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1. Overview

This talk presents our recent results[1] for 𝐼 = 1
2 ,

3
2 𝑁𝜋 scattering amplitudes including the

Δ(1232) resonance using the D200 ensemble from the Coordinated Lattice Simulations (CLS)
consortium with 𝑚𝜋 = 200 MeV and 𝑁 𝑓 = 2+ 1 dynamical fermions, as well as preliminary results
from our ongoing study[2] of the 𝐾∗

0 (700) and 𝑎0(980) meson resonances. The importance of
including a local three-quark Δ operator in our 𝑁𝜋 studies and a tetraquark operator in studies of
the above mesonic systems is demonstrated and highlighted.

To obtain two-hadron to two-hadron scattering amplitudes and resonance information in lattice
QCD, the first step is to compute the finite-volume (FV) energy spectra in the relevant channels
of interest involving the scattered hadrons. Once the FV spectra are obtained, the elements of the
infinite-volume two-hadron to two-hadron scattering 𝐾-matrix must be appropriately parametrized,
then best fit values of the parameters are obtained using the Lüscher quantization condition[3–6].
Details of this entire procedure can be found in Ref. [1]. Our implementation of the Lüscher method
uses the “box matrix” 𝐵 introduced in Ref. [7], along with the scattering 𝐾-matrix. In this talk, we
focus on the first step, extracting the FV spectra, highlighting the importance of using judiciously
chosen interpolating operators.

2. Finite-volume spectra

In lattice QCD, FV energy spectra are retrieved from matrices of temporal correlations
𝐶𝑖 𝑗 (𝑡) = ⟨0|O𝑖 (𝑡 + 𝑡0)O 𝑗 (𝑡0) |0⟩, where O𝑖 (𝑡) denotes the 𝑖-th interpolating operator constructed
from quark and gluon fields to create single- and multi-hadron states having appropriate transforma-
tion properties. In finite volume, stationary-state energies are discrete, so by inserting a complete
set of states, the correlators can be expressed in terms of the energies using

𝐶𝑖 𝑗 (𝑡) =
∞∑︁
𝑛=0

𝑍
(𝑛)
𝑖
𝑍
(𝑛)∗
𝑗

𝑒−𝐸𝑛𝑡 , 𝑍
(𝑛)
𝑗

= ⟨0| 𝑂 𝑗 |𝑛⟩, (1)

ignoring negligible effects from the temporal boundary. Given the large number of complex-valued
overlap factors in the above equation, it is not practical to do simultaneous fits to the entire 𝐶 (𝑡)
matrix, so instead, we carry out separate fits to each of the diagonal elements of the matrix 𝐶 (𝑡)
obtained using a single-pivot rotation[8–10]

𝐶 (𝑡) = 𝑈† 𝐶 (𝜏0)−1/2 𝐶 (𝑡) 𝐶 (𝜏0)−1/2 𝑈, (2)

where the columns of𝑈 are the eigenvectors of 𝐶 (𝜏0)−1/2𝐶 (𝜏𝐷) 𝐶 (𝜏0)−1/2, determined by solving
a generalized eigenvector problem (GEVP). We choose 𝜏0 and 𝜏𝐷 large enough so that𝐶 (𝑡) remains
diagonal for 𝑡 > 𝜏𝐷 and such that the extracted energies are insensitive to increases in these
parameters. Typically, two-exponential fits to the diagonal elements 𝐶𝛼𝛼 (𝑡) yield the energies 𝐸𝛼
and overlaps 𝑍 (𝑛)

𝑗
. However, a variety of other fits are often employed as cross-checks, as detailed

in, for example, Ref. [1].
Since stochastic estimates of 𝐶𝑖 𝑗 (𝑡) are obtained using the Monte Carlo method and the signal-

to-noise ratios of such estimates degrade quickly with 𝑡, it is very important to use judiciously
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Table 1: Lattice dimensions, masses of the pion, kaon, and nucleon, decay constants of the pion and kaon,
and number of configurations for the 𝑁𝜋 scattering analysis (taken from Ref. [1])

𝑎[fm] (𝐿/𝑎)3 × 𝑇/𝑎 𝑁meas 𝑎𝑚𝜋 𝑎𝑚K 𝑎 𝑓𝜋 𝑎 𝑓K 𝑎𝑚N
0.0633(4)(6) 643 × 128 2000 0.06617(33) 0.15644(16) 0.04233(16) 0.04928(21) 0.3148(23)

constructed operators 𝑂 𝑗 (𝑡) to maximize 𝑍 factors for the states of interest and minimize those
for unwanted higher-lying states in order to reliably reveal the low-lying energies. Our operator
construction is detailed in Refs.[11, 12]. Individual hadron operators are constructed using basic
building blocks which are covariantly-displaced LapH-smeared quark fields[13] with stout link
smearing[14]. Our hadron operator construction is very efficient and generalizes to three or more
hadrons. Note that to speed up our computations to achieve the statistics needed for extracting
the low-lying energies required for our meson-baryon scattering studies, we have not included any
single hadron operators with quarks that are displaced from one another in the Δ study. Including
multi-hadron operators in our correlation matrices requires the use of time-slice to time-slice quark
propagators. To make the calculations feasible, we resort to employing stochastic estimates of such
quark propagators. The stochastic LapH method[13] is used.

If the 𝑁 lowest-lying energies in a particular symmetry channel are needed, a correlation matrix
using at least 𝑁 interpolating operators must be evaluated. To improve the energy extractions, more
than 𝑁 operators are usually required to help remove contamination from levels above the lowest
𝑁 states. A crucial point, however, is that in practice, for each of the 𝑁 lowest-lying energies, an
operator should be present which produces a state having significant overlap with the eigenstate
associated with that energy. Without such an operator set, the limited temporal range of the
correlations which can be reliably estimated due to the limited statistics possible with current
Monte Carlo methods can lead to missed energy levels.

For each symmetry channel of interest specified by a total momentum and an irreducible
representation (irrep) of its little group, a basic set of operators to use should include operators
that contain the incoming particles as well as operators that contain the outgoing particles of the
scattering process in all of the allowed individual momenta and in spin/orbital combinations that
transform according to the irrep of the channel. Determining if other operators are also needed and
what those operators should be is an important issue.

3. 𝚫 resonance

Our study of 𝑁𝜋 scattering has appeared in Ref [1], and the details of the CLS D200 Monte
Carlo ensemble are given in Table 1. A comparison of our results with other recent works for
scattering lengths and the Δ resonance mass and its width parameter is shown in Fig. 1.

What was not included in Ref [1] was a deeper study of the effect of the local three-quark
Δ operator on our ability to extract the FV spectrum. The left panel of Fig. 2 reveals that the
three-quark Δ operator is crucial for reliably determining the FV spectrum. This plot shows the
spectrum extracted with all possible 𝑁𝜋 operators and with and without including the Δ operator.
Excluding this operator causes us to miss an energy level, as well as making our determinations of
nearby energies less reliable. To separate out levels 1 and 2, both the 𝜋(1)𝑁 (0)0 and the Δ operator

3
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Figure 1: Comparison of our results (green) with other recent works for the (left) 𝐼 = 1/2 and 𝐼 = 3/2
scattering lengths, 𝑎1/2

0 and 𝑎3/2
0 and the (right) Breit-Wigner mass, 𝑚Δ and the coupling 𝑔Δ𝑁 𝜋 from leading-

order effective field theory.

are needed. The integers in the parentheses indicate 𝒅2 of the particle, where the momentum of
the particle is 𝒑 = 2𝜋𝒅/𝐿, and the subscript 0 in the 𝑁𝜋 operator denotes one particular Clebsch-
Gordan combination of the baryon-meson fields. The middle and right plots of Fig. 3 show the
overlaps onto levels 1 and 2 of the 𝜋(1)𝑁 (0)0 operator and the Δ operator. Without the Δ operator,
levels 1 and 2 cannot be separated out since their energies are so close and overlaps of these two
levels with the states created by all other operators are negligible. The overlaps onto these two states
get combined into a single overlap factor for the 𝜋(1)𝑁 (0)0 operator, as shown in the left plot of
Fig. 3.

4. K∗
0, a0 study

We have also studied the isodoublet strange 𝐴1𝑔 (0) channel, which should contain the 𝐾∗
0 (700)

resonance, as well as the isotriplet nonstrange 𝐴−
1𝑔 (0) channel, which should contain the 𝑎0(980)

resonance. In the irrep notation, the zero in parentheses indicates a channel of zero total momentum,
the subscript 𝑔 refers to even parity, and the superscript − indicates odd 𝐺-parity. The ensemble
details for our study are given in Tab. 2. Note that to achieve reliable quantitative studies of the
𝐾∗

0 (700) and 𝑎0(980) resonances, a variety of channels having different total momenta is needed
to map out the resonance features. Here, our goal is more qualitative to focus on the importance
of so-called tetraquark operators for extracting the FV spectra. Hence, we limit our attention to
channels having only zero total momentum.

In the isodoublet channel, we include three quark-antiquark extended operators in which the
quark is displaced in some way from the antiquark. Four 𝐾𝜋 operators are used, and two 𝐾[ and
two 𝐾𝜙 operators are also included. Here, [ refers to an isosinglet operator having flavor structure
𝑢𝑢 + 𝑑𝑑, and 𝜙 refers to an isosinglet operator having flavor structure 𝑠𝑠. In the isotriplet channel,
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Figure 2: Effects on energy spectrum extractions when missing an important interpolating operator. (Left)
Isoquartet 𝑁𝜋 channel 𝐺1 (1) irrep with and without the local three-quark Δ operator. (Center) Isodoublet
strange channel 𝐴1𝑔 (0) irrep with and without the tetraquark operator. (Right) Isotriplet nonstrange channel
𝐴−

1𝑔 (0) irrep with and without the tetraquark operator. The degree of fill of the plot symbols represents the
relative magnitude of the corresponding exotic (Δ or TQ) operator overlaps with those levels.
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Figure 3: Isoquartet 𝜋(1)𝑁 (0)0 operator overlap factors without (left) and with (center) the Δ operator
included in the correlation matrix. (Right) Δ operator overlap factors. Magnitudes are normalized within
each plot and level number ordering is based on increasing final energy fit values of the spectrum including
the Δ operator.

two extended quark-antiquark operators are used, four 𝐾𝐾 operators are used, and three 𝜋[ and
three 𝜋𝜙 operators are also included.

Some past works have suggested that these resonances might require tetraquark operators to be
investigated reliably[15, 16]. To test this, we designed and implemented a large variety of tetraquark
operators. Several hundred tetraquark operators of different spatial and orbital structure, as well as
different flavor structure, were studied. All of our tetraquark operators are constructed out of two
quarks and two antiquarks. Although the color structure is very similar to that of a meson-meson
operator, the individual color-contracted quark-antiquark pairs in a tetraquark are not each formed
with a separate individual well-defined momentum nor does each pair transform irreducibly under
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Table 2: Details of the ensemble used for our meson-meson analysis. 𝑎𝑠 and 𝑎𝑡 are the spacial and temporal
lattice spacing, b = 𝑎𝑠/𝑎𝑡 is the anisotropy, 𝐿/𝑎𝑠 and 𝑇/𝑎𝑡 represent total lengths of the lattice in the spacial
and temporal directions, 𝑁meas is the number of configurations sampled, and 𝑎𝑡𝑚𝜋 and 𝑎𝑡𝑚𝐾 are the pion
and kaon masses in lattice units.

𝑎𝑡 [fm] b sa (𝐿/𝑎𝑠)3 × 𝑇/𝑎𝑡 𝑁meas 𝑎𝑡𝑚𝜋 𝑎𝑡𝑚K
0.033357(59) 3.451(11)sa 323 × 256 412 0.06617(33) 0.15644(16)
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Figure 4: Overlap factors for the single-site isodoublet strange 𝑠𝑢𝑠𝑠 tetraquark operator (left) and single-site
isosinglet nonstrange 𝑢𝑢𝑑𝑢 tetraquark operator (right).

any symmetry except color. Only the full combination of the two quark-antiquark pairs is formed
with well defined momentum and spin/orbital transformation properties.

As described in Refs. [2, 17], in each of the isodoublet and the isotriplet channels, a spectrum
was first extracted using all of the meson and meson-meson operators, but excluding any tetraquark
operators. Secondly, low-statistics spectra were extracted using all of the meson and meson-meson
operators while including one tetraquark operator. This was done for all of the hundreds of tetraquark
operators devised using 25 configurations. Most of the tetraquark operators did not result in an
additional low-lying energy level, but in both the isodoublet and isotriplet cases, about a dozen
or so tetraquark operators did yield an additional level. Thirdly, choosing only from the subset
of tetraquark operators that did create an additional level, we extracted spectra for operator sets
which included two tetraquark operators, again using only 25 gauge-field configurations. For all
combinations of two tetraquark operators in the subsets retained, we never found that two additional
levels were extracted. Next, we chose a single tetraquark operator that we viewed worked the best
to extract the FV spectrum in each of the isotriplet and isodoublet channels. The flavor structures
of the chosen best tetraquark operators are 𝑠𝑢𝑠𝑠 and 𝑢𝑢𝑑𝑢 in the isodoublet and isotriplet channels,
respectively. Complete details of these operators are available upon request. In each channel, high
statistics estimates of the correlation matrix elements were finally obtained involving all of the
meson and meson-meson operators, as well as the selected best tetraquark operator.
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Table 3: Preliminary results for the scattering amplitude fit parameters for the ^ and 𝑎0 resonance channels.
𝑁TQO is the number of tetraquark operators included in the correlation matrix of the analysis. The column
labelled ‘equation’ indicates the equation used for the fit. 𝑚𝐾 is the mass of the kaon, and 𝐴1, 𝑠0, 𝑎0, and 𝑎1
are the fit parameters shown in Eq. (3) or (4). The 𝜒2/d.o.f. indicates the fit quality.

channel 𝑁TQO equation 𝐴1 𝑠0 𝑚𝐾𝑎0 𝑚𝐾𝑎1 𝜒2/d.o.f.
^ 1 3 1.7(7) 4.42(24) 6.1(3.6) 3.08/(6 − 3)
^ 0 3 -0.20(18) 10(5) -0.3(5) 5.81/(5 − 3)
𝑎0 1 4 2.1(5) -1(3) 1.54/(3 − 2)
𝑎0 0 4 -0.1(1.9) -0.1(1.9) 2.67/(3 − 2)

In the same way that we analyzed the Δ operator in the isoquartet nonstrange 𝑁𝜋 scattering
channel, we analyzed the effect of including the tetraquark operators on our ability to extract the
FV spectrum for these mesonic scattering channels. The results are shown in Fig. 2. The extracted
spectra with and without the tetraquark operators are shown in the center plot of Fig. 2 for the
isodoublet strange channel, and in the right plot for the isotriplet nonstrange channel. In both cases,
the presence of an additional level is clearly observed when including the tetraquark level. Overlaps
factors for the tetraquark operators are shown in Fig. 4. Note that several quark-antiquark operators
are used in each channel, and a large number of meson-meson operators are used. It seems that it is
not possible to produce this additional level using more and more single and two-meson operators.
Also, each additional level lies well below the thresholds for three-meson and four-meson energies,
so it seems very unlikely that three-meson and four-meson operators could produce the additional
levels.

Again, to reliably obtain information on the 𝐾∗
0 (700) and 𝑎0(980) resonances, FV channels

involving a variety of nonzero total momenta are needed. However, it is still a useful exercise to
perform a Lüscher analysis using just the zero momentum channels. For this qualitative analysis,
the following simple parametrizations in terms of the Mandelstam variable 𝑠 are used:

�̃�−1(𝑠) = diag(−𝐴1(𝑠 − 𝑠0), 1/𝑎1), (3) �̃�−1(𝑠) = diag(1/𝑎0, 1/𝑎1), (4)

where 𝐾 is related to the 𝐾-matrix by the removal of simple threshold factors. Preliminary results
for the 𝐾∗

0 (700) fits using the 5 lowest levels from the spectrum without the tetraquark operators
and then the lowest 6 levels with the tetraquark operators are presented in Table 3, and the resulting
phase-shift determinations are shown in Fig. 5. It is clear from this plot that with the tetraquark
operator, the characteristic behavior of a resonance is seen, and without the tetraquark operator,
there appears to be no resonance whatsoever. Similarly, no resonances were found in Refs. [18, 19]
which used no tetraquark operators. Looking at the fit qualities, the fit that includes the tetraquark
operator is preferred.

The preliminary results for the 𝑎0(980) channel were not as constrained due to the low quality
of the FV fits and only 3 levels were used for either fit. With the tetraquark operator, the fit produces
a virtual bound state, and without the tetraquark operator, no virtual bound state is produced. The
results of these fits are in Table 3, and based on the fit quality, the fit that includes the tetraquark
operator is preferred here as well.
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Figure 5: Preliminary results for the ^ resonance 𝑠-wave phase shift against the center-of-mass energy over
the kaon mass, 𝑚𝐾 , calculated using the operator set with and without the tetraquark operator.

5. Conclusion

A second look at the 𝑁𝜋 scattering channel verifies the well-known importance of using a
three-quark Δ operator, in addition to the 𝑁𝜋 operators, in order to reliably extract the finite-volume
spectra in any study of the Δ(1232) resonance. Similarly, our findings point to the surprising fact
that any study of the 𝐾∗

0 (700) and 𝑎0(980) resonances using the Lüscher formalism should take
tetraquark operators into account to reliably obtain the needed finite-volume spectra.
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