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Motivated by attempts to quantum simulate lattice models with continuous Abelian symmetries
using discrete approximations, we study an extended-O(2) model that differs from the ordinary
O(2) model by the addition of an explicit symmetry breaking term. Its coupling allows to smoothly
interpolate between the O(2) model (zero coupling) and a 𝑞-state clock model (infinite coupling).
In the latter case, a 𝑞-state clock model can also be defined for noninteger values of 𝑞. Thus,
such a limit can also be considered as an analytic continuation of an ordinary 𝑞-state clock model
to noninteger 𝑞. In previous work, we established the phase diagram of the model in the infinite
coupling limit. We showed that for noninteger 𝑞, there is a second-order phase transition at low
temperature and a crossover at high temperature. In this work, we establish the phase diagram at
finite values of the coupling using Monte Carlo and tensor methods. We show that for noninteger
𝑞, the second-order phase transition at low temperature and crossover at high temperature persist to
finite coupling. For integer 𝑞 = 2, 3, 4, there is a second-order phase transition at infinite coupling
(i.e. the clock models). At intermediate coupling, there are second-order phase transitions, but
the critical exponents vary with the coupling. At small coupling, the second-order transition for
𝑞 = 4 may turn into a BKT transition.
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1. Introduction

Studying quantum field theories at finite density and real time is an extremely hard problem for
classical computers. Conventional methods suffer from severe sign problems which make real-time
dynamics completely out of reach unless we use a new approach such as quantum simulation. As
a first step, we might consider low-dimensional Abelian models such as the Abelian-Higgs model
in (1 + 1) dimensions which can in principle be mapped to a Rydberg ladder simulator [1–4]. The
Abelian-Higgs model reduces to the classical O(2) model in the limit of infinite self-coupling and
zero gauge coupling. Thus the analog simulation of an O(2)-like model may be a good first step
toward the simulation of the Abelian-Higgs model.

For a lattice gauge theory, the continuous gauge degrees of freedom give rise to an infinite-
dimensional Hilbert space at each link, and this poses a problem for quantum simulation in practice.
One possibility is to truncate the Hilbert space at each link in some controlled manner that preserves
some of the symmetries of the field. For example, in the Abelian-Higgs model, the U(1) gauge fields
may be approximated with Z𝑞 discrete degrees of freedom. To optimize such an approximation
it will be useful to have a continuous family of models that interpolate among the various Z𝑞
approximations.

We study the effect of explicitly broken symmetries in classical O(2) spin systems in (1 + 1)
dimensions by adding a symmetry-breaking term −ℎ𝑞

∑
𝑥 cos(𝑞𝜑𝑥) to the action of the ordinary

O(2) model. When ℎ𝑞 > 0, the O(2) symmetry is broken down to a Z𝑞 symmetry, and in the limit
ℎ𝑞 → ∞, the 𝑞-state clock models are recovered. When 𝑞 is noninteger, the Z𝑞 symmetry is further
reduced to a Z2 symmetry. The symmetry-breaking term allows to continuously interpolate between
the O(2) model (ℎ𝑞 = 0) and the 𝑞-state clock models (ℎ𝑞 → ∞) by varying ℎ𝑞 and to continuously
interpolate between different clock-like models by fixing ℎ𝑞 and varying 𝑞. By establishing the phase
diagram of this model, we may gain some insight into the challenges faced in approximating U(1)
gauge fields with Z𝑞 discrete degrees of freedom. Early results suggested a phase diagram similar
to that found in Rydberg atom chains, however, this was not supported by further investigation.
The model is studied using both Monte Carlo (MC) and tensor renormalization group (TRG)
methods—serving as a playground for the development of tensor methods and highlighting some of
the advantages and disadvantages of these two approaches. More details of this study can be found
in our recently posted preprint [5].

2. The Extended-O(2) Model

We consider a classical spin system in (1 + 1) dimensions with energy function

𝑆 = −
∑︁
𝑥,𝜇

cos(𝜑𝑥+�̂� − 𝜑𝑥) − ℎ𝑞

∑︁
𝑥

cos(𝑞𝜑𝑥), (1)

We call this the “Extended-O(2)” model since it is formed by adding a symmetry-breaking term
−ℎ𝑞

∑
𝑥 cos(𝑞𝜑𝑥) to the ordinary O(2) model. The two-component unit vector sitting on the lattice

site 𝑥 is parameterized with a single angle 𝜑𝑥 ∈ [0, 2𝜋). The partition function is

𝑍 =

∫ 2𝜋

0

∏
𝑥

𝑑𝜑𝑥

2𝜋
𝑒−𝛽𝑆 . (2)

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
2
2
3

Symmetry breaking and clock model interpolation in 2D classical O(2) spin systems Leon Hostetler

β?
2 3 4 5 6q

hq
hq = 0

hq = ∞

Figure 1: The uncompleted phase diagram of the Extended-O(2) model [6]. At ℎ𝑞 = 0, the model reduces
to the ordinary O(2) model for all values of 𝑞, with a disordered phase at small 𝛽, a BKT transition near
𝛽𝑐 = 1.12, and a critical phase at 𝛽 ≥ 𝛽𝑐. For ℎ𝑞 → ∞, the model reduces to the 𝑞-state clock model.
For 𝑞 = 2, 3, 4, there is a second-order phase transition, and for integer 𝑞 ≥ 5, there seem to be two BKT
transitions. For noninteger values of 𝑞, we find a second-order phase transition of the 2D Ising universality
class. The goal of the present work is to establish the phase diagram for this model at finite ℎ𝑞 .

The Extended-O(2) model has two continuously tunable symmetry-breaking parameters 𝑞 and ℎ𝑞.
When ℎ𝑞 = 0, it reduces to the ordinary O(2) model, but when ℎ𝑞 > 0, the 𝑂 (2) symmetry is
broken down to a Z𝑞 symmetry, and the system starts to behave like a clock model. In the limit
ℎ𝑞 → ∞, the angles are forced into the clock angles

0 ≤ 𝜑 =
2𝜋𝑘
𝑞

< 2𝜋. (3)

For integer 𝑞, the result is the ordinary 𝑞-state clock model. For noninteger 𝑞, this defines an
interpolation of the clock model to noninteger values of 𝑞. We previously characterized the phase
diagram of this model in the clock model limit (ℎ𝑞 → ∞) [6, 7]. See Fig. 1. For noninteger values
of 𝑞, the Z𝑞 symmetry is reduced to a Z2 symmetry, and we find a single phase transition of the 2D
Ising universality class.

The goal of the present work is to establish the phase diagram of the Extended-O(2) model at
finite ℎ𝑞. Specific cases of this model for finite ℎ𝑞 and integer 𝑞 have been studied before. The
model with 𝑞 = 2, 3, 4 seems to be of particular interest. For ℎ𝑞 → ∞, these are the 𝑞-state clock
models with a second-order phase transition. In particular, 𝑞 = 2, 4 are of the 2D Ising universality
class. At finite ℎ𝑞, there is some evidence that the critical exponents for 𝑞 = 2, 3, 4 vary with ℎ𝑞, i.e.
there are second-order phase transitions but they are no longer in the same universality class as the
clock models [8–12]. There is also some evidence that these turn into BKT transitions at sufficiently
small but positive ℎ𝑞 [9, 13], although there are others who disagree [14, 15]. In this work, we
study the model at finite ℎ𝑞 using MC and TRG across a wide range of integer and noninteger 𝑞 to
characterize the phase diagram. Preliminary findings were presented in [16]. In the present work,
we were able to confirm that for 𝑞 = 3, 4, the critical exponents vary with ℎ𝑞. We find evidence
that the second-order transition for 𝑞 = 4 turns into a BKT transition at small but finite ℎ𝑞. For
noninteger 𝑞, the model at finite ℎ𝑞 appears to be the same as the model in the ℎ𝑞 → ∞ limit. That
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is, there is a single second order transition of the 2D Ising class. More details can be found in the
Ph.D. thesis [17] and in the recently posted preprint [5].

We measure the specific heat

𝐶𝑉 =
−𝛽2

𝑉

𝜕⟨𝐸⟩
𝜕𝛽

=
𝛽2

𝑉
(⟨𝐸2⟩ − ⟨𝐸⟩2), (4)

where the internal energy is defined to be ⟨𝐸⟩ = ⟨𝑆⟩, and ⟨. . . ⟩ denotes the ensemble average and
𝑉 = 𝐿2 is the lattice volume. For the MC simulations, we use zero external magnetic field, and
measure a proxy magnetization

⟨| ®𝑀 |⟩ =
〈�����∑︁

𝑥

®𝑆𝑥

�����
〉
. (5)

where ®𝑆𝑥 is the two-component unit vector sitting at the lattice site 𝑥. The corresponding magnetic
susceptibility is

𝜒| ®𝑀 | =
1
𝑉

(
⟨| ®𝑀 |2⟩ − ⟨| ®𝑀 |⟩2

)
, (6)

and the Binder cumulant is

𝑈 | ®𝑀 | = 1 − ⟨| ®𝑀 |4⟩
3⟨| ®𝑀 |2⟩2

. (7)

We also measure the structure factor

𝐹 ( ®𝑝) = 1
𝑉

〈�����∑︁
𝑗

𝑒−𝑖 ®𝑝 · ®𝑥 𝑗 ®𝑆 𝑗

�����2
〉
, (8)

where ®𝑥 𝑗 is the 2-component Cartesian vector corresponding to the 𝑗 th lattice site. We considered
momenta ®𝑝 = 2𝜋®𝑛/𝐿, with ®𝑛 ∈ {(0, 0), (1, 0), (2, 0), . . . , (𝐿/2, 0)}.

3. Phase Diagram at Finite-ℎ𝑞

As a first step, we measured several observables across a large range of the parameter space.
In Fig. 2 (top row), we show heatmaps from TRG of the specific heat at ℎ𝑞 = 1.0 and ℎ𝑞 = 0.1.
Since the specific heat often diverges at a critical point, such a heatmap can serve as a proxy for
the phase diagram. We see smooth connecting lines even across integer values of 𝑞, suggesting a
phase diagram where the discontinuities seen for ℎ𝑞 → ∞ (see Fig. 1) become smooth curves for
finite ℎ𝑞. These heatmaps are reminiscent of the phase diagram of a quantum simulator composed
of Rydberg atoms [18, 19]—a system which also has several continuously tunable parameters and
exhibits various Z𝑞 symmetries. However, a look at the entanglement entropy, Fig. 2 (bottom row),
suggests a different picture with obvious discontinuities at integer values of 𝑞.
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Figure 2: In the top row we show heatmaps from TRG of the specific heat for the Extended-O(2) model
at finite ℎ𝑞 . These serve as a proxy for the phase diagram and suggest smoothly connected lines in the
phase diagram. However, the entanglement entropy (bottom row) shows discontinuities at integer values of
𝑞 reminiscent of the phase diagram in the limit ℎ𝑞 → ∞. Each pixel in this figure is from a TRG calculation
performed with 𝐿 = 1024 and bond dimension 40.

To establish the actual phase diagram we completed a finite-size scaling analysis with the
following fit forms:

𝑑𝑈 | ®𝑀 |
𝑑𝛽

�����
𝑚𝑎𝑥

= 𝑈0 +𝑈1𝐿
1/𝜈 (9)

𝐶𝑉 |𝑚𝑎𝑥 = 𝐶0 + 𝐶1𝐿
𝛼/𝜈 (10)

⟨| ®𝑀 |⟩
���
𝑖𝑛 𝑓 𝑙

= 𝑀0 + 𝑀1𝐿
−𝛽/𝜈 (11)

𝜒| ®𝑀 |

���
𝑚𝑎𝑥

= 𝜒0 + 𝜒1𝐿
𝛾/𝜈 (12)

𝐹 ( ®𝑝) |𝑚𝑎𝑥 = 𝐹0 + 𝐹1𝐿
2−𝜂 , (13)

where |𝑚𝑎𝑥 means evaluated at the maximum and |𝑖𝑛 𝑓 𝑙 means evaluated at the inflection point.
When 𝛼 = 0, as it is for transitions of the 2D Ising universality class, Eq. (10) is modified to

𝐶𝑉 |𝑚𝑎𝑥 = 𝐶0 + 𝐶1 ln 𝐿. (14)

For noninteger 𝑞, we generally see two peaks in a plot of the specific heat versus 𝛽. In previous
work [6, 7], we found that in the ℎ𝑞 → ∞ limit, the peak at small 𝛽 is associated with a crossover,
whereas the peak at larger 𝛽 is associated with an Ising phase transition. In the present work, we
consider the same noninteger values of 𝑞 but now at finite ℎ𝑞. For noninteger 𝑞, the explicitly
broken Z𝑞 symmetry caused difficulties for the MC approach resulting in large autocorrelations
which made a finite-size scaling analysis impractical with that approach. With TRG there were no
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𝑞 ℎ𝑞 𝜈 𝛼 𝛽 𝛾 𝜂

2 0.1 1.044(53) 0.021(18) 0.319(94) 1.859(96) 0.287(13)
2 1.0 1.022(71) -0.010(16) N/A 1.78(12) 0.251(14)
3 0.1 0.658(24) 0.354(35) N/A 1.291(45) 0.3651(93)
3 1.0 0.809(26) 0.311(21) N/A 1.411(36) 0.295(16)
4 0.1 2.49(89) -0.30(12) 0.76(87) 4.3(1.5) 0.2570(85)
4 1.0 1.20(14) -0.162(19) 0.78(61) 2.09(24) 0.2532(93)
5 0.1 N/A N/A N/A N/A 0.2716(72)
5 1.0 N/A N/A N/A N/A 0.2653(94)
6 0.1 N/A N/A N/A N/A 0.2880(86)
6 1.0 N/A N/A N/A N/A 0.2654(92)

Table 1: The first two columns refer to the model parameters, and the remaining columns list the critical
exponents obtained for the model. They are obtained via the finite-size-scaling ansätze given in Eq. (9)–(14).
Some exponents could not be extracted reliably from our data. For 𝑞 = 5, 6, we were able to obtain good
estimates only for the exponent 𝜂. This is because 𝑞 = 5, 6 have infinite order BKT transitions for which 𝜈

is not well defined, and our method of extracting the bare exponents listed here depends on an estimate of 𝜈
obtained via Eq. (9). This may also be why we see large error bars for the case 𝑞 = 4, ℎ𝑞 = 0.1, which we
argue in the main text shows characteristics of a BKT rather than a second-order transition. Note, for 𝑞 = 5, 6
there are two phase transitions. The results listed here refer to the transition at high temperature.

such problems, and we studied the specific heat and magnetic susceptibility for some representative
values of 𝑞 on lattices up to 𝐿 = 1024. For sufficiently large volumes, we find that the magnetic
susceptibility plateaus for the small-𝛽 peak—implying a crossover—whereas for the large-𝛽 peak
the susceptibility and specific heat diverge with critical exponents of the 2D Ising universality class.
We conclude that the phase diagram for noninteger 𝑞 in the clock model limit (ℎ𝑞 → ∞) persists to
finite ℎ𝑞 > 0.

For integer 𝑞 the model retains a rotational symmetry and the autocorrelations in the MC
approach remain manageable. A biased Metropolis heatbath algorithm was used with saved mea-
surements separated by 26 or more discarded measurements. Any remaining autocorrelation was
removed by binning the observables. We studied the model with 𝑞 = 2, 3, 4, 5, 6, ℎ𝑞 = 0.1, 1, and
with lattice sizes up to 𝐿 = 256. Using the FSS fit forms given in Eq. (9)–(14), we extracted the
exponents 1/𝜈, 𝛼/𝜈, −𝛽/𝜈, 𝛾/𝜈, and 2−𝜂 and used them to estimate the critical exponents 𝜈, 𝛼, 𝛽, 𝛾,
and 𝜂. In the clock model limit (ℎ𝑞 → ∞), there is a second-order phase transition when 𝑞 = 2, 3, 4
and a pair of BKT transitions when 𝑞 ≥ 5. In particular, for 𝑞 = 2, 4, the transition is of the 2D
Ising class. We start with the assumption that the same critical behavior persists to finite ℎ𝑞.

At finite ℎ𝑞, we find for 𝑞 = 5, 6 two phase transitions consistent with BKT as in the ℎ𝑞 → ∞
limit. Near both critical points, the magnetic susceptibility diverges with increasing volume whereas
the specific heat plateaus. Fits to Eq. (9) were unstable, and so we were unable to extract a reliable
estimate for the critical exponent 𝜈. This is because for BKT transitions the exponent 𝜈 is not well
defined. This also meant we were unable to estimate the bare exponents 𝛼, 𝛽, and 𝛾. Our estimates
for 𝜂 are shown in Table 1. For 𝑞 = 3, 4, we find that at intermediate ℎ𝑞 there is a second-order phase
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Figure 3: Here we present two-dimensional scenarios of the full three-parameter phase diagram for small
ℎ𝑞 (left panel) and intermediate ℎ𝑞 (right panel). At intermediate ℎ𝑞 , we see the same general picture as we
see in the limit ℎ𝑞 → ∞ (see Fig. 1). That is, for noninteger 𝑞, there is a crossover at small 𝛽 and an Ising
phase transition at larger 𝛽. The most significant difference is that the second-order phase transition at 𝑞 = 4
is no longer in the 2D Ising universality class. At small ℎ𝑞 , the picture at noninteger 𝑞 stays nearly the same
albeit with a shift to larger 𝛽. We find evidence that the second-order transition for 𝑞 = 4 turns into a BKT
transition at small ℎ𝑞 .

transition that varies with the coupling ℎ𝑞 and so the transition is no longer in the same universality
class as the 𝑞-state clock models (ℎ𝑞 → ∞ limit). For example, for 𝑞 = 3, the ℎ𝑞 → ∞ limit is in
the universality class of the 3-state Potts model with critical exponent 𝛾 = 13/9. When ℎ𝑞 = 1 we
find 𝛾 = 1.411(36), but when ℎ𝑞 = 0.1 we find 𝛾 = 1.291(45). Estimates for the critical exponents
for ℎ𝑞 = 0.1, 1.0 are tabulated in Table 1. We find evidence that at small ℎ𝑞 > 0, the second-order
phase transition for 𝑞 = 4 turns into a BKT transition. For example, for 𝑞 = 4 with ℎ𝑞 = 0.1, we
find that the magnetic susceptibility diverges with volume whereas the specific heat plateaus. For
𝑞 = 2, our results are generally consistent with a transition of the 2D Ising universality class at both
ℎ𝑞 = 0.1 and ℎ𝑞 = 1.

In Fig. 3, we present scenarios of the phase diagram for small ℎ𝑞 (left panel) and intermediate
ℎ𝑞 (right panel). For noninteger 𝑞, we believe the phase diagram seen in the clock model limit
(ℎ𝑞 → ∞) persists to all finite ℎ𝑞 with a crossover at small 𝛽 and an Ising phase transition at larger
𝛽. For integer 𝑞 ≥ 5, there are two BKT transitions in the clock model limit, and these persist also
to finite ℎ𝑞. For integer 𝑞 = 2, 3, 4, there is a second-order transition in the clock model limit. As
the coupling ℎ𝑞 is reduced, the critical exponents for 𝑞 = 3, 4 vary with ℎ𝑞. We find evidence that
the second-order transition for 𝑞 = 4 turns into a BKT transition at small ℎ𝑞.

4. Summary

We studied the effect of explicitly broken symmetries in classical O(2) spin systems in (1 + 1)
dimensions by adding a symmetry-breaking term −ℎ𝑞

∑
𝑥 cos(𝑞𝜑𝑥) to the ordinary O(2) model.

The O(2) model is a nontrivial limit of the Abelian-Higgs model, which is a candidate for quantum
simulation, and this study allowed us to explore the role of symmetry in such models. Furthermore,
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this model allows us to interpolate between different 𝑞-state clock models, and this may be relevant
for optimizing the approximation of U(1) gauge theories by Z𝑞 discrete degrees of freedom.

We find a rich phase diagram with crossovers, second-order phase transitions of various
universality classes, and BKT transitions. When ℎ𝑞 > 0, the O(2) symmetry is broken down to a Z𝑞
symmetry, and in the limit ℎ𝑞 → ∞, the model reduces to the 𝑞-state clock model. By continuously
varying the parameter 𝑞, we are able to interpolate between different 𝑞-state clock models. The
phase diagram in this clock model limit was established in Refs. [6, 7], and is illustrated in Fig. 1.
For noninteger 𝑞, we found a crossover at small 𝛽, and an Ising phase transition at larger 𝛽.

In the present work, we studied the phase diagram at finite ℎ𝑞 using Monte Carlo and tensor
renormalization group methods. For noninteger 𝑞, we found that the phase diagram in the clock
model limit (ℎ𝑞 → ∞) seems to persist to all ℎ𝑞 > 0. For integer 𝑞 ≥ 5, there are two BKT
transitions in the clock model limit, and these also appear to persist to all ℎ𝑞 > 0. For 𝑞 = 2, 3, 4,
there is a second-order phase transition in the clock model limit. As ℎ𝑞 is decreased, we found that
the critical exponents for 𝑞 = 3, 4 vary with ℎ𝑞. For 𝑞 = 4, we found evidence that the second-order
transition turns into a BKT transition at small ℎ𝑞. More details can be found in our recently posted
preprint [5].
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