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1. Intr oduction

Sincemany yearsrandomIsing and Pottsmodelshave served as paradigmaticsystemsin
which the in�uence of quencheddisordermay be studiedthroughdifferenttechniques.Herewe
describefour of them: The renormalizationgroup (RG) approach,experimentalmeasurements,
MonteCarlosimulationandhigh-temperatureseriesexpansions.

PurePottsmodelsshow either�rst- or second-orderphasetransitions,dependingon the di-
mensiond andthenumberof statesq. Sincein thesecond-ordercasethespeci�c-heatexponent
a is non-negative for this classof models,theHarriscriterion [1] suggestsfor thecorresponding
disorderedsystemseithertheappearanceof a new random�x edpoint (d = 2, q = 3;4 andd = 3,
q = 2) or logarithmiccorrectionsto thepure�x edpoint (d = 2, q = 2). At �rst-order phasetran-
sitions, randomnesssoftensthe transitions[2]. For d = 2 even in�nitesimal disorderinducesa
continuoustransition[3, 4, 5, 6], whereasfor d = 3, q > 2 a tricritical point at a �nite disorder
strengthis expected[5].

For thethree-dimensional(3D) disorderedIsingmodel,RGcalculationswereconsideredquite
early[1, 7] andsincethenmany groupsperformedveryskillful RGcalculations(for recentreviews,
seeRefs.[8, 9]). On theexperimentalside,measurementson crystallinemixturesof di�uoride of
different transitionmetals,e.g., magneticFeF2 substitutedwith non-magneticZnF2, were per-
formedin thesameperiodover two decades,gainingin re�nementandaccuracy (seeearlyresults
of Birgeneauet al. in Ref. [10], for a review see,e.g.,Ref. [11]). For thethird aspectof simula-
tions,technicalprogressmadeby computermanufacturersenabledmoreandmoreaccuratesimu-
lations(whichstartedfor disorderedsystemsin 3D,e.g.,with Landauin Ref.[12]) andthestudyof
disorderedmagneticsystemsbene�tedfrom thedevelopmentof parallelcomputing.MonteCarlo
simulatorsthuscompetedin performance(for a review, see,e.g.,Ref. [8]). The fourth approach
consistsof generatinghigh-temperatureseriesexpansionsandtheir analyses.While conceptually
quitestraightforwardandthereforealsoconsideredveryearly, it is technicallyratherdemandingas
weshallseebelow.

In the majorpart of this paperwe will �rst give in Sect.2 a review of somerecentprogress
in studiesof the3D disorderedIsing model,emphasisingthe role of universalityandits dif�cult
emergencewhentrying to reconciletheoretical,experimental,andcomputationalpredictions.Sev-
eralreviewsareavailable,e.g.Refs.[8], [9] or [13], sowewill notattemptfor exhaustivecitations
to previous works. Section3 is devoted to a discussionof recentMonte Carlo simulationsand
high-temperatureseriesexpansionsof the3D 4-statePottsmodel. Our conclusionsarepresented
in Sect.4.

2. Disordered Ising model

2.1 RG calculation of critical exponents

Longdistancepropertiesof theIsingmodelnearitssecond-orderphasetransitionaredescribed
in �eld theoryby aneffectiveGinzburg-Landau-WilsonHamiltonian

HIsing[j ] =
Z

ddr
� 1

2(Ñj (r ))2 + 1
2m2

0j 2(r ) + ũ0
4! j

4(r )
�
; (2.1)
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wherem2
0 is the barecoupling proportionalto the deviation T � Tc from the critical point and

j (r ) is a barescalar�eld. Quenchedrandomnessentersin this formulation througha random
temperature-likevariableDaddedto m2

0,

H[j ;D] =
Z

ddr
� 1

2(Ñj (r ))2 + 1
2(m2

0 + D(r )) j 2(r ) + ũ0
4! j

4(r )
�
; (2.2)

whereD(r ) is drawn from, e.g.,aGaussianprobabilitydistributionof zeromeananddispersions 2,
P (D) = (2ps 2) � 1exp(� D2=2s 2). For a speci�c disorderrealization[D], the partition function
andthefreeenergy readasusuallyZ[D] =

R
D [j ]e� bH[j ;D] andF[D] = � b � 1 lnZ[D]. Theaverage

over thequencheddisorderdistribution P (D) thenrequiresto calculatequantitieslike [F[D]]av =
� b � 1 R

D [D] lnZ[D]P (D). This is performedthroughthe introductionof n replicasof themodel
(labelledby a ). Averagingoverquencheddisorderoneendsupwith aneffectiveHamiltonianwith
cubicanisotropy wherethereplicasarecoupledthroughanew parameterv0

Hreplicas[j ] =
Z

ddr

2

4 1
2

n

å
a = 1

�
(Ñj a (r ))2 + m2

0j 2
a (r )

�
+ u0

4!

n

å
a = 1

j 4
a (r )+ v0

4!

 
n

å
a = 1

j 2
a (r )

! 2
3

5 : (2.3)

Herethe barecouplingu0, proportionalto ũ0, is positive andthe barecouplingv0, proportional
to � s 2, is negative. To the n-componentHamiltonian(2.3) the usual(but ratherelaborate)RG
machinerycanbeapplied.Thepropertiesof therandomIsingmodelareeventuallyobtainedwhen
takingthelimit n ! 0, lnZ = limn! 0(Zn � 1)=n.

Underachangeof lengthscaleby a factorm, the�eld andcouplingsarerenormalisedaccord-
ing to

j = Z1=2
f f ; m2

0 = Zm2m2; u0 = me Zu

Z2
f

u; v0 = me Zv

Z2
f

v; (2.4)

wheree = 4� d. TheRGfunctionsarede�ned by differentiationat �x edbareparameters,

bu(u;v) =
¶u

¶ ln m

�
�
�
�
0
; bv(u;v) =

¶v
¶ lnm

�
�
�
�
0
; (2.5)

gf (u;v) =
¶ lnZf

¶ lnm

�
�
�
�
0
; gm2(u;v) =

¶ lnZm2

¶ ln m

�
�
�
�
0
: (2.6)

The theoreticalchallengeis the perturbative computationof thesefunctions[14, 15] (they are
known up to 6 loops),removing divergenceswhich occurin theasymptoticlimit by controlledre-
arrangementof theseriesfor thevertex functions.Eventually, giventhefactthattheseexpansions
aredivergentasymptoticseries,reliableresultscanonly beexpectedaftercomplicatedresumma-
tion procedures[16]. Fixedpointsarethensolutionsof bu(u� ;v� ) = bv(u� ;v� ) = 0, thestabilityof
which is controlledby a stability matrix ¶bi

¶u j
with eigenvalueswhich besidesthestandardcritical

exponentsalsogovernthecorrectionsto scaling(exponentw).
At that point, it is quite easyto readoff the critical exponents. Considerfor examplethe

pair correlationfunction of bare�elds hj (0)j (r )i . Undera changeof lengthscalem, it renor-
malisesto Zf (m)hf (0)f (r )i . In the samemanner, for anotherdilatationparameter, ms, onehas
hj (0)j (sr )i ! Zf (ms)hf (0)f (sr )i . Theratio from this latterto thepreviousexpressionleadsto

hf (0)f (sr )i
hf (0)f (r )i

=
Zf (m)
Zf (ms)

hj (0)j (sr )i
hj (0)j (r )i

: (2.7)
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Figure 1: RG �o ws in the (u;v) plane. The points denoted“GaussianFP”, “Pure IM” and “RIM” are
respectively theGaussian,thepureIsingmodelandtherandomIsingmodel�x edpoint.

This expressiongives the algebraicdecayof the two-point correlationfunction of renormalised
�elds hf (0)f (r )i � jr j � (d� 2+ hf ) in termsof thepair correlationfunctionof thebare�elds which
aredescribedby mean-�eld theory (MFT), i.e., at the Gaussian�x ed point (FP), hj (0)j (r )i �
jr j � (d� 2) (hMFT = 0). Theratio Zf (m)

Zf (ms) = e
Rm

msgf dlnm evaluatedat thenew FPgivess� g�
f andleadsto

hf (0)f (sr )i
hf (0)f (r )i

� s� (d� 2+ g�
f ) ; (2.8)

wherehf (0)f (r )i playsherethe role of anamplitudeandfrom which onereadsoff thevalueof
thecritical exponentat thisFP:

hf = g�
f : (2.9)

Following thesameargument,thescalingdimension1=n of the (renormalised)temperature�eld
m2 is givenat therandom�x edpoint in termsof theMFT value,1=nMFT = 2, andonegets

1
n

= 2� g�
m2: (2.10)

Fromthesetwo exponents,theothersmaybededucedby scalingarguments,describingtheleading
singularitiesof thephysicalquantities,e.g.,of themagneticsusceptibility:

c (t ) � G� jt j � g; g = n(2� hf ): (2.11)

In thenon-asymptoticregime, thesystemapproachescriticality in a morecomplex way and
this is wherecorrectionsto scalingappear,

c (t ) � G� jt j � g(1+ G0
� jt jnw + G00

� jt j2nw + : : : ); (2.12)

wherethescalingdimensionw correspondsto thenegativeof theleadingirrelevantRGeigenvalue,
w = �j y3j, as it is usuallydenoted,and the dots in Eq. (2.12) standfor higher-order irrelevant
corrections.

Besidesthe critical exponents,also combinationsof critical amplitudesand correction-to-
scalingexponentsareuniversalquantities.In orderto describetheapproachto criticality it is com-
monpractice,especiallyin experimentsandsimulations,to introduceeffectiveexponentsthrough

c (t ) � G� jt j � geff ; geff = �
d ln c (t )
d ln jt j

: (2.13)
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Theseeffectiveexponentsmaybecalculatedtheoreticallyfrom the�o w equations,e.g.,

heff(l ) = gf (u(l );v(l )) ; (2.14)
1

neff(l )
= 2� gm2(u(l );v(l )) : (2.15)

Thevariationof effective exponentsdependson theRG �o w in theparameterspaceasshown in
Fig. 1.

2.2 Experiments

Experimentson site-dilutedthree-dimensionalIsing magnetsareusuallyperformedon uni-
axial disorderedanti-ferromagnetssuchasFe1� xZnxF2 or Mn1� xZnxF2. Theoriginal aim wasthe
studyof therandom-�eldbehaviour whena uniformmagnetic�eld is appliedto suchadisordered
system.However, whenthesamplesareof high quality (low mosaicity, high chemicalhomogene-
ity), alsothe behaviour in zeroexternalmagnetic�eld is accessible(3D disorderedIsing model
universalityclass).Staggeredsusceptibilityandcorrelationlengtharededucedfrom neutronscat-
tering experiments.The scatteringintensity I (q) is the Fourier transformof the pair correlation
function,wherelong-range�uctuationsproduceanisotropicLorentzianpeakcentredat thesuper-
structurespotpositionq0 with a peakintensitygivenby thesusceptibilityanda width determined
by the inversecorrelationlength,while long-rangeordergivesa backgroundproportionalto the
orderparametersquared:

I (q) = hm2i d(q � q0) +
c

1+ x 2(q � q0)2 : (2.16)

Figure 2: Neutronscatteringmeasurementsof the susceptibilityin Mn0:75Zn0:25F2 closeto criticality,
governedby the disorder�x ed point of the Ising modelover the reducedtemperatureinterval 4� 10� 4 <
jT=Tc � 1j < 2� 10� 1. Thesolid linesshow power-law �ts with exponentg = 1:364(76) above andbelow
Tc (afterMitchell et al. [17]).
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Fitting the Lorentzianat differenttemperatureseventuallygivesaccessto the physical quantities
of interest,andfurthertemperatureanalysisis requiredto getthecritical exponents,critical ampli-
tudes,andpossiblythecorrectionto scaling.For anexampleseeFig. 2.

2.3 Monte Carlo simulations

The majority of numericalstudiesof the disorderedIsing model were concernedwith site
dilution. But wemayalsochooseto modelthedisorderby bonddilution in orderto comparethese
two kindsof disorderandto verify thatthey indeedleadto thesamesetof new critical exponents,as
expectedtheoreticallyby universality. In ourstudywe thereforeconsideredthebond-dilutedIsing
model in threedimensionswhoseHamiltonianwith uncorrelatedquenchedrandominteractions
canbewritten (in aPottsmodelnormalisation)as

� bH = å
(i; j)

Ki jds i ;s j ; (2.17)

wherethespinstake thevaluess i = � 1 andthesumgoesover all nearest-neighbourpairs(i; j).
ThecouplingstrengthsKi j aredrawn from thedistribution

P [Ki j ] = Õ
(i; j)

P(Ki j ) = Õ
(i; j)

[pd(Ki j � K) + (1� p)d(Ki j � RK)]: (2.18)

Besidesbonddilution (R= 0), which will be in the focusof thepresentpaper, this alsoincludes
random-bondferromagnets(0 < R < 1) and the physically very different classof spin glasses
(R = � 1) asspecialcases.For the hereconsideredcaseof bonddilution, the couplingsarethus
allowedto take two differentvaluesKi j = K � Jb � J=kBT and0 with probabilitiesp and1� p,
respectively, with c = 1� p beingtheconcentrationof missingbonds,which play therole of the
non-magneticimpurities.

Thephasediagramandthecritical propertiesatafew selecteddilutionswerestudiedby large-
scaleMonte Carlo simulationson simple cubic latticeswith V = L3 spins(up to L = 96) and
periodicboundaryconditionsin the threespacedirections,usingthe Swendsen-Wangclusteral-
gorithm for updatingthe spins. All physical quantitiesareaveragedover 2000 – 5000 disorder
realisations,indicatedby [: : : ]av (e.g.,[c ]av for thesusceptibility).Standardde�nitions wereused,
e.g., for a given disorderrealisation,the magnetisationis de�ned accordingto m = hjmji where
h: : : i standsfor the thermalaverageand m= (N" � N#)=(N" + N#) with N" ;# countingthe num-
berof “up” and“down” spins.Thesusceptibilityfollows from the�uctuation-dissipationrelation,
c = KV(hm2i � hjmji 2). The phasediagramis obtainedby locating the maximaof the average
susceptibility[cL]av (adivergingquantityin thethermodynamiclimit) for increasinglatticesizesL
asa functionof thecouplingstrengthK.

In disorderedsystems,thedistributionsof physicalobservablestypicallydonotbecomesharper
with increasingsystemsizeata �nite-randomnessdisorder�x edpoint. Rathertheir relativewidths
stayconstant,a phenomenoncallednon-self-averaging.Non self-averagingcanbequantitatively
checkedby evaluatingthenormalizedsquaredwidth Rc (L) = Vc (L)=[c (L)]2

av, whereVc is thevari-
anceof thesusceptibilitydistribution:Vc (L) = [c (L)2]av � [c (L)]2

av. This ratio is shown versusthe
inverselatticesizefor threeconcentrationsof thedisorderedIsingmodelin Fig. 3.
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Figure 3: Normalizedsquaredwidth of thesusceptibilitydistribution versusthe inverseof the latticesize
for thethreeconcentrationsp = 0:4;0:55,and0:7 at theeffectivecritical couplingKc(L). Thestraightlines
arelinear�ts usedasguidesto theeye.

The fact that Rc approachesa constantwhenL increasesaspredictedby Aharony andHar-
ris [18] is thesignatureof a non-self-averagingsystem,in agreementwith theresultsof Wiseman
andDomany [19, 20] for thesite-diluted3D Isingmodel.

As a function of the reducedtemperaturet = (Kc � K) (t < 0 in the low-temperature(LT)
phaseandt > 0 in the high-temperature(HT) phase)andthe systemsizeL, the susceptibilityis
expectedto scaleas

[c (t ;L)]av � jt j � gg� (L1=n jt j); (2.19)

whereg� is a scaling function of the variablex = L1=n jt j and the subscript� standsfor the
HT/LT phases.Recalling(2.13) we cande�ne a temperaturedependenteffective critical expo-
nentgeff(jt j) = � d ln c̄=dln jt j, which shouldconverge towardsthe asymptoticcritical exponent
g whenL ! ¥ andjt j ! 0. Our resultsfor p = 0:7 areshown in Fig. 4. For the greatestsizes,
theeffectiveexponentgeff(jt j) is stablearound1:34whenjt j is not toosmall,i.e.,whenthe�nite-
sizeeffectsarenot too strong.Theplot of geff(jt j) vs. therescaledvariableL1=n jt j shows thatthe
critical power-law behaviour holdsin differenttemperaturerangesfor thedifferentsizesstudied.
Fromthetemperaturebehaviour of thesusceptibility, wealsohavedirectlyextractedthepower-law
exponentg usingerrorweightedleast-squares�ts by choosingthetemperaturerangethatgivesthe
smallestc 2=d.o.f for severalsystemsizes.Theresultsareconsistentwith g � 1:34� 1:36.

From the previous expressionof the susceptibilityasa function of the reducedtemperature
andsize,it is instructive to plot thescalingfunctiong� (x). For �nite sizeandjt j 6= 0, thescaling
functionsmay be Taylor expandedin powersof the inversescalingvariablex� 1 = (L1=n jt j) � 1,
[c� (t ;L)]av = jt j � g[g� (¥ ) + x� 1g0

� (¥ ) + O(x� 2)], wheretheamplitudeg� (¥ ) is usuallydenoted
by G� . Multiplying by jt jg leadsto

[c� (t ;L)]avjt jg = g� (x) = G� + O(x� 1): (2.20)

Whenjt j ! 0 but with L still larger thanthecorrelationlengthx , oneshouldrecover thecritical
behaviour givenby g� (x) = O(1). Thecritical amplitudesG� follow, asshown in Fig. 4.
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Figure 4: Variationof the temperaturedependenteffective critical exponentgeff(jt j) = � d ln c̄=dln jt j (in
thelow-temperaturephase)asa functionof therescaledtemperatureL1=n jt j (top) for thebond-dilutedIsing
modelwith p = 0:7 andseverallatticesizesL. Thehorizontalsolidanddashedlinesindicatethesite-diluted
andpurevaluesof g, respectively. The�gure below shows thecritical amplitudesG� above andbelow the
critical temperature.

2.4 High-temperatureseriesexpansions

Systematicseriesexpansions[21] for statisticalphysicsmodelsde�ned on a lattice provide
anusefulcomplementto �eld-theoreticalrenormalizationgroupstudiesandlarge-scalenumerical
Monte Carlo simulations. This is in particulartrue whenstudyingphasetransitionsandcritical
phenomenaof quenched,disorderedsystems.Seriesexpansionstechniquestreatthequencheddis-
orderaverageexactly andthein�nite-v olumelimit is implicitly implied. Thereforeonecanobtain
exact resultsup to a certainorderin the inversetemperaturefor many quantities.Moreover, one
cankeepthedisorderstrengthp aswell asthedimensiond assymbolicparametersandtherefore
analyselargeregionsof theparameterspaceof disorderedsystems.Thecritical partof theseries
expansionapproachlies in theextrapolationtechniqueswhichareusedin orderto obtaininforma-
tion onthephasetransitionbehaviour from the�nite numberof known coef�cients. While for pure
systemsthisusuallyworksquitewell, onecanquestiontheuseof theseextrapolationtechniquesin
disorderedsystems,wherethesingularitystructureof thefreeenergy or susceptibilitymaybevery
complicated,involving Grif�ths-type singularitiesor logarithmiccorrections[22].

Basedon theHamiltonian(2.17),thecombination

vi j =
eKi j � 1

eKi j � 1+ q
(2.21)

will betherelevantexpansionparameter. For theIsingmodel(q= 2) it simpli�es tovi j = tanh(Ki j=2).
In thesymmetrichigh-temperaturephase,thesusceptibilityassociatedwith thecouplingå i hi(qds i ;1 �
1)=(q� 1) to anexternal�eld hi is givenfor a graphwith N spinsby summingover all two-point
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correlations,

c =
1
N å

i
å

j

��
qds i ;s j � 1

q� 1

� �

av
: (2.22)

Thebrackets[: : :]av indicatethequencheddisorderaveragewith respectto thedistribution (2.18).

2.4.1 Seriesgenerationmethodology

Thereare a coupleof well-establishedmethods[21] known for the systematicgeneration
of high-temperatureseries(HTS) expansionswhich differ in the way relevant subgraphsarese-
lectedor groupedtogether. We employed the star-graphmethodwhich can be adoptedto sys-
temsinvolving quencheddisorder[23, 24] (asalsocanthe no-free-endmethod[25]) sinceit al-
lows oneto take the disorderaverageon the level of individual graphs.The basicideais to as-
semblethe valueof someextensive thermodynamicquantityF on a large or even in�nite graph
from its valueson subgraphs:Graphsconstitutea partially orderedsetunderthe “subgraph”re-
lation. Therefore,for every function F(G) de�ned on the setof graphsexists anotherfunction
WF (G) such that F(G) = å g� GWF (g), for all graphsG. This function can be calculatedre-
cursively via WF (G) = F(G) � å g� GWF (g), resultingfor an in�nite (e.g.hypercubic)lattice in
F(Zd) = å G(G : Zd)WF (G), where(G : Zd) denotestheweakembeddingnumberof thegraphG
in thegivenlatticestructure[26].

The following observationmakesthis a usefulmethod:A vertex is termedarticulationpoint
if the deletionof the vertex rendersthe graphdisconnected.The “star graphs”which gave the
methodits namearede�ned by the absenceof sucharticulationpoints. Now let G be a graph
with anarticulationvertex wheretwo starsubgraphsG1;2 aregluedtogether. ThenWF (G) vanishes
if F(G) = F(G1) + F(G2). An observableF for which this propertyis true on arbitrarygraphs
with articulationpointsallows a star-graphexpansion.All non-stargraphshave zeroweightWF

in the sumfor F(Zd). It is easyto seethat the (properlynormalized)free energy logZ hasthis
propertyandit canbeproved[24] thattheinversesusceptibility1=c hasit, too,evenfor arbitrary
inhomogeneouscouplingsKi j . This restrictsthesummationfor F(Zd) to a sumover stargraphs.
Thelinearity of therecursionrelationsthenenablesthecalculationof quenchedaveragesover the
couplingdistribution on the level of individual graphs.Theresultingrecipefor thesusceptibility
seriesis:

� Graphgenerationandembeddingnumbercounting.

� Calculationof Z(G) andthecorrelationmatrix Mnm(G) = Tr (qdsn;sm � 1)e� bH (f Ki jg)

for all graphsaspolynomialsin E variablesvi j de�ned in (2.21).

� Inversionof theZ polynomialasaseriesup to thedesiredorder.

� Averagingoverquencheddisorder, Nnm(G) = [Mnm=Z]P (K) ; resultingin amatrixof polyno-
mialsin (p;v).

� Inversionof thematrixNnm andsubgraphsubtraction,Wc (G) = å n;m(N� 1)nm� å g� GWc (g).

� Collectingtheresultsfrom all graphs,1=c = å G(G : Zd) Wc (G).
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Table 1: Numberof star graphswith E � 8 links and non-vanishingembeddingnumberson Zd. For
E = 1;4;6, and7 only asinglestargraphexists.

orderE 8 9 10 11 12 13 14 15 16 17 18 19
# 2 3 8 9 29 51 142 330 951 2561 7688 23078

Algorithmically themostcumbersomepartof this recipeis the�rst step,thegenerationof star
graphsandcalculationof their (weak)embeddingnumbers.Thegraphgenerationis usuallydone
by recursively addingnodesandedgesto a list of smallergraphs.To make surethat no double
countingoccursthis requiresan isomorphismtest,i.e., thedecisionwhethertwo givenadjacency
listsor adjacency matricesdescribethesamegraphmodulorelabellingandreorderingof edgesand
nodes.WeemployedtheNAUTYpackageby McKay [27] whichallowsveryfastisomorphismtests
by calculatingacanonicalrepresentationof theautomorphismgroupof thegraphs.By thismeans,
we classi�ed for the �rst time all stargraphsup to order19 that canbeembeddedin hypercubic
lattices,seeTable1. As with any seriesexpansion,theeffort growsexponentiallywith themaximal
orderof the expansion,renderingeachnew order roughly as “expensive” asall previous orders
takentogether. This is illustratedin Fig. 5 wherealreadythenumberof stargraphsis seento grow
exponentiallyasa functionof the links E. Theexponential�t in the rangeE = 13 – 19 suggests
thatthenumberof stargraphsincreasesroughlyby afactorof 2.8in eachof thenext higherorders,
predictingabout65000differentstargraphswith E = 20andabout180000with E = 21.

For eachof thesegraphswe calculatedtheir (weak)embeddingnumbersfor d-dimensional
hypercubiclattices(up to order17 for arbitraryd, order18 (generalq-statePotts)and19 (Ising)
for dimensionsd � 5). Two typical resultsaredepictedin Fig. 6. For the embeddingcountwe
implementedare�ned versionof thebacktracingalgorithmby Martin [26], makinguseof acouple
of simpli�cations for bipartite hypercubiclatticesZd. After extensive teststo �nd the optimal
algorithmfor the “innermost” loop, the test for collisions in the embedding,we endedup using
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Figure 5: Growth behaviour of thenumberof stargraphswith E links thatcanbeembeddedin hypercubic
latticesZd.
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Figure 6: Two stargraphsof order17and19andtheirweakembeddingnumbersup to 6 dimensions.

optimizedhashtables.
Thesecondstepof theseriesgenerationrequirestheexactcalculationof thepartitionfunction

andthematrixof correlationsMnm for eachstargraphwith arbitrarysymboliccouplingsJi j de�ned
on theE � 19 edges.Thecrucialobservationis thatthis canbedonemostef�ciently by usingthe
clusterrepresentation

Z µ Z = q� NTr Õ
hi ji

�
1� vi j + vi jqds i ;s j

�

= å
C

qe+ c� N

 

Õ
hi ji2 C

vi j

!  

Õ
hi ji =2C

(1� vi j )

!

; (2.23)

wherethe sum goesover all clustersC � G, e is the numberof links of the clusterand c the
numberof connectedcomponentsof C. ThereducedpartitionfunctionZ � ZqE� N=Õhi ji (eKi j �
1+ q) is normalizedsuchthat logZ hasa star-graphexpansion.Similarly, thecalculationof the
susceptibilityinvolvesthematrixof correlations

Mnm µ å
Cnm

qe+ c� N

 

Õ
hi ji2 C

vi j

!  

Õ
hi ji =2C

(1� vi j )

!

; (2.24)

wherethesumis restrictedto all clustersCnm � G in which theverticesn andmareconnected.
This representationessentiallyreducesthesummationoverqN statesto asumover2E clusters

which,comparedwith previousimplementations,resultsis ahugesaving factorin computingtime
(of the order of 106). Further improvementsresult if the 2E clustersbelongingto a graphare
enumeratedby Gray codes[28] suchthat two consecutive clustersin the sum (2.23) differ by
exactlyone(addedor deleted)link. In theIsingcaseq = 2 anotherhugesimpli�cation takesplace
sinceonly clusterswhereall verticesareof evendegreecontributeto theclustersum.

Sincegeneralpurposesoftwarefor symbolicmanipulationsturnedout to betoo slow for our
purposes,we developeda C++ templatelibrary using an expandeddegree-sparserepresentation
of polynomialsandseriesin many variables.For arbitrary-precisionarithmeticstheopensource
library GMP wasused.Finally, for thecaseof bonddilution (R= 0 in (2.18))consideredhere,we
madeuseof thefactthatthedisorderaverageis mosteasilycalculatedvia

[vn1
1 : : :vnk

k ]av = pkvn1+ :::+ nk
0 : (2.25)

2.4.2 Seriesanalysis: techniquesand results

Ourhigh-temperatureseriesexpansionfor thesusceptibilityup to order19 is givenwith coef-
�cients aspolynomialsin p, c (v) = å nan( p)vn [29, 30]. Thereforeit shouldbewell-suitedfor the
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Figure 7: Ratioapproximantsfor differentdilutions p vs. 1=n. In orderto make themvisually comparable,
they are(exceptfor p = 0:25)normalizedby their respectivecritical couplingsvc.

methodof partialdifferentialapproximants[31] whichwassuccessfullyusedto analyseserieswith
ananisotropy parameterdescribingthecrossoverbetween3D Ising,XY andHeisenberg behaviour
[32]. But this methodwasunableto give conclusive results.Thereforewe con�ned ourselvesto a
single-parameterseriesfor selectedvaluesof p.

Theratiomethodassumesthattheexpectedsingularityof theform

c(v) = A(vc � v) � g + : : : (2.26)

is theclosestto theorigin. Thentheconsecutiveratiosof seriescoef�cients behaveasymptotically
as

rn =
an

an� 1
= v� 1

c

�
1+

g� 1
n

�
: (2.27)

Figure7 shows theseratiosfor differentvaluesof p. For p closeto 1 they show the typical os-
cillationsrelatedto theexistenceof anantiferromagneticsingularityat � vc. Nearthepercolation
thresholdat pc = 0:248812[33] (whereTc goesto 0, vc to 1) theseriesis clearly ill-behaved,re-
latedto theexp(1=T) singularityexpectedthere.Besidesthat,theslope(relatedto g) is decreasing
with p.

The widely usedDLog-Padémethodconsistsin calculatingPadéapproximantsto the loga-
rithmic derivativeof c (v),

d lnc (v)
dv

=
g

vc � v
+ : : : : (2.28)

The smallestreal pole of the approximantis an estimationof vc and its residuegives g. The
resultspresentedin Table 2 are the averagesof 45 – 55 different Padéapproximantsfor each
valueof p, with the error in parenthesesindicatingthe standarddeviation. The scatteringof the
Padéapproximantsincreaseswith decreasingp, gettingagain inconclusive nearthe percolation
threshold.Nevertheless,down to aboutp = 0:4 the seriesestimatesfor vc respectively Tc arein
perfectagreementwith theMonteCarlo(MC) resultsof Ref. [34]. This is demonstratedin Fig. 8
wherealso the (properly normalized)mean-�eld and effective-mediumapproximation[35] are
shown for comparison.
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Table 2: Transitionpointsvc = tanh(Kc=2) andcritical exponentsg for differentdilutions p asobtained
from DLog-Padéapproximants.

p vc g
1 0.21813(1) 1.2493(7)
0.85 0.25788(1) 1.2714(8)
0.7 0.31566(2) 1.305(4)
0.55 0.40743(10) 1.365(6)
0.4 0.576(1) 1.435(60)

The critical exponentg, as provided by this method,apparentlyvaries with the disorder
strength.More sophisticatedanalysismethods,suchasinhomogeneousdifferentialapproximants
[36, 37], theBaker-Huntermethod[38] or themethodsM1 andM2 [39], especiallytailoredto deal
with con�uent singularitiesasonewould expectin a crossover situation,give improvedresultsin
thepure(p = 1) casebut donotessentiallychangetheresultsin thepresenceof disorder.

Thus,while for theoreticalreasonswestill �nd it likely thatthevariationof g with thedisorder
strengthcanbeattributedto neglectedor insuf�ciently treatedcorrectionterms,it provedclearly
impossibleto verify this effect in theseriesanalysis.In fact,a plot of g vs. p doesnot evenshow
anindicationof aplateau.In thecentraldisorderregime,p = 0:5 – 0.7,thehigh-temperatureseries
estimatesgivenin Table2 areatleastcompatiblewith MonteCarloresultsfor siteandbonddilution
[34, 40, 41] which clusterquite sharplyaroundgMC = 1:34(1). Field-theoreticrenormalization
groupestimates[42, 15] favor slightly smallerexponentsof gRG = 1:32 – 1.33,while experiments
[10, 17,43] reportvaluesbetweengexp = 1:31– 1.44,cp.,e.g.,Table3 (seealsoRef. [44]).

0.0 0.2 0.4 0.6 0.8 1.0
1-p

0.0

1.0

2.0

k B
T

c/
J

 HTS
 MC
 mean-field approx.
 effective-medium approx.

Figure8: Transitiontemperaturesof thebond-dilutedIsingmodelfor differentdilutionsp asobtainedfrom
our DLog-Padéhigh-temperatureseries(HTS) analysesandfrom MonteCarlo(MC) simulations[34]. For
comparisonalsothe(properlynormalized)mean-�eldandeffective-mediumapproximationsareshown.
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Table 3: Critical exponentsand critical amplituderatio of the susceptibilityas measuredwith different
techniques.

Technique g G+ =G� w Ref.

RG 2:2 [45]
1:318 0:39(4) [46, 42]1

1:330(17) 0:25(10) [15]2

Neutronscattering 1:44(6) 2:2 0:5 [10]3

1:31(3) 2:8(2) [43]4

1:37(4) 2:40(2) [17]5

MC 1:342(10) 0:37 [47]6

1:34(1) 1:62(10) undetermined [34]7

1:342(7) undetermined [40]8

1:314(4) 1:67(15) undetermined [48]9

HTS 1:305(4) undetermined [49]10

1 4 loopapproximation.
2 6 loopapproximation,�x eddimension.
3 Fe1� xZnxF2, x = 0:4, 0.5,jt j � 10� 2.
4 Fe0:46Zn0:54F2, 1:5� 10� 3 � jt j � 10� 1.
5 Mn0:75Zn0:25F2, 4� 10� 4 � jt j � 2� 10� 1.
6 sitedilution, p = 0:4 to 0.8.
7 bonddilution, p = 0:7. Thecorrectionto scalingis too smallto bedetermined.
8 sitedilution, p = 0:8. Theobservedcorrectionto scalingcouldbethenext-to-leadingone.
9 sitedilution, p = 0:8.
10 bonddilution, p = 0:7.

3. Disordered 4-statePotts model

3.1 Monte Carlo simulations

Let usnow turn to the4-statePottsmodelwhichexhibitsaratherstrong�rst-order phasetran-
sitionin thepurecase.In orderto mapoutthephasediagramof thedilutedmodelweconsideredall
concentrationsp in theinterval [0:28;1] in stepsof 0:04 anddeterminedagain thelocationsof the
maximaof thesusceptibilityfor agivenlatticesizeL. Theresultingphasediagramis again in very
goodagreementwith theeffective-mediumapproximation,herewith [50, 51] Kc(1) = 0:62863(2),
andestimatesfrom high-temperatureseriesexpansions[49].

In a secondstep,theorderof thephasetransitionswasinvestigated. To satisfyour criterion
NMCS > 250 t e, herethe numberof MC sweepshad to be increasedto much larger values(up
to 15000� 30000) thanin the Ising case.In fact,a �rst indicationfor a crossover between�rst-
andsecond-ordertransitionswith decreasingdilution p couldbederivedfrom theautocorrelation
times. In the �rst-order regimewe performedmultibondicsimulations[52, 53] andestimatedthe
interfacetensionfrom
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sod =
1

2L2 log
Pmax

Pmin
; (3.1)

wherePmax is themaximumof theprobabilitydensityreweightedto thetemperaturewherethetwo
peaksareof equalheight,andPmin is theminimumin between,seeFig.9. Thelinearextrapolations
of sod in 1=L in thelower partof Fig. 9 imply non-vanishinginterfacetensionsonly for p = 0:84
andabove. For p � 0:76, sod seemsto vanishin thein�nite-v olumelimit, beingindicative of the
expectedsofteningto a second-orderphasetransition. The tricritical point would thusbe located
aroundp= 0:76� 0:84,in goodagreementwith theestimateof p= 0:80derivedfrom ouranalysis
of autocorrelationtimes.

Below thisconcentration,thesystemexhibitsasecond-ordertransition.This is signaledqual-
itatively by typical single-peakorder-parameterprobability distributionsat the transitiontemper-
ature. To con�rm the softeningto second-orderphasetransitionsfor p � 0:76 we performeda
detailedFSS[50] studyat p = 0:56 with lattice sizesrangingup to L = 96 and the numberof
realisationsvaryingbetween2000and5000. As canbe inspectedin Fig. 10, thevarianceof the
c[J] measurementsis somewhat larger thanin the Ising modelandthedistribution exhibits a long
tail towardslargesusceptibilities,re�ecting the�rst-order likesignalof a few rare-events.

The choiceof p = 0:56 is motivatedby our observation that in this rangeof dilutions the
correctionsto asymptoticFSSof theeffective transitionpointsareminimal. The log-log plot for
[c ]av;max in Fig. 11 indeedsuggeststhatfor this quantitythecorrectionsbecomequitesmallabove
L = 30, and �ts of the form ac Lg=n startingat Lmin > 30 yield g=n = 1:50(2). Using the data
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Figure 9: Probabilitydensityof theenergy of the3D bond-diluted4-statePottsmodelreweightedto equal
peakheight for p = 0:56 (top left) and p = 0:84 (top right). Interfacetensionversusinverselattice size
(bottom).
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Figure 10: Probabilitydistribution of the susceptibilityc [J](Kmax) for the bondconcentrationsp = 0:44,
0:56, and0:68 for thelargestlatticesizein eachcase.Thefull curve representstheintegrateddistribution.
At eachdilution, a full verticalline shows thelocationof theaveragesusceptibility, adashedline shows the
medianandadottedline shows theaverageover theeventswhicharesmallerthanthemedian.

for L < 30 only, on theotherhand,we obtainedperfect�ts assumingpercolationexponents[33],
g=n � 2:05, cf. Fig. 11. Similarly, the FSSof the quantity (d ln[m]av=dK)Kmax µ L1=n gives for
Lmin > 30 anestimateof theexponent1=n = 1:33(3), consistentwith thestability condition[54]
1=n � d=2 = 1:5 at thedisorder�x edpoint. Thesameprocedurewasappliedto themagnetisation
[mKmax]av µ L� b=n , but herethe associatedcritical exponentturnedout to be not yet stable. We
thereforealsoconsideredthe FSSbehaviour of higher (thermal)momentsof the magnetisation,
[hmni ]av, which shouldscalewith an exponentnb=n. The resultsfor the �rst momentsexhibit,
however, again muchstrongercorrectionsto scalingthanwe observed for [c ]av or [d lnm=dK]av,
leadingto quite a conservative �nal estimateof b=n = 0:65(5). We neverthelessnote that our
resultsdo not �t satisfactorily thehyperscalinglaw 2b=n = d � g=n. Thereasoncouldbestrong
corrections-to-scalingat the disorder�x ed point which arehard to copewith for medium-sized
systems[50].

3.2 High-temperatureseriesexpansions

As expectedtheoreticallyandclearlycon�rmed by our MonteCarloresults,from a certain�-
nitedisorderstrengthon thethree-dimensional4-statePottsmodelgetssoftenedto asecond-order
transitiongovernedby a disorder�x ed point. In the latter regime we are interestedin locating
power-law divergencesof theform (2.26)from oursusceptibilityseriesup to order18[55, 49, 30].
To localizea �rst-order transitionpoint, however, a high-temperatureseriesaloneis not suf�cient
sincetherethe correlationlength remains�nite andno critical singularityoccurs. In analysing
seriesby ratio, Padéor differentialapproximants,the approximantwill provide an analyticcon-
tinuationof thethermodynamicquantitiesbeyondthetransitionpoint into a metastableregion on
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Figure 11: FSSbehaviour of thesusceptibilitymaximaaswell asof d ln[m]av=dK andthemagnetisationat
Kmax for the3D bond-diluted4-statePottsmodelat threedilutions(with verticaloffsetsaddedfor thesakeof
clarity). Thescalingbehaviour for smalllatticesizesbelow acrossover lengthscaleis presumablygoverned
by thepercolation�x edpoint, indicatedby thedashedlines.
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Figure 12: Transitiontemperaturesof the bond-diluted4-statePottsmodelfor differentdilution p asob-
tainedfrom MonteCarlo(MC) simulations[50] andDLog-Padéseriesanalyses.Theinsetshows thediffer-
encebetweenthetwo estimates.

a pseudo-spinodalline with a singularityT �
c < Tc andeffective “critical exponents”at T �

c . Again
we �rst employed the ratio methodwhich behavesqualitatively similar to the Ising modelcase
(oscillationscausedby theantiferromagneticsingularityat � vc, strongin�uenceof thepercolation
point at pc � 0:25). The slope(µ g� 1) wasfound to decreasewith p, changingfrom g < 1 to
g > 1 aroundp = 0:5.

Figure12 comparesthecritical temperature,estimatedfrom anaverageof 25 – 30 Padéap-
proximantsfor eachvalueof p, with the resultsof recentMonte Carlo simulations[50]. For p
closeto 1, in the�rst-order region,theseriesunderestimatesthecritical temperature.As explained
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above, this is anestimatenotof Tc but of T �
c . Betweenp = 0:7 andp = 0:5, theestimatescon�rm,

within errors,theMonteCarloresults,indicatingthatnow bothmethodsseethesamesecond-order
transition.Beyond p = 0:5, thescatterof differentPadéapproximantsincreasesrapidly, relatedto
thecrossover to thepercolationpoint.

The situationis morecomplicatedwith respectto the critical exponentg. The DLog-Padé
analysisgivesinconclusive resultsdueto a largescatteringbetweendifferentPadéapproximants.
Onepossiblereasonfor thisfailureis theexistenceof con�uentsingularities.Thedotsin Eq.(2.26)
indicatecorrectiontermswhichcanbeparametrizedasfollows:

c (v) = A(vc � v) � g[1+ A1(vc � v)D1 + A2(vc � v)D2 + : : :]; (3.2)

whereDi arethecon�uentcorrectionexponents.Amongthevarioussophisticatedanalysismethods
(inhomogeneousdifferentialapproximants[36, 37] andthemethodsM1 andM2 [39]), in thecase
athand,theBaker-Huntermethod[38] appearedto bethemostsuccessful,giving consistentresults
at largerdilutions p < 0:65 wheretheleading-termDLog-Padéanalysisfailed. TheBaker-Hunter
methodassumesthatthefunctionunderinvestigationhascon�uent singularities

F(z) =
N

å
i= 1

Ai

�
1�

z
zc

� � l i

= å
n= 0

anzn; (3.3)

whichcanbetransformedinto anauxiliaryfunctiong(t) thatis meromorphicandthereforesuitable
for Padéapproximation.After the substitutionz = zc(1 � e� t) we expandF(z(t)) = å ncntn and
constructthenew series

g(t) = å
n= 0

n! cn tn =
N

å
i= 1

Ai

1� l it
; (3.4)

suchthatPadéapproximantsto g(t) exhibit polesatt = 1=l i with residues� Ai=l i . Thismethodis
appliedby plotting thesepolesandresiduesfor differentPadéapproximantsto g(t) asfunctionsof
zc. Theoptimalsetof valuesfor theparametersis determinedvisually from thebestclusteringof
differentPadéapproximants.

Usingthis method,our resultsfor thecritical exponentg areplottedin Fig. 13. They show an
effective exponentmonotonicallydecreasingwith p but reachinga plateauat g = 1 for dilutions
betweenp = 0:58 and p = 0:54. The following sharpincreaseis to be interpretedasdueto the
crossover to thepercolation�x edpoint at pc � 0:25, Tc = 0, wherea c � exp(1=T) behaviour is
expected.

It is well known (see,e.g.,Ref. [56]) thatseriesanalysisin crossover situationsis extremely
dif�cult. If the parameterp interpolatesbetweenregionsgovernedby different�x ed points,the
exponentobtainedfroma�nite numberof termsof aseriesexpansionmustcrosssomehow between
its universalvalues,anddoesthis usuallyquite slowly. Thereforeit doesnot comeasa surprise
that the Monte Carlo simulationsquotedabove seethe onsetof a secondorderphasetransition
alreadyfor smallervaluesof thedisorderstrength1� p. Themereexistenceof aplateauin geff( p),
however, is anindicationthatheretruly critical behaviour is seen.It is governedby a�x edpointfor
which we obtaing = 1:00(3). Here,asalwaysin seriesanalyses,theerrorestimatesthescattering
of differentapproximants.
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Figure 13: Effectivecritical exponentg asfunctionof thedilution p from Baker-Hunteranalyses.

4. Summary

By performinglarge-scaleMonteCarlosimulationswehaveinvestigatedthein�uenceof bond
dilution on the critical propertiesof the 3D Ising and4-statePottsmodels. In the 3D Ising case
the universalityclassof the disorderedmodel is modi�ed by disorderbut its precisecharacteri-
sationturnedout bedif�cult becauseof thecompetitionbetweenthedifferent�x edpointswhich
inducecrossovereffects,evenfor relatively largelatticesizes.Overall,however, our resultsclearly
demonstrateuniversalitybetweensite- andbond-dilution,andthe critical exponentestimatesare
compatiblewith thoseobtainedwith completelyalternative techniquessuchas renormalization
groupstudiesandhigh-temperatureseriesexpansions.

One genericproblemof the numericalapproachis the computationof quenchedaverages
which requiressimulationsof many differentdisorderrealizations.With high-temperatureseries
expansions,on the otherhand,this averagecanbe calculatedexactly and,keepingthe relevant
parametersassymbolicvariables,wholephasediagramscanbescannedsystematically. Basedon
ourcomprehensivetoolboxfor generatingandenumeratingstargraphs,wehavepresentedanalyses
of thesusceptibilityseriesfor bothdisorderedmodels.The phasediagramsin the p-T-planeare
foundin very goodagreementwith theMonteCarloresults.For thecritical exponentg of the3D
bond-dilutedIsing model,however, large crossover effects rendera reliabledeterminationfrom
seriesexpansionsup to order19 very dif�cult. Our estimatesareclearly differentfrom the pure
casebut exhibit quitea pronounceddependenceon thedegreeof dilution.

Applying the simulationalapproachto the 3D 4-statePottsmodelwith its strong�rst-order
phasetransitionin thepurecase,weobtainedclearevidencefor softeningto acontinuoustransition
at strongdisorder, with estimatesfor the critical exponentsof n = 0:752(14), g = 1:13(4), and
b = 0:49(5) at p = 0:56. Theanalysisof both theautocorrelationtime [50, 51] andthe interface
tensionleadsto the conclusionof a tricritical point aroundp = 0:80. By comparingour high-
temperatureseriesexpansionswith the numericaldatawe can identify signalsfor softeningat
a �nite disorderstrengthalsowithin this approach,but dueto the morecomplicatedsingularity
structurein thiscase,seriesanalysesareratherinvolved.
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