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1. Introduction

One of the most exciting aspects of string the-

ory that has emerged over the past decade is the

deep interplay between geometry and physics.

The AdS/CFT correspondence [1, 2, 3, 4] pro-

vides us the possibility of testing the connec-

tion between some geometrical features of the

supergravity (SUGRA) compactifying manifold

and the field content of the dual superconformal

field theory (SCFT).

The purpose of [5], on which this talk is based,

is twofold. On one side we intend to identify the

gauge theory living on the boundary of AdS4,

whose IR fixed point should realize the SCFT

dual to 11D SUGRA compactified on AdS4 ×
(G/H)7, where (G/H)7 is a homogeneous seven

manifold. On the other side, we want to check

the correspondence by comparing the spectra of

the two theories.

Especially in the case of M-theory, where we

have no deep control on the fundamental dy-

namics, the geometrical hints are essentially the

only guidelines that help us in the construction of

the worldvolume theory of a collection of branes

placed at a conifold singularity in transverse space,

namely the vertex of the metric cone over (G/H)7.

We will see that when this cone, C(G/H), ad-
mits a toric description, it is possible to argue

∗Talk presented at the TMR conference in Paris,
September 1999.

the gauge group and the matter field content of

this theory.

We are interested in the N ≥ 2 supersym-
metric compactifications, which were classified in

1984 [6]. The possible internal manifolds are the

sasakian [7] and trisasakian cosets:

M111 ≡ SU(3)× SU(2)× U(1)
SU(2)× U(1)× U(1)

Q111 ≡ SU(2)× SU(2)× U(2)
U(1)× U(1)

V5,2 ≡ SO(5)

SO(3)



→ N =2

N010 ≡ SU(3)

U(1)
→ N =3

Contrary to the type IIB case of ND3-branes at a

conifold singularity [8, 9], where the existence of

a nontrivial superpotential provides a constraint

on the observable operators of the boundary SCFT,

for the gauge theory of NM2-branes, relevant to

this work, it seems to be no such a superpotential

to help us in the identification of the effective de-

grees of freedom at the strong coupling conformal

point.

Despite this lack, once again geometry comes

in our aid. Indeed it is possible to recognize a

common algebraic structure between the pattern

of the KK short multiplets and the description

of the transverse cone C(G/H) as an algebraic
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(sub)manifold. Relying on this analogy, it is pos-

sible to associate to the generators of the poly-

nomial ring of C(G/H) particular combinations
of fundamental fields of the gauge theory. These

combinations seem to be the effective degrees of

freedom of the CFT, generating the chiral ring

of conformal chiral operators, at the base of the

spectrum.

In this way we are able to identify the CFT

boundary operators dual to all the bulk short

multiplets, matching not only the conformal di-

mensions of the first with the energies of the lat-

ter, but even the flavor and R-symmetry quan-

tum numbers of each couple. In this sense, the

richer structure of the spectra of non-maximally

supersymmetric theories guarantees a less triv-

ial test of duality than in the case of spherical

compactifications.

One further highly non-trivial check is given

by the SUGRA predictions on the anomalous

conformal dimensions of the fundamental fields

of the boundary theory. These predictions are

based on the global baryonic symmetries of the

latter [20, 21], which reflect the existence of non-

trivial homology cycles of the internal (G/H)7

[22].

Finally, an interesting aspect of these non-

maximally supersymmetric AdS/CFT pairs, seems

to be the existence of some intriguing quantum

mechanism that prevents certain long multiplets

of the spectrum from acquiring anomalous di-

mensions. On the base of a simple considera-

tion on the spectra of different supersymmetric

compactifications, we will try to hint a possible

direction towards the solution of the puzzle.

2. Identification of the gauge theory

We want now to describe the fundamental steps

in the search for the worldvolume thoery of N

M2-branes sitting at the vertex of C(G/H). We
will focus on the cases where the cone is a toric

manifold, namely for (G/H)7 = M111 or Q111.

Hence we are looking for an N = 2 supersym-
metric gauge theory in three dimensions, whose

moduli space of vacua should reproduce the one

of the brane system. We make a minimality hy-

pothesis about the matter field content: we as-

sume that the fundamental fields, apart from the

gauge bosons, transform in the most basic1 repre-

sentation of the Osp(N|4) superconformal group:
the supersingleton, which has a field-theoretic re-

alization as a particularly constrained chiral su-

perfield.

The general structure of a three dimensional

N = 2 supersymmetric gauge theory coupled to
chiral matter is severly constrained. The only

freedom we have is in the choice of

• the gauge group;

• the scalar Kähler manifold, namely (in the
renormalizable flat case) the number and

flavor representations of the matter chiral

multiplets;

• the holomorphic superpotential.

Let us begin with identifying the abelian gauge

theory living on a single brane. Being the gauge

fields frozen at the conformal point (g
YM
is di-

mensionful), we can neglect the Coulomb branch

and focus on the Higgs branch of the moduli

space, parametrized by the vev of the scalars in

the chiral multiplets. This branch should repro-

duce the space of vacua of the M2-brane, which

is the transverse space C(G/H).
This requirement is easily achieved when the

cone admits a toric description. Roughly speak-

ing, this means that C(G/H) can be viewed as
the Kähler quotient:

C(G/H) = Cp

(C∗)(p−4)
(2.1)

for some p ≥ 4. In this case, we can take as chiral
fields the p coordinates of Cp. The flavor quan-

tum numbers will be determined by the natural

lifting on Cp, of the isometries of (G/H)7. By

choosing as abelian gauge group the U(1)(p−4)

compact part of the modding (C∗)(p−4), we ob-
tain asD-term equations its non-compactR

+(p−4)

part, in such a way to reproduce (2.1) as the mod-

uli space of vacua of the gauge theory.

Let us see how this construction is concretely

implemented in the case where (G/H)7 is the

1in the sense that all the higher representation are re-

alizable as tensor products of this one.
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coset M111, whose metric cone admits the fol-

lowing toric description:

C(M111) = C
5

C
∗ . (2.2)

The quotient is defined by the equivalence:

(U i, V A) ∼ (λ2U i, λ−3V A) , λ ∈ C∗ , (2.3)

where U i and V A (i = 1, 2, 3, A = 1, 2) are the

five coordinates of C
5

, transforming respectively

in the fundamental representation of the SU(3)

and of the SU(2) flavor factors. The R
+ ⊂ C∗

modding action can be fixed by imposing:

∑
i

|U i|2 =
∑
A

|V A|2 , (2.4)

while the U(1) part of (2.3) determines the charges

of the corresponding chiral fields (2 and -3 respec-

tively).

With this choice of gauge group and chi-

ral fields, the D-term of the bosonic potential

is given by:

U(z, z̄) =
(∑
i

|ui|2 −
∑
A

|vA|2
)2
, (2.5)

whose minimization, together with the gauge equiv-

alence:

(ui, vA) ∼ (e2iθui, e−3iθvA) (2.6)

exactly reproduces the equation of the cone (2.3).

For symmetry reasons, it is worth to introduce a

second U(1) group, yielding the following couples

of charges for the fundamental supersingletons:

{
U i : (2,−2)
V A : (−3, 3) . (2.7)

The diagonal factor will actually decouple, leav-

ing the gauge group U(1)2/U(1)diagonal.

The non-abelian generalization of this gauge

theory is easily obtained by promoting the U(1)

gauge groups to SU(N), with chiral matter in

the following color representations:

{
U i : N⊗s2 ⊗ N̄⊗s2
V A : N̄⊗s3 ⊗N⊗s3 . (2.8)

3. The conformal theory

Let us now consider the observable fields at the

IR fixed point of this theory, where the gauge

fields are integrated out. First of all they will re-

duce to the gauge-invariant composite operators,

whose smallest holomorphic combination (in the

abelian case) is given by

X ijkAB ≡ U iU jUkV AV B , (3.1)

transforming in the (10,3) of SU(3)× SU(2).
An alternative description of C(M111) is in

terms of an algebraic submanifold of C30, where

the complex space can be parametrized by the

10 × 3 = 30 X ijkAB of (3.1). The embedding is
given by 325 quadratic homogeneous equations

in these coordinates X . In other words, on the

defining locus of the cone certain quadratic com-

binations of the X ijkAB identically vanish. This

fact is quite general and reveals a deep connec-

tion between algebraic geometry and representa-

tion theory. Without entering into mathematical

details, it is worth to stress that the embedding

equations are equivalent to putting to zero cer-

tain irreducible representations spanned by the

quadratic products of the X ’s. Indeed the sym-

metric tensor product:

X ijkAB ·X lmnCD ↔ (10,3)⊗s (10,3) (3.2)
branches into several irreducible representations

of the flavor group SU(3)×SU(2). Among these,
only the highest weight survives, while the other

constitute just the 325 combinations that, once

equated to zero, yield the embedding equations

of the cone.

In the M111 case, the only surviving poly-

nomials of homogeneous degree 6 and 4, respce-

tively in the U ’s and the V ’s, are those combi-

nations belonging to the completely symmetric

flavor representation:

222222SU(3) ⊗2222SU(2) . (3.3)

If we consider higher degree polynomials in the

X ’s we find that, due to the vanishing of certain

quadratic subfactors, the only surviving combi-

nations are always those completely symmetrized

in the flavor indices.

The mathematical structure underlying these

selection rules is that of a ring. On one side we
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have the polynomial ring characterizing the cone

C(M111) as an algebraic manifold:
C[X ijkAB ]

I325 , (3.4)

where I325 is the ideal of the embedding equa-
tions. On the other side we have the isomorphic

chiral ring of the holomorphic color singlet oper-

ator products, modded out by the proper ideal

of vanishing relations.

This ring structure is easily extended to the

non-abelian generalization of the gauge theory.

Indeed it is possible to show that there is always

only one possible way to contract the gauge in-

deces into a color singlet, for each homogeneous

polynomial in the X ’s, completely flavor sym-

metrized.

It is important to remark the difference be-

tween our coset compactifications and the T 11

case of [8]. While for the Q111 and M111 the

non-highest weight part of (3.2) is given by a

considerable set of equations (respectively 9 and

325), in the T 11 case the only vanishing quadratic

combination of the X ’s corresponds to the sin-

glet representation of the flavor group SU(2) ×
SU(2) which, in the non-abelian case, turns out

to be just the superpotential of the boundary the-

ory. In the other M -theory cases, there is no

way to combine all the non-highest weight pieces

of (3.2) into a single flavor invariant with the

right dimensions for a superpotential. This is the

fundamental reason why the vanishing relations,

which select the observable operators at the con-

formal point, are to be found in a highly non-

perturbative quantummechanism, other then the

minimization of the potential.

4. Comparison with the KK spec-

trum

The first test of correspondence between the CFT

and the compactified SUGRA is the matching of

the spectra of the two theories.

The KK compactifications of 11D SUGRA

were extensively studied in the first half of the

80’s. In particular, the coset space M111 was

widely investigated [11, 12] for its seemingly pos-

sibility to explain the origin of the SU(3)×SU(2)×
U(1) gauge bosons of the standard model.

The developement of techniques such as har-

monic analysis on coset spaces [13], allowed the

computation of great part of the spectrum of

these compactifications. But the problems con-

cerning the fermionic spectrum (first of all the

absence of chirality) and the occurence of the first

string revolution rapidly distorted the attention

from KK SUGRA.

Due to the renewed interest, in connection to

the AdS/CFT conjecture, the KK spectra of the

M111, Q111 and V5,2 compactifications have been

recently completed in a systematic way [14, 15].

We will focus in particular on the CFT op-

erators of protected conformal dimensions, cor-

responding to KK states belonging to short rep-

resentations of the Osp(2|4) symmetry superal-
gebra. The following table lists all the different

kinds of BPS-saturated representations and the

supercovariant differential constraint implement-

ing the corresponding shortening conditions on

the boundary superfields [16, 17].

multiplet differential constraint on

the boundary superfield

short graviton D+αΦ(αβ) (x, θ±) = 0
short gravitino D+αΦα (x, θ±) = 0
short vector D+αD+αΦ (x, θ±) = 0
hypermultiplet D+αΦ (x, θ±) = 0
massless graviton

{D+αΦ(αβ) (x, θ±) = 0
D−αΦ(αβ) (x, θ±) = 0

massless gravitino

{D+αΦα (x, θ±) = 0
D−αΦα (x, θ±) = 0

massless vector

{D+αD+αΦ (x, θ±) = 0
D−αD−αΦ (x, θ±) = 0

supersingleton

{ D+αΦ (x, θ±) = 0
D−αD−αΦ (x, θ±) = 0

For space reasons, it is not possible here, to make

a complete list of the protected conformal super-

fields corresponding to all the short multiplets of

the KK spectrum. We will focus on the most

meaningful.

As we anticipated, the chiral ring of the SCFT

is given by the following composite operators:

Tr
[
(U3V 2)k

]
, (4.1)

where, following the prescription given in the last

section, the flavor indices are completely sym-

metrized, while the trace symbol implies the only
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possible contraction into a color-singlet, compat-

ible with this flavor representation. These chiral

superfields find a complete matching with the

tower of hypermultiplets of the KK spectrum.

The only constraint we have, is on the anoma-

lous dimensions of the fundamental supersingle-

tons, which we are not able to directly deduce

from the CFT:

2 = ∆[Tr(U3V 2)] = 3∆(U) + 2∆(V ) . (4.2)

In the next section we will show how ∆(U) and

∆(V ) can be obtained from SUGRA computa-

tions, confirming the validity of our conjecture

on the dual CFT.

Other important superfields are the conserved

supercurrents:

SU(3)J ij = Tr

[
U iU j − 1

3
δijU

kUk

]
(4.3)

and

SU(2)JAB = Tr

[
V
A
V B − 1

2
δABV

C
VC

]
, (4.4)

that transform in the adjoint representation of

the flavor groups, SU(3) and SU(2) respectively,

and contain the massless vectors associated to

these symmetries. Two sets of semiconserved

currents, corresponding to short vector multi-

plets of the KK spectrum are given by composing

(4.3) and (4.4) with the chiral fields (4.1).

Finally, two towers of KK short gravitinos

are matched by the following spinorial superfields:

Tr
[(
UU(D+αV V ) + V V (D+αUU)

)i A
j B
(U3V 2)k

]
and

Tr
[(
U iU jUkV AD−α V BεAB

)
(U3V 2)k

]
.

All these superfields and the other which we have

not listed, perfectly fit the masses, R-symmetry

charges and flavor quantum numbers of the cor-

responding KK short multiplets.

5. The baryonic symmetries

The next item we want to discuss is the pres-

ence in the boundary theory of barion-like confor-

mal operators and their interpretetion in terms

of non-perturbative bulk states.

Already in the gold years of KK SUGRA,

it was noted [22] that the existence of non triv-

ial homological cycles in the internal manyfold

implies the presence of massless vectors in the

spectrum of the compactified SUGRA, due to

the reduction of higher degree form potential on

these cycles. The corresponding Betti multiplets

have been related, in the AdS/CFT perspective,

to global baryonic symmetries of the dual gauge

theory [20].

In the specific case considered in this talk, it

is found that the manyfoldM111 has non vanish-

ing second and fifth Betti numbers: b2(M
111) =

b5(M
111) = 1, implying a U(1) baryonic symme-

try. All the KKmultiplets (and hence all the dual

conformal operators) result discharged under this

symmetry. But we have not analysed, so far,

all the possible color singlet products of funda-

mental supersingletons at our disposal. Among

these, we have the totally antisymmetrized2 (in

the SU(N) color indices) product ofN singletons

of the same kind, that we will abbreviate det(U)

and det(V ). The masses of these operators grow

like N in the large N limit. Hence their SUGRA

duals have to be found among non-perturbative

states. Indeed we find the existence in M111 of

two particular families of non trivial supersym-

metric 5-cycles, over which a solitonic M5-brane

can be wrapped. The energy of these M -theory

configurations, simply related to the volume of

the cycles, has the same large N behaviour. The

exact coefficient in this linear expression can be

used as a SUGRA prediction on the conformal

anomalous dimension of the corresponding fun-

damental singleton. In this case we find:

∆[det(U)] =
4N

9
=⇒ ∆(U) = 4

9

∆[det(V )] =
N

3
=⇒ ∆(V ) = 1

3

These numbers perfectly fit the only constraint

(4.2) we have from the SCFT side:

3∆(U) + 2∆(V ) = 2 . (5.1)

Furthermore, even the flavor irreducible repre-

sentation of these configurations (deducible from

the action of theM111 isometries on the cycles of

2implying total symmetrization in the flavor indices
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each family) perfectly agree with the flavor quan-

tum numbers of the corresponding determinant

operators, yielding a highly non trivial check of

duality.

6. Comments about the rational long

multiplets

An interesting feature common to both type IIB

and 11D SUGRA coset compactifications, first

noted in [10] for the T 11 space, is the presence in

the KK spectrum of long multiplets with rational

energies (see also the talk by G. Dall’Agata about

this point). This fact does not seem to be a mere

coincidence. Indeed it has been recognized [10]

that the dual conformal operators follow a precise

pattern: they are products of two or more quanti-

ties separately protected that, nevertheless, have

no a priori reason to be globally protected. The

conformal dimension of these operator products,

as it is deduced by the energy of the correspond-

ing SUGRA states, is instead given by the naive

sum of the dimensions of the single factors.

To make a concrete example, both the M111

and Q111 bulk spectra contain a tower of long

graviton multiplets, associated to boundary vec-

tor superfields of the form:

Φ(αβ) ∼ T(αβ) × J × φ , (6.1)

where T(αβ), J and φ are respectively the stress

energy tensor, a conserved vector current and a

chiral operator, and the dimension of Φ is pre-

cisely given by:

∆(Φ) = ∆(T ) + ∆(J) + ∆(φ) . (6.2)

We have not yet a definitive explaination of

the quantum mechanism that seems to protect

these operators from acquiring anomalous dimen-

sions. But a simple consideration has emerged

while studying the N = 3 SCFT corresponding
to the SUGRA compactification on the trisas-

akian manifold N010 [18].

From the analysis of the Osp(3|4) supermul-
tiplets and of their decomposition intoN =2 irre-
ducible representations [19], one can realize that

the short N = 3 multiplets always contain long
multiplets of the lower superalgebra. Further-

more, from a careful identification of the corre-

sponding boundary conformal operators, we have

recognized for some of these the same structure

of (6.1). Obviously, belonging to the same su-

permultiplet of the higher supersymmetry alge-

bra, these long N = 2 multiplets have energies
that differ from those of the other states only by

(half)-integers. Hence they are necessarily ratio-

nal, despite the fact that, from the N =2 view-
point, they are long.

This simple consideration seems to hint that

the quantum protection mechanism previously

advocated may be found in a residual form of

higher supersymmetry that the SCFT could re-

flect, such as a spontaneous supersymmetry break-

ing.

Acknowledgements. I would like to thank all
the authors of the paper [5], on which this talk is
based and also P. Termonia for his collaboration
in the preliminary results on harmonic analysis.
This work is supported by the European Com-
mission TMR programme ERBFMRX-CT96-0045.

References

[1] J.M. Maldacena, Adv. Theor. Math. Phys. 2

(1998) 231, hep-th/9711200.

[2] S.S. Gubser, I.R. Klebanov, A.M. Polyakov,

Phys. Lett. B428 (1998) 105, hep-th/9802109.

[3] E. Witten, Adv. Theor. Math. Phys. 2 (1998)

253, hep-th/9802150.

[4] O. Aharony, S.S. Gubser, J. Maldacena,

H. Ooguri and Y. Oz, hep-th/9905111.
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