horizon of a black

20That it manages to do so even though its temperature is very low is surprising and you should pause to ponder it.
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hole scales inversely to its size, so for a very large black hole the region around the horizon can be
as weakly curved as we wish. Hawking’s problem arises for semiclassical black holes with sizes
arbitrarily larger than the Planck length. Since there is no diff-invariant quantity that diverges in
these regions, why should the effective theory break down?

This has turned out to be a surprisingly deep and subtle question—and a very confusing one too.
We will not be able to do proper justice to all its intricacy, but we will attempt to make the reader
aware of its gist, without going into the resolutions that have been proposed.

4.3.1 Classical prelude: Black holes have no (or too little) hair

A main property of black holes, mentioned in the previous sections, is that they are characterized
by very few parameters. The black hole phase space is therefore of low dimensionality.

We referred to this by saying that ‘black holes have no hair’: the space of black hole solutions
is completely characterized by the conserved charges of the black hole, namely its mass, angular
momentum, and charges associated to local conservation laws such as electric charges. Nowadays
we know of the existence of many kinds of black hole hair. Nevertheless, the phase space of black
hole solutions is still characterized by a number of parameters that, for all we know, is much smaller
than the huge number A𝐻/ℓ2

Planck that the Bekenstein-Hawking formula suggests.

Therefore, when a system collapses to form a black hole, it appears that almost all of the initial
information of the configuration of collapsing matter is lost in the process. The final state only knows
about a few aggregate, macroscopic quantities. Classically, there is no way that this information can
be retrieved. Therefore the black hole appears to be a sink where phase-space volume is destroyed.

4.3.2 Basic formulation of the information loss problem

One may still regard this as not truly problematic, because the information about the state of the
matter that formed the black hole may somehow be preserved inside the black hole. However, if the
black hole evaporates and disappears then the problem comes back21. We will formulate the puzzle
in different manners, each at a different level of sophistication and detail. The first formulation
contains the core of the problem. The next one makes it more precise. Further formulations are
possible that highlight other subtleties of the problem, but we will not discuss them here.

Fundamental irreversible evolution. The original configuration of matter may have been arbi-
trarily complicated, needing a huge number of parameters to describe it. All but a handful of these
data are lost to the outside observers when the black hole forms. The black hole evaporates by
emitting Hawking radiation, but this radiation, having a Boltzmann spectrum, only carries informa-
tion about the total mass of the black hole, and about the conserved charges conjugate to ‘chemical
potentials’ such as angular velocities, electric potentials etc. Thus, when the black hole finally
disappears, the initial information is lost.

21There is a version of the information loss problem that does not involve the collapse and evaporation of a black hole,
but instead deals with the very-long-time behavior of fluctuations in the system of a black hole in equilibrium with its
radiation. Significant progress has recently been made in this direction, but we will not discuss it in these notes.
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This is a problem of fundamental irreversibility at a deeper level than statistical thermodynamic
irreversibility: from the final radiation state we cannot reconstruct, even in principle, the initial
matter state.

Non-unitary quantum evolution. In the previous paragraph we used ‘information’ in a rather
loose sense. Let us now make it more precise by phrasing the previous problem in quantum me-
chanical parlance. States in quantum mechanics can be generically described using density matrices
𝜌. For pure states, which correspond to vectors |Ψ⟩ (properly, rays) in a Hilbert space, the matrix
𝜌pure = |Ψ⟩⟨Ψ| has von Neumann entropy −Tr𝜌pure log 𝜌pure = 0. Mixed states are characterized by
having instead −Tr𝜌mixed log 𝜌mixed > 0. Thermal ensembles 𝜌th = 𝑍−1 ∑

𝑖 𝑒
−𝐸𝑖/𝑇 |𝑖⟩⟨𝑖 | are of this

kind and in fact maximize the entropy. Unitary evolution in quantum mechanics takes a pure state
into another pure state

|Ψ⟩ → 𝑈 (𝑡) |Ψ⟩ , 𝜌pure → 𝜌pure , (4.34)

(𝑈−1 = 𝑈†) and therefore no (fine-grained) entropy can be generated. This is the quantum-
mechanical counterpart of Liouville’s theorem that Hamiltonian evolution conserves phase space
volume, i.e., there are no sinks in phase space. Unitary evolution is also the quantum-mechanical
statement that the initial state can be reconstructed out of the final state. So unitarity can be regarded
as implementing the notion of fundamental reversibility of quantum-mechanical evolution.

We may take the initial state of the matter that will collapse into a black hole to be a pure state.
During most of the evaporation the radiation is thermal to a very good approximation. When the
evaporation is completed, only this radiation remains. Thus the evolution of the system violates
unitarity, which is one of the basic assumptions of quantum mechanics. The ‘black hole information
problem’ is now stated as the ‘black hole unitarity problem’.

Imagine that we manage to collect all the radiation and all the final products of the evaporation of
the black hole, isolating them so well as to prevent any losses of coherence to external systems. We
pass these black hole remains through a quantum super-computer (still under construction) which
attempts to reconstruct the initial state, that is, it tries to find a unitary transformation that, acting
on the final state, would yield back the initial one. Hawking affirmed that the quantum computer
will fail.

4.4 Cut the knot?

The problem seems to be a quintessential theorist’s riddle, one which may be far from having
any consequences for real-world observations. This is not only because, as we saw, the Hawking
radiation from black holes of stellar mass or larger is a negligible effect; also, the task of verifying
whether information is fundamentally lost or not appears to require exquisite control over the system
in order to monitor its degree of coherence, and involves computational resources that are virtually
unimaginable and very likely of exponential complexity.

Still, desperate times call for desperate measures, and instead of trying to carefully untie the Gordian
knot, one may be tempted to brutally cut it and say that there never was a problem since black holes
do not actually exist—that is, there are objects in the universe that can mimic black holes very
well, but which do not have smooth, perfectly absorbing horizons. These are what we referred to in
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Sec. 2.3 as extremely compact objects. Might there be observational signatures of their presence, in
the ringdown signal as we discussed, or possibly in EHT-type radio imaging? Perhaps. But, what if
the mimicker is so good that, even if it does not have a horizon, it behaves, for most external probes
and to high accuracy, as if it did? This could thwart any conceivable effort at telling it apart from a
true black hole.

At any rate, even if the ECO hypothesis may seem far-fetched, given what is at stake—nothing less
than our fundamental theory of space and time—it is worth looking for any telltale signs of them.

4.5 Creative confusion

The black hole information paradox, still unresolved almost fifty years after its initial formulation,
is an excellent example of creative confusion in science. For all the difficulties that it poses when
trying to state it and investigate it in a precise way (and here we have only scratched the surface),
this perplexing conundrum has proven to be a remarkably fertile source of ideas for the quantum
theory of gravity.

In recent years, the problem has been reformulated in sharper ways and addressed in contexts that
allow great technical control. This has been done by considering a class of low-dimensional gravity
models that afford solvability for the quantum matter and its backreaction on the geometry, while
still preserving a version of the paradoxes. A host of new, deep, and intriguing ideas have emerged,
emphasizing the role of quantum entanglement, quantum information, chaotic behavior, and the
relevance of semiclassical wormhole geometries to resolve the unitarity puzzle.

A completely satisfactory solution has not been achieved yet—e.g., it remains to clarify the ex-
perience of an observer falling into an ‘old’ black hole (one that has evaporated more than half
its entropy)—, but a consensus has grown that quantum mechanical unitarity can be upheld in the
presence of black holes in a very subtle manner. We are also getting glimpses of how the geometry
of spacetime emerges out of the quantum entanglement between non-gravitational, fundamental
degrees of freedom. But a proper discussion of these fascinating topics will have to wait for another
school. Vidimo se uskoro!
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A. Guided problems

Problem 1 Coordinates and surface gravity

The Schwarzschild metric, given by

𝑑𝑠2 = −
(
1 − 2𝑀

𝑟

)
𝑑𝑡2 + 𝑑𝑟2

1 − 2𝑀
𝑟

+ 𝑟2𝑑Ω2 , (A.1)

becomes singular at 𝑟 = 2𝑀 . Since a photon of frequency 𝜔 at radius 𝑟 is redshifted to frequency√︁
−𝑔𝑡𝑡 (𝑟) 𝜔 as it travels to infinity (where −𝑔𝑡𝑡 = 1), then 𝑟 = 2𝑀 is a surface of infinite redshift.

We have nevertheless seen that this surface can be reached in finite affine parameter by null (light-
ray) trajectories. Indeed, using Eddington-Finkelstein coordinates adapted to ingoing light rays, we
found that the geometry is smooth there22. In order to further illuminate the geometry near 𝑟 = 2𝑀
we will explore it in other ways.

1.a Rindler spacetime near the horizon and surface gravity

Let us get closer to 𝑟 = 2𝑀 by taking

𝑟 − 2𝑀 ≃ 𝜉2

8𝑀
, (A.2)

with 𝜉 ≪
√
𝑀 .

• Prove that the metric becomes

𝑑𝑠2 ≃ − 𝜉2

16𝑀2 𝑑𝑡
2 + 𝑑𝜉2 + 4𝑀2𝑑Ω2 . (A.3)

The term for the 2-sphere with constant radius 2𝑀 is not important in what follows23. It is the (𝑡, 𝜉)
part of the metric that matters to us here: it is reminiscent of the plane in polar coordinates

𝑑𝑠2 = 𝜌2𝑑𝜙2 + 𝑑𝜌2 , (A.4)

and in fact it becomes of this form if we make the transformation 𝜙 → 𝑖𝑡/(4𝑀), 𝜌 → 𝜉. We know
that in this case 𝜌 = 0 is just a coordinate singularity, and we can remove it by changing to Cartesian
coordinates 𝑥 = 𝜌 cos 𝜙, 𝑦 = 𝜌 sin 𝜙. Following this lead, we perform the change of coordinates as

𝑋 = 𝜉 cosh(𝑡/(4𝑀)) , 𝑇 = 𝜉 sinh(𝑡/(4𝑀)) . (A.5)

• Show that the metric becomes

− 1
16𝑀2 𝜉

2𝑑𝑡2 + 𝑑𝜉2 = −𝑑𝑇2 + 𝑑𝑋2 . (A.6)

22It is not difficult to see that 𝑟 = 2𝑀 is also reached in finite proper time by timelike (particle) trajectories. The
so-called Painlevé-Gullstrand coordinates are adapted to radially in-falling particles and yield a metric that is manifestly
regular at 𝑟 = 2𝑀 .

23Strictly, since we are focusing on length scales much smaller than the sphere radius 2𝑀 , this sphere should be
approximated by a plane.

44



P
o
S
(
Q
G
-
M
M
S
c
h
o
o
l
s
)
0
0
4

Black holes in the classical and quantum world Roberto Emparan

Thus we see that the metric on the left, which is called Rindler spacetime, is locally equivalent to
2D Minkowski space. So even if the Rindler metric is singular at the horizon (𝜉 = 0), a simple
change of coordinates allows to extend it across the horizon as smoothly as in Minkowski space.

Notice that 𝑋2−𝑇2 = 𝜉2. Thus the horizon 𝜉 = 0 is manifestly a null surface in Minkowski (actually
two surfaces: 𝑇 ± 𝑋 = 0), and trajectories of constant 𝜉 ≠ 0 are hyperbolas, which we know are
trajectories of uniform acceleration equal to 1/𝜉. So Rindler spacetime is the geometry of observers
following trajectories of uniform acceleration. Of course we know that in order to hover at fixed 𝑟

above a black hole and not fall in it, you must accelerate away from it. We have found that, close to
the horizon, you are approximately a Rindler observer.

More generally, one can prove (see 1.b) that the geometry near a black hole horizon takes the form

𝑑𝑠2 ≈ −𝜅2𝑥2𝑑𝜏2 + 𝑑𝑥2 + 𝑟2
0𝑑Ω , (A.7)

where 𝜅 is a constant called the surface gravity of the horizon. For the Schwarzschild black hole
we have

𝜅 =
1

4𝑀
. (A.8)

𝜅 has dimensions of inverse time, which is like acceleration (in natural units 𝑐 = 1). Its operational
meaning is as follows: Imagine an observer at a large distance 𝑟 ≫ 2𝑀 , who is slowly lowering
towards the black hole a unit mass that is attached to the endpoint of a rope. As the mass is lowered,
the tension of the rope increases, and the observer must exert a stronger force to keep it in place.
When the horizon is approached, the tension of the rope near the mass diverges, but this tension is
redshifted (as can be seen from stress-energy conservation) upwards along the rope. As a result, to
hold the unit mass hovering right above the horizon, the observer at infinity must pull the rope with
a finite force equal to 𝜅.

1.b Surface gravity for static spherical black holes

Consider a static, spherically symmetric metric of the generic form

𝑑𝑠2 = − 𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑔(𝑟) + 𝑟2𝑑Ω . (A.9)

Assume that 𝑓 (𝑟) and 𝑔(𝑟) vanish linearly at 𝑟 = 𝑟0, i.e., 𝑓 (𝑟) = (𝑟 − 𝑟0) 𝑓 ′0 + O(𝑟 − 𝑟0)2 and
similarly for 𝑔(𝑟).

• Show that near 𝑟 = 𝑟0 they take the form of Rindler spacetime24

𝑑𝑠2 ≈ −𝜅2𝑥2𝑑𝜏2 + 𝑑𝑥2 + 𝑟2
0𝑑Ω , (A.10)

with
𝜅 =

1
2
√︁
𝑓 ′(𝑟0)𝑔′(𝑟0) . (A.11)

NB: horizons with 𝜅 ≠ 0 are called non-extremal, non-degenerate, or bifurcate horizons. Horizons
with 𝜅 = 0 (such as when 𝑓 and 𝑔 have double zeroes) are called extremal or degenerate, and they
require separate treatment.

24See footnote 23 again. The transverse space does not play any role in this analysis.
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1.c Outgoing Eddington-Finkelstein coordinates

In the Schwarzschild spacetime, argue that radially outgoing light rays are given by

𝑡 = 𝑟∗ + const (A.12)

where the tortoise coordinate 𝑟∗ is defined by

𝑑𝑟∗ =
𝑑𝑟��1 − 2𝑀

𝑟

�� . (A.13)

• Show that if we now introduce a new coordinate 𝑢 = 𝑡 − 𝑟∗, such that outgoing light rays are
𝑢 = const, and change coordinates (𝑡, 𝑟) → (𝑢, 𝑟), then the metric in these coordinates is regular at
𝑟 = 2𝑀 .

• Find that the equation for radial light rays is also solved by: 𝑟 = 2𝑀 (which are the light rays that
generate the horizon); and 𝑢 = −2𝑟∗ + const. Verify that the latter agrees with the solution that we
found using the coordinate 𝑣 = 𝑡 + 𝑟∗, i.e, 𝑣 = const.

• Draw the trajectories of these light rays in a diagram where the vertical axis is 𝑢 + 𝑟 (which at
large 𝑟 and 𝑡 approaches 𝑡) and the horizontal axis is 𝑟. Observe that, now, the outgoing light rays
𝑢 = const cross the horizon outwards, while the ingoing light rays 𝑢 = −2𝑟∗ + const never cross the
horizon, but only approach it asymptotically to the future. That is, light (and henceforth particles)
can escape from inside the horizon, but never enter it — precisely the opposite of what we found
earlier! What is going on here? (You are encouraged to try exercise 1.d for a fuller understanding).

1.d Kruskal coordinates

Change to null ingoing and outgoing coordinates (𝑡, 𝑟) → (𝑢 = 𝑡 − 𝑟∗, 𝑣 = 𝑡 + 𝑟∗) and examine
whether in (𝑢, 𝑣) coordinates the metric at 𝑟 = 2𝑀 is regular or not (Answer: it is not).

Try instead a related set of null coordinates (𝑈,𝑉), defined by

𝑈 = −2𝑀𝑒−𝑢/4𝑀 , 𝑉 = 2𝑀𝑒𝑣/4𝑀 , (A.14)

and, from them, introduce new time and space coordinates

𝑇 =
1
2
(𝑈 +𝑉) , 𝑋 =

1
2
(𝑈 −𝑉) . (A.15)

• Verify that, near 𝑟 = 2𝑀 , these coordinates become, up to constant factors, the same as the
(𝑇, 𝑋) coordinates we introduced above in the Rindler limit of the solution. Therefore, in these
coordinates, the horizon will be manifestly smooth.

• Write the Schwarzschild solution in terms of them, to find

𝑑𝑠2 = 8𝑀
𝑒−𝑟/2𝑀

𝑟

(
−𝑑𝑇2 + 𝑑𝑋2

)
+ 𝑟2𝑑Ω2 (A.16)

where 𝑟 (𝑇, 𝑋) is given implicitly by the relation

2𝑀 (𝑟 − 2𝑀)𝑒𝑟/2𝑀 = −𝑇2 + 𝑋2 . (A.17)
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The only singularity in these coordinates is at 𝑟 = 0. The geometry can then be smoothly (analyti-
cally) extended along all the horizons (future and past), resulting in the Kruskal maximal analytic
extension of the Schwarzschild solution. You can try to piece together all of the information we
have obtained above to try to draw a picture of the Kruskal geometry in the (𝑇, 𝑋) plane. (This
takes some work, but the result is rewarding).

NB: Although Kruskal coordinates help clarify the global nature of the maximal Schwarzschild
geometry, the implicit nature of (A.17) often makes them impractical. Eddington-Finkelstein
coordinates are usually the most efficient way of verifying horizon regularity.

Problem 2 Wave propagation in Schwarzschild spacetime

Consider the propagation of a massless scalar field in a spacetime of the form25

𝑑𝑠2 = − 𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓 (𝑟) + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2) . (A.18)

• Write down the form of the wave equation

2Φ ≡ ∇𝑖∇𝑖Φ =
1

√−𝑔 𝜕𝑖
(√−𝑔𝑔𝑖 𝑗𝜕 𝑗Φ

)
= 0 , (A.19)

(keep it in a compact form).

• Observe that the angular part is the same as in the wave equation in flat space, so the angular
dependence can be separated and solved by introducing the spherical harmonics 𝑌𝑙𝑚(𝜃, 𝜑). Then,
write the wave equation for the radial field modes 𝜙𝜔𝑙𝑚(𝑟) in the decomposition

Φ(𝑥𝜇) = 𝑒−𝑖𝜔𝑡𝑌𝑙𝑚(𝜃, 𝜑)𝜙𝜔𝑙𝑚(𝑟) . (A.20)

• We know that in flat space (which is approached as 𝑓 → 1) it is convenient to introduce a new
radial field variable 𝜓𝜔𝑙𝑚 defined as

𝜙𝜔𝑙𝑚 =
𝜓𝜔𝑙𝑚

𝑟
. (A.21)

In addition, for the propagation of massless excitations in the black hole background it is convenient
to introduce the tortoise coordinate 𝑟∗ defined as

𝑑𝑟∗ =
𝑑𝑟

𝑓 (𝑟) . (A.22)

With these changes, you must find an equation of the form

−𝜕2𝜓𝜔𝑙𝑚(𝑟∗)
𝜕𝑟2

∗
=
(
𝜔2 −𝑉𝑙 (𝑟)

)
𝜓𝜔𝑙𝑚(𝑟∗) , (A.23)

in terms of an effective potential 𝑉𝑙 (𝑟) (which you can leave expressed in terms of 𝑟 , with the
understanding that 𝑟 is a function of 𝑟∗).

25This is not the most general static spherical metric. Doing this exercise for the general case (A.9) is only a little
more involved.
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• For the Schwarzschild spacetime, with

𝑓 = 1 − 2𝑀
𝑟

, (A.24)

sketch the shape of potential 𝑉𝑙 vs. 𝑟∗/𝑀 for different values of 𝑙.

𝑉𝑙 is the effective radial potential that a massless scalar wave feels when propagating in this
background. We have mapped this problem to one of waves in a one-dimensional potential that
extends in the range 𝑟∗ ∈ (−∞, +∞). There are many questions that can be answered qualitatively
from the shape of this potential. For instance: argue that there are not any bound states of the scalar
field in the black hole background. This shows (at the perturbative level) that the black hole does
not admit ‘scalar hair’.

Problem 3 Rotating black holes

3.a Extension across the Kerr horizon

In the Kerr solution, change to Eddington-Finkelstein ingoing coordinates (𝑡, 𝜙) → (𝑣, 𝜙) as

𝑑𝑣 = 𝑑𝑡 + (𝑟2 + 𝑎2) 𝑑𝑟
Δ

, 𝑑𝜙 = 𝑑𝜙 + 𝑎
𝑑𝑟

Δ
. (A.25)

• Write the metric in coordinates (𝑣, 𝑟, 𝜃, 𝜙) and show that it is regular at the points 𝑟± where Δ = 0.

• Find the change to outgoing E-F coordinates (𝑡, 𝜙) → (𝑢, 𝜙) that allow to extend the metric across
the past horizon.

3.b Rotation parameters for stars, planets, and other objects

• Estimate, assuming rigid rotation, the dimensionless rotation parameter 𝑎∗ = 𝑎/𝑀 , which in
conventional units is 𝑎∗ = 𝑐𝐽/(𝐺𝑀2), for: (a) the Sun; (b) the Earth; (c) a rapidly rotating neutron
star, of mass ≃ 1.5𝑀⊙, radius ≃ 10 km and rotation period ≃ 1.5 ms; (d) a ball with radius 1 cm,
weight 1 g, spinning at 1 Hz.

• Comment on the results, in particular how/why they differ so much from the maximum value for
a Kerr black hole 𝑎∗ = 1.

3.c Superradiance

Consider a complex massless scalar field Φ, which satisfies the Klein-Gordon equation

∇𝜇∇𝜇Φ = 0 . (A.26)

For this field we can construct a current

𝐽𝜇 = 𝑖(Φ∇𝜇Φ
∗ −Φ∗∇𝜇Φ) , (A.27)

which gives the flux of the field (e.g., the flux of particles associated to the field, when it is
quantized).

• Show that this current is conserved when the Klein-Gordon equation is satisfied.
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Now scatter this field off a rotating black hole. Due to the symmetries of the Kerr metric and the
linearity of the Klein-Gordon equation, we can expand the field into modes and then consider them
individually, i.e.,

Φ = Φ𝜔𝑚(𝑟, 𝜃)𝑒−𝑖𝜔𝑡𝑒𝑖𝑚𝜙 . (A.28)

• Show that the flux 𝐹 across the horizon

𝐹 = −𝐽𝜇𝜉𝜇 , (A.29)

where 𝜉 is the horizon generator
𝜉 = 𝜕𝑡 +Ω𝐻𝜕𝜙 , (A.30)

is negative for modes satisfying 𝜔 < 𝑚Ω𝐻 . In other words, there is a positive flux of these modes
out of the horizon: they will reflect off the black hole with larger amplitude than they came in with.
This is called superradiance.

Problem 4 Entropy of the black holes in the Universe

The Bekenstein-Hawking entropy

𝑆𝐵𝐻 =
𝑐3

ℏ𝐺
A𝐻

4
(A.31)

is enormous for astrophysical black holes. Here we have taken Boltzmann’s constant 𝑘𝐵 = 1, so
temperatures are measured in units of energy and the entropy is dimensionless. Ignoring rotation
(which would only introduce corrections by factors of order one) we can write

𝑆𝐵𝐻 ≃ 1077
(
𝑀

𝑀⊙

)2
, (A.32)

where 𝑀⊙ = 2 × 1033 g is the mass of the Sun. In the following, we will try to obtain order-of-
magnitude estimates of the entropy of astrophysical black holes and compare it to the entropies of
other relevant systems. Our assumptions will be rather crude and may be off by one or even two
orders of magnitude, but the comparisons will still be significant.

4.a Entropy of a star

A very crude estimate (but sufficient for our purposes) of the entropy of the Sun is the following.
For an ideal gas of 𝑛 particles, the entropy is 𝑆 ∼ 𝑛. Regard the Sun as a ball of a gas of particles
of mass equal to the proton mass, 𝑚𝑝 ∼ 10−24g. What is then the entropy of the Sun? What is the
entropy of a black hole of the same mass?

4.b Entropy of a galaxy

Estimate in the same manner the entropy of the galaxy from the following sources:

1. Luminous matter (stars), if the luminous mass in the galaxy is 𝑀galaxy ∼ 1011𝑀⊙.

2. Central black hole. Our galaxy contains a central black hole with mass 𝑀• ≃ 4 × 106𝑀⊙.

3. Stellar-mass black holes. The number of black holes of stellar mass ∼ 𝑀⊙ in the galaxy is
estimated to be ∼ 108.

Which of these three contributions to the entropy of the galaxy is the largest?
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4.c Entropy of the Universe

Estimate the following contributions to the entropy of the Universe:

1. Luminous matter (stars in galaxies): take the radius of the Universe to be ∼ 1010 ly (ly =

light year), and consider that each galaxy occupies a sphere of radius ∼ 105 − 106 ly, with
our galaxy being a typical galaxy.

2. Cosmic microwave background radiation at 𝑇 ∼ 3K ∼ 10−4eV. The entropy of a gas of
photons at temperature 𝑇 in a volume 𝑉 is 𝑆 ∼ 𝑉𝑇3 (with ℏ = 1 = 𝑐). (Hint: write 𝑇 in terms
of the wavelength of the radiation).

3. Entropy in black holes at galactic centers. Assume that each galaxy has a central black hole
of mass ∼ 106 − 109𝑀⊙.

You must have found that the total entropy of the Universe is overwhelmingly dominated by black
hole entropy. The only known entropy that is larger is that of the cosmological horizon.
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