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1. Intr oduction

Sincemary yearsrandomlsing and Potts modelshave sened as paradigmaticsystemsin
which the in uence of quenchedlisordermay be studiedthroughdifferenttechniques.Herewe
describefour of them: The renormalizationgroup (RG) approachexperimentalmeasurements,
Monte Carlo simulationandhigh-temperaturgeriesexpansions.

PurePottsmodelsshaw either rst- or second-ordephasetransitions,dependingon the di-
mensiond andthe numberof statesy. Sincein the second-ordecasethe speci c-heatexponent
a is non-ngative for this classof models,the Harris criterion[1] suggestgor the corresponding
disorderecsystemseitherthe appearancef a nev random x ed point(d = 2,g= 3;4 andd = 3,
g = 2) or logarithmiccorrectiongo the pure x edpoint (d = 2, q= 2). At rst-order phaseran-
sitions, randomnessoftensthe transitions[2]. For d = 2 evenin nitesimal disorderinducesa
continuoustransition[3, 4, 5, 6], whereador d = 3, q> 2 aftricritical pointata nite disorder
strengthis expectedb].

For thethree-dimensiongBD) disorderedsing model,RG calculationsvereconsideredjuite
early[1, 7] andsincethenmary groupsperformedveryskillful RG calculationgfor recentreviews,
seeRefs.[8, 9]). Onthe experimentakide, measurementsn crystallinemixturesof di uoride of
differenttransition metals, e.g., magneticFeF, substitutedwith non-magneticZnk,, were per
formedin the sameperiodover two decadesgainingin re nementandaccurayg (seeearlyresults
of Birgeneatetal. in Ref. [10], for areview see.e.g.,Ref.[11]). For thethird aspecbf simula-
tions,technicalprogressmadeby computermanugcturersenablednoreandmoreaccuratesimu-
lations(which startedfor disorderedgsystemsn 3D, e.g.,with Landauin Ref.[12]) andthestudyof
disorderednagneticsystemsene tedfrom the developmentof parallelcomputing.Monte Carlo
simulatorsthus competedn performancgfor a review, see,e.g.,Ref.[8]). Thefourth approach
consistof generatinghigh-temperaturseriesexpansionsandtheir analyses While conceptually
quitestraightforvardandthereforealsoconsideredrery early; it is technicallyratherdemandingas
we shallseebelow.

In the major partof this paperwe will rst give in Sect.2 areview of somerecentprogress
in studiesof the 3D disorderedsing model,emphasisinghe role of universalityandits dif cult
emepgencewhentrying to reconciletheoretical gxperimentalandcomputationapredictions.Sev-
eralreviews areavailable,e.g.Refs.[8], [9] or [13], sowe will notattemptfor exhaustve citations
to previous works. Section3 is devotedto a discussionof recentMonte Carlo simulationsand
high-temperaturseriesexpansionf the 3D 4-statePottsmodel. Our conclusionsare presented
in Sect.4.

2. Disordered Ising model

2.1 RG calculation of critical exponents

Longdistancepropertiesof thelsingmodelnearits second-ordephasdransitionaredescribed
in eld theoryby aneffective Ginzlurg-Landau-Wiison Hamiltonian
z
Hisingli 1= d J(Rj (r))?+ 3mgj 2(r) + %) *(r) ; (2.1)
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wheren% is the bare coupling proportionalto the deviation T T, from the critical point and
J (r) is abarescalar eld. Quenchedandomnesgntersin this formulationthrougha random

temperature-lik variableD addedto mg,
z

HG ;D= dfr (R ()?+ 3(mg+ D(r))j (r)+ ) () (2.2)

whereD(r) is dravn from, e.g.,a Gaussiamrobabilitydistribution of zeromeananddispersiors 2,
P (D) = (2ps?) lexp( D?=2s?). For aspecic disorderrealization[D], the partition function
andthefreeenepy readasusuallyZ[D]= D[j Je PHU-PlandF[D]= b InZ[D]. Theaverage
overtthe qguenchedlisorderdistribution P (D) thenrequiresto calculatequantitiesike [F[D]]ay =
b 1 D[D]InZ[DJP (D). Thisis performedthroughthe introductionof n replicasof the model
(labelledby a). Averagingover quenchedlisorderoneendsup with aneffective Hamiltonianwith

cubicanisotroly wherethereplicasarecoupledthrougha nenv parametewg
1.3
2

. !
ji(ry S5: (23)
1

n n
Hreepiicadj 1= d9r42 & (Njo(r)2+ngj 2(r) +% & j 2+ %
a=1

a=1

!ﬁ QJ°:

Herethe barecouplingug, proportionalto G, is positive andthe barecouplingvg, proportional
to s2, is negative. To the n-componentHamiltonian(2.3) the usual (but ratherelaborateRG
machinerycanbeapplied.The propertief therandomising modelareeventuallyobtainedvhen
takingthelimit n! 0,InZ= limy o(Z" 21)=n.

Undera changeof lengthscaleby afactorm the eld andcouplingsarerenormalisedccord-
ingto

j = Z}.Lzzf; Mg = Zpn?; Ug = meZ

U ZV
—Uu Vo= nf—v, 2.4

wheree= 4 d. TheRG functionsarede ned by differentiationat x edbareparameters,

v fu v

bu(U,V) - ﬁlnm 01 b\/(u1v) - ’“nm O! (25)
v Tnzs v TInZ .

g‘(U,V) - ﬂlnm O! g-nz(u,V) - ﬂlnm 0' (26)

The theoreticalchallengeis the perturbatve computationof thesefunctions[14, 15] (they are
known upto 6 loops),remaving divergencesvhich occurin the asymptotidimit by controlledre-
arrangementf the seriesfor the vertex functions.Eventually giventhefactthattheseexpansions
aredivergentasymptoticseriesreliableresultscanonly be expectedafter complicatedesumma-
tion procedure$16]. Fixedpointsarethensolutionsof by(u ;v ) = by(u ;v ) = 0, the stability of
which is controlledby a stability matrix ;]7—5; with eigervalueswhich besideghe standarctritical
exponentsalsogovernthe correctiongo scaling(exponentw).

At that point, it is quite easyto readoff the critical exponents. Considerfor examplethe
pair correlationfunction of bare elds ty (0)j (r)i. Undera changeof lengthscalem it renor
malisesto Z; (mhf (O)f (r)i. In the samemanney for anotherdilatation parameterns, one has

h (0)j (sr)i! Zf(me)f (0)f (sr)i. Theratio from this latterto the previousexpressioreadsto

hf (O)f (sr)i _ Zr(m by (0)) (sr)i,
h(O)f (i Zs(ms) by (0)j (r)i

2.7)
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Figure 1: RG ows in the (u;v) plane. The points denoted‘GaussianFP”, “Pure IM” and“RIM” are
respectiely the Gaussianthe purelsing modelandtherandomlsing model x edpoint.

This expressiongivesthe algebraicdecayof the two-point correlationfunction of renormalised
elds hf (0)f (r)i jrj @ 2P in termsof the pair correlationfunction of the bare elds which
are describedoy mean- eld theory (MFT), i.e., at the Gaussianx ed point (FP), Iy (0)j (r)i

jiri @ 2 (hyer = 0). Theratio szf((nnz) = e 99" aauatedatthenen FPgivess % andleadsto

hf (O)f (sr)i d 2+g).
HF (0) ()i ’

wherehf (0)f (r)i playsheretherole of anamplitudeandfrom which onereadsoff the value of
the critical exponentat this FP:

(2.8)

ht = g : (2.9)
Following the sameargument,the scalingdimensionl=n of the (renormalised}emperatureeld
e is givenattherandom x edpointin termsof the MFT value,1=nyrt = 2, andonegets
1
o= 2 g (2.10)
Fromthesawo exponentsthe othersmaybededucedy scalingargumentsdescribingheleading
singularitiesof the physicalquantitiese.g.,of the magneticsusceptibility:

c(t) Gijtj % g=n@ hf): (2.11)

In the non-asymptotigegime, the systemapproachesriticality in a morecomplex way and
thisis wherecorrectiongo scalingappear

c(t) G jtj 91+ @ jtj™+ G0jtj?™+ ::1); (2.12)

wherethescalingdimensionw correspondso the negative of theleadingirrelevantRG eigervalue,
w = ] Vysj, asit is usuallydenoted,andthe dotsin Eq. (2.12) standfor higherorderirrelevant
corrections.

Besidesthe critical exponents,also combinationsof critical amplitudesand correction-to-
scalingexponentsareuniversalquantities.In orderto describeheapproacho criticality it is com-
monpractice especiallyin experimentsandsimulationsto introduceeffective exponentghrough

dinc(t).

— _
c(t) G jtj *" o dnit]

(2.13)
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Theseeffective exponentanaybe calculatedheoreticallyfrom the o w equationse.g.,

hes(1) = o (u(l); v(1)); (2.14)
1 . .
T 2 Gul)v): (2.15)

The variationof effective exponentsdependonthe RG o w in the parametespaceasshowvn in
Fig. 1.

2.2 Experiments

Experimentson site-dilutedthree-dimensionalsing magnetsare usually performedon uni-
axial disorderedanti-ferromagnetsuchasFe; xZnsF» or Mny xZnsF,. Theoriginal aimwasthe
studyof therandom- eld behaiour whena uniform magneticeld is appliedto suchadisordered
system.However, whenthe samplesareof high quality (low mosaicity high chemicalhomogene-
ity), alsothe behaiour in zero externalmagnetic eld is accessibl€3D disorderedsing model
universalityclass).Staggeredusceptibilityandcorrelationlengtharededucedrom neutronscat-
tering experiments. The scatteringintensity 1 (q) is the Fourier transformof the pair correlation
function,wherelong-rangeuctuations produceanisotropicLorentzianpeakcentredat the super
structurespotpositionqo with a peakintensitygivenby the susceptibilityanda width determined
by the inversecorrelationlength, while long-rangeorder gives a backgroundoroportionalto the
orderparametesquared:

I(q) = tid(q  do)+ (2.16)

. c .
1+ x2(q qo)?’

Mnozs Znozs F;
000, 075 £No252

00—

o
T

X(O) (arb.units)

T T T

034
8=

1t L 1 } 1 i

[OX] 1
AT (K)

Figure 2: Neutronscatteringmeasurementsf the susceptibilityin Mng.75Zng.25F»> closeto criticality,
governedby the disorder x ed point of the Ising modelover the reducedtemperaturéntenal 4 10 4 <
jT=T. 1j< 2 10 1. Thesolidlinesshav powerlaw ts with exponentg= 1:364(76) aboe andbelav
T. (afterMitchell etal. [17]).
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Fitting the Lorentzianat differenttemperaturesventually gives accesgo the physical quantities
of interestandfurthertemperatur@nalysidgs requiredto getthecritical exponentsgritical ampli-
tudes,andpossiblythe correctionto scaling.For anexampleseeFig. 2.

2.3 Monte Carlo simulations

The majority of nhumericalstudiesof the disorderedising model were concernedwith site
dilution. But we mayalsochooseo modelthedisorderby bonddilution in orderto comparehese
two kindsof disorderandto verify thatthey indeedeadto thesamesetof new critical exponentsas
expectedheoreticallyby universality In our studywe thereforeconsideredhe bond-dilutedising
modelin threedimensionswhoseHamiltonianwith uncorrelatedquenchedandominteractions
canbewritten (in a Pottsmodelnormalisationas

bH = 3§ Kijds;;s;; (2.17)
()]
wherethe spinstake thevaluess; = 1 andthe sumgoesover all nearest-neighboyrairs(i; j).
Thecouplingstrengthd<;; aredravn from thedistribution

P [Kijl= O P(Kij) = Olpd(Kij K)+ (1 p)d(Kj RK): (2.18)
()] (i:1)

Besidesbonddilution (R= 0), which will bein the focusof the presentpaper this alsoincludes
random-bonderromagnetd0 < R < 1) andthe physically very different classof spin glasses
(R= 1) asspecialcases.For the hereconsideredcaseof bonddilution, the couplingsarethus
allowedto take two differentvaluesKj; = K Jb  J=kgT andO with probabilitiesp and1 p,
respectiely, with c= 1 p beingthe concentratiorof missingbonds,which play therole of the
non-magnetiémpurities.

Thephasaliagramandthecritical propertiesatafew selectedlilutionswerestudiedby large-
scaleMonte Carlo simulationson simple cubic latticeswith V = L3 spins(up to L = 96) and
periodicboundaryconditionsin the threespacedirections,usingthe Swendsen-\&hg clusteral-
gorithmfor updatingthe spins. All physical quantitiesare averagedover 2000- 5000 disorder
realisationsindicatedby [:::]a (€.9.,[C]a fOr the susceptibility).Standardde nitions wereused,
e.g.,for a given disorderrealisation,the magnetisatioris de ned accordingto m= hjnji where
h::i standsfor the thermalaverageand m= (N-  Ng)=(N- + Ny) with N-.» countingthe num-
berof “up” and“down” spins.The susceptibilityfollows from the uctuation-dissipatiorrelation,
c = KV(hn?i  hjmji?). The phasediagramis obtainedby locatingthe maximaof the average
susceptibility{ ¢ ]a, (adiverging quantityin thethermodynamidimit) for increasindatticesizesL
asafunctionof the couplingstrengthk.

In disorderedystemsthedistributionsof physicalobsenablegypically donotbecomesharper
with increasingsystenmsizeata nite-randomnesglisorder x edpoint. Rathertheir relative widths
stayconstanta phenomenorralled non-self-aeraging. Non self-aseragingcanbe quantitatvely
checledby evaluatingthenormalizedsquaredvidth R; (L) = V¢ (L)=[c(L)]3,, whereV, is thevari-
anceof thesusceptibilitydistribution: Vs (L) = [c(L)?]as  [c(L)]3,. Thisratiois shavn versusthe
inverselattice sizefor threeconcentrationsf thedisorderedsing modelin Fig. 3.
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Figure 3: Normalizedsquaredwidth of the susceptibilitydistribution versusthe inverseof the lattice size
for thethreeconcentration = 0:4;0:55,and0:7 atthe effective critical couplingK¢(L). Thestraightlines
arelinear ts usedasguidesto theeye.

Thefactthat R approachesa constantwhenL increasess predictedby Aharory and Har
ris [18] is the signatureof a non-self-aeragingsystem,n agreementvith the resultsof Wiseman
andDomary [19, 20] for the site-diluted3D Ising model.

As a function of the reducedtemperaturd = (K. K) (¢t < 0 in the low-temperaturgLT)
phaseandt > 0 in the high-temperaturéHT) phase)andthe systemsizelL, the susceptibilityis
expectedo scaleas

[c(t;Dla itj %9 (L'7jt]); (2.19)

whereg is a scalingfunction of the variablex = L¥jtj and the subscript standsfor the
HT/LT phases.Recalling(2.13) we cande ne a temperaturalependengffective critical expo-
nentgw(jtj) = dInc=dInjtj, which shouldcorverge towardsthe asymptoticcritical exponent
gwhenL! ¥ andjtj! 0. Ourresultsfor p= 0:7 areshavn in Fig. 4. For the greatessizes,
theeffective exponentg(jt ) is stablearoundl:34 whenjtj is nottoo small,i.e.,whenthe nite-

sizeeffectsarenottoo strong. The plot of g (jtj) vs.therescaled/ariableL™jtj shovs thatthe
critical powerlaw behaiour holdsin differenttemperatureangesfor the differentsizesstudied.
Fromthetemperaturdehaiour of thesusceptibilitywe alsohave directly extractedthe powver-law
exponentg usingerrorweightedlieast-squaress by choosinghetemperatureangethatgivesthe
smallestc?=d.o.ffor severalsystemsizes.Theresultsareconsistentvith g 1:34  1:36.

From the previous expressionof the susceptibilityasa function of the reducedtemperature
andsize, it is instructie to plot the scalingfunctiong (x). For nite sizeandjtj 6 0, thescaling
functionsmay be Taylor expandedin powers of the inversescalingvariablex 1 = (L¥jtj) 1,
[c (t:D)]a=jtj 9g (¥)+x 1g°(¥)+ O(x ?)], wheretheamplitudeg (¥) is usuallydenoted
by G . Multiplying by jtj9 leadsto

[c (t;L]aiti?= g (=G +O(x *): (2.20)

Whenjtj! 0 butwith L still largerthanthe correlationlengthx, oneshouldrecover the critical
behaiour givenby g (x) = O(1). Thecritical amplitudesG follow, asshavn in Fig. 4.
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Figure 4: Variationof the temperaturelependenéffective critical exponentg(jtj) = dInc=dInjtj (in
thelow-temperaturgphasepsa functionof therescaledemperaturd. "]t j (top) for thebond-dilutedsing
modelwith p = 0:7 andsererallatticesizesL. Thehorizontalsolid anddashedinesindicatethesite-diluted

andpurevaluesof g, respectiely. The gure belowv shavs the critical amplitudesG above andbelow the
critical temperature.

2.4 High-temperature seriesexpansions

Systematicseriesexpansiong21] for statisticalphysics modelsde ned on a lattice provide
anusefulcomplemento eld-theoreticalrenormalizatiorgroupstudiesandlarge-scalenumerical
Monte Carlo simulations. This is in particulartrue when studyingphasetransitionsand critical
phenomenaf quencheddisorderedsystemsSeriessxpansiongechniquesreatthe quenchedlis-
orderaverageexactly andthein nite-v olumelimit is implicitly implied. Thereforeonecanobtain
exactresultsup to a certainorderin the inversetemperaturdor mary quantities. Moreover, one
cankeepthe disorderstrengthp aswell asthe dimensiond assymbolicparameterandtherefore
analysdargeregionsof the parametespaceof disorderedsystems.The critical partof the series
expansiomapproacHiesin the extrapolationtechniquesvhich areusedin orderto obtaininforma-
tion onthephasdransitionbehaiour from the nite numberof known coefcients. While for pure
systemashis usuallyworks quitewell, onecanquestiorthe useof theseextrapolationtechniquesn
disorderedsystemsyherethe singularitystructureof thefreeenepgy or susceptibilitymaybevery
complicatedjnvolving Grif ths-type singularitiesor logarithmiccorrectiond22].

Basedon the Hamiltonian(2.17),the combination

i 1

Vij eKij 1+ q

(2.21)
will betherelevantexpansiorparameterfor thelsingmodel(q= 2)it simpli es tovj; = tanh(K;;=2).

In thesymmetrichigh-temperaturphasethesusceptibilityassociatewith thecouplingd ; hi(qds;:1
1)=(g 1)toanexternal eld h; is givenfor agraphwith N spinsby summingover all two-point
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correlations,
—_— : (2.22)
q 1 a

Thebraclets[:::]a indicatethe quenchedlisorderaveragewith respecto the distribution (2.18).

2.4.1 Seriesgenerationmethodology

Thereare a couple of well-establishednethods[21] known for the systematicgeneration
of high-temperaturseries(HTS) expansionswhich differ in the way relevant subgraphsare se-
lectedor groupedtogether We employed the stargraphmethodwhich can be adoptedto sys-
temsinvolving quenchedlisorder[23, 24] (asalsocanthe no-free-endmethod[25]) sinceit al-
lows oneto take the disorderaverageon the level of individual graphs. The basicideais to as-
semblethe value of someextensive thermodynamiayuantity F on a large or evenin nite graph
from its valueson subgraphsGraphsconstitutea partially orderedsetunderthe “subgraph’re-
lation. Therefore,for every function F(G) de ned on the setof graphsexists anotherfunction
W:(G) suchthat F(G) = 84 gWe(g), for all graphsG. This function can be calculatedre-
cursiely viaWe(G) = F(G) a4 Wk (Q), resultingfor anin nite (e.g. hypercubic)lattice in
F(Z9 = a5(G: Z9)We(G), where(G : 2% denotegheweakembeddinghumberof the graphG
in the givenlattice structure[26].

Thefollowing obsenation makesthis a usefulmethod: A vertex is termedarticulationpoint
if the deletionof the vertex rendersthe graphdisconnected.The “star graphs”which gave the
methodits nameare de ned by the absenceof sucharticulationpoints. Now let G be a graph
with anarticulationvertex wheretwo starsubgraph$s;., aregluedtogether ThenWe (G) vanishes
if F(G) = F(G1) + F(Gy). An obserableF for which this propertyis true on arbitrary graphs
with articulationpointsallows a stargraphexpansion. All non-stargraphshave zeroweightWe
in the sumfor F(Z9). It is easyto seethatthe (properly normalized)free enegy logZ hasthis
propertyandit canbe proved[24] thattheinversesusceptibilityl=c hasit, too, evenfor arbitrary
inhomogeneousouplingsKjj. This restrictsthe summatiorfor F(ZY) to asumover stargraphs.
Thelinearity of therecursionrelationsthenenableghe calculationof quenchedwveragesover the
couplingdistribution on the level of individual graphs. The resultingrecipefor the susceptibility
seriess:

Graphgeneratiorandembeddinghumbercounting.

Calculationof Z(G) andthe correlationmatrix Mnm(G) = Tr(qds,s,, 1)e PH (fKi9)
for all graphsaspolynomialsin E variablesvjj de nedin (2.21).

Inversionof the Z polynomialasa seriesup to thedesiredordet

Averagingover quenchedlisorder Nnm(G) = [Mnm=Z]p (K) 3 resultingin amatrix of polyno-
mialsin (p;V).

Inversionof thematrix Nnm andsubgraptsubtractionW; (G) = & ym(N om 84 cWe(0).

Collectingtheresultsfrom all graphsi=c = & 5(G: Z9) W,(G).
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Table 1: Numberof stargraphswith E 8 links and non-\anishingembeddingnumberson Z9. For
E = 1,;4;6,and7 only asinglestargraphexists.

orderE 8 9 10 11 12 13 14 15 16 17 18 19
# 2 3 8 9 29 51 142 330 951 2561 7688 23078

Algorithmically themostcumbersomeartof thisrecipeis the rst stepthegeneratiorof star
graphsandcalculationof their (weak)embeddinghumbers.The graphgeneratioris usuallydone
by recursvely addingnodesand edgesto a list of smallergraphs. To make surethat no double
countingoccursthis requiresanisomorphisntest,i.e., the decisionwhethertwo given adjaceng
lists or adjaceng matricesdescribeéhesamegraphmodulorelabellingandreorderingof edgesand
nodesWe emplog/edtheNAUT Ypackagdoy McKay [27] which allows very fastisomorphismests
by calculatinga canonicarepresentationf theautomorphisngroupof thegraphs By this means,
we classi ed for the rst time all stargraphsup to order19 that canbe embeddedn hypercubic
lattices,seeTablel. As with ary seriesexpansiontheeffort grows exponentiallywith themaximal
order of the expansion,renderingeachnewn orderroughly as“expensve” asall previous orders
takentogether Thisis illustratedin Fig. 5 wherealreadythe numberof stargraphss seernto grow
exponentiallyasa function of thelinks E. The exponentialt in therangeE = 13- 19 suggests
thatthe numberof stargraphdncreasesoughlyby afactorof 2.8in eachof thenext higherorders,
predictingabout65000differentstargraphswith E = 20 andabout180000with E = 21.

For eachof thesegraphswe calculatedtheir (weak) embeddinghumbersfor d-dimensional
hypercubiclattices(up to order17 for arbitraryd, order18 (generalg-statePotts)and 19 (Ising)
for dimensionsd  5). Two typical resultsaredepictedin Fig. 6. For the embeddingcountwe
implementedare ned versionof thebacktracingalgorithmby Martin [26], makinguseof acouple
of simpli cations for bipartite hypercubiclatticesZ9. After extensie teststo nd the optimal
algorithmfor the “innermost” loop, the testfor collisionsin the embeddingwe endedup using

10

S

=
(=}

1.0254 E - 9.5103

#=e

w

=
o

™

number of star graphs
B
o

-

[
o

10

5 10 15 20
number of links E

Figure 5: Growth behaiour of the numberof stargraphswith E links thatcanbe embeddedn hypercubic
latticesZ9.
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Figure 6: Two stargraphsof order17 and19 andtheir weakembeddinghumbersaup to 6 dimensions.

optimizedhashtables.

Thesecondstepof theseriesgeneratiorrequiresheexactcalculationof the partitionfunction
andthematrix of correlationsVi,y, for eachstargraphwith arbitrarysymboliccouplingsJ;j de ned
ontheE 19edges.Thecrucialobserationis thatthis canbedonemostef ciently by usingthe
clusterrepresentation

zpz =q"mrd 1 Vij + VijQ0s;;s,
i | |
=8¢ Ow OQ w; (2.23)
c hjizC hjizc

wherethe sum goesover all clustersC G, e is the numberof links of the clusterandc the
numberof connecteccomponent®f C. ThereducedpartitionfunctionZz  Zqg® Nzéhji(eKii
1+ @) is normalizedsuchthatlogZ hasa stargraphexpansion.Similarly, the calculationof the

susceptibilityinvolvesthe matrix of correlations
I I

Mmp & ™ Ovw; O @ w) ; (2.24)
Crm hji2 C Hji2C

wherethesumis restrictecto all clusters<C,y, G in whichtheverticesn andm areconnected.

This representatioessentiallreduceshe summatiorover gV stateso asumover 2F clusters
which, comparedvith previousimplementationsiesultsis a hugesaving factorin computingtime
(of the order of 10°). Furtherimprovementsresultif the 25 clustersbelongingto a graphare
enumeratedy Gray codes[28] suchthat two consecutie clustersin the sum (2.23) differ by
exactly one(addedor deleted)ink. In thelsingcaseq= 2 anothethugesimpli cation takesplace
sinceonly clusterswhereall verticesareof evendegreecontrituteto the clustersum.

Sincegeneralpurposesoftwarefor symbolicmanipulationgurnedout to be too slow for our
purposeswe developeda C+ templatelibrary using an expandeddegree-sparseepresentation
of polynomialsandseriesin mary variables. For arbitrary-precisiorarithmeticsthe opensource
library GMP wasused.Finally, for the caseof bonddilution (R= 0in (2.18))consideredere,we
madeuseof thefactthatthe disorderaverageis mosteasilycalculatedvia

VAR P AVAERL (2.25)

2.4.2 Seriesanalysis: techniquesand results

Our high-temperaturseriesexpansionfor the susceptibilityup to order19is givenwith coef-
cients aspolynomialsin p, c(v) = &,an(p)V" [29, 30]. Thereforet shouldbewell-suitedfor the
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Figure 7: Ratioapproximantgor differentdilutions p vs. 1=n. In orderto make themvisually comparable,
they are(exceptfor p= 0:25) normalizedby their respectie critical couplingsvc.

methodof partialdifferentialapproximant$31] whichwassuccessfullyusedto analyseserieswith
ananisotroy parametedescribinghecrossaerbetweer8D Ising, XY andHeisenbegy behaiour
[32]. Butthis methodwasunableto give conclusve results. Thereforewe con ned ourselhesto a
single-parameteseriesfor selectedraluesof p.

Theratio methodassumeshatthe expectedsingularityof theform

c(V)= A(ve V) 9+::: (2.26)

is theclosesto theorigin. Thenthe consecutie ratiosof seriescoefcients behae asymptotically

as
g 1
n

M= % =v. ! 1+

Figure7 shavs theseratiosfor differentvaluesof p. For p closeto 1 they shawv the typical os-
cillations relatedto the existenceof anantiferromagnetisingularityat v.. Nearthe percolation
thresholdat p; = 0:248812[33] (whereT. goesto 0, v to 1) the seriesis clearlyill-behaved, re-
latedto theexp(1=T) singularityexpectedhere.Besideghat,the slope(relatedto g) is decreasing
with p.

The widely usedDLog-Padémethodconsistsin calculatingPadéapproximantdo the loga-
rithmic derivative of c(v),

(2.27)

dinc(v) _ g

dv v v
The smallestreal pole of the approximantis an estimationof v, and its residuegivesg. The
resultspresentedn Table 2 are the averagesof 45 — 55 different Padé approximantgfor each
valueof p, with the errorin parenthesemdicatingthe standarddeviation. The scatteringof the
Padéapproximantancreaseswith decreasingp, gettingagain inconclusve nearthe percolation
threshold. Neverthelessdown to aboutp = 0:4 the seriesestimatedor v; respectiely T; arein
perfectagreementvith the Monte Carlo (MC) resultsof Ref.[34]. Thisis demonstrateth Fig. 8
where also the (properly normalized)mean- eld and effective-mediumapproximation[35] are
shawn for comparison.

+ (2.28)
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Table 2: Transitionpointsv, = tanHK:=2) and critical exponentsg for differentdilutions p asobtained

from DLog-Padéapproximants.

p Ve g
1 0.21813(1)  1.2493(7)
0.85 0.25788(1)  1.2714(8)
0.7  0.31566(2)  1.305(4)
0.55  0.40743(10) 1.365(6)
0.4  0.576(1) 1.435(60)

The critical exponentg, as provided by this method, apparentlyvaries with the disorder
strength.More sophisticatec@nalysismethods suchasinhomogeneoudifferentialapproximants
[36, 37], the Baker-Huntermethod[38] or themethoddM1 andM2 [39], especiallytailoredto deal
with con uent singularitiesasonewould expectin a crosseer situation,give improved resultsin
thepure(p = 1) casebut do notessentiallychangeheresultsin the presencef disorder

Thus,while for theoreticateasonsvesstill nd it likely thatthevariationof g with thedisorder
strengthcanbe attributedto neglectedor insufciently treatedcorrectionterms,it proved clearly
impossibleto verify this effectin the seriesanalysis.In fact,a plot of g vs. p doesnot evenshowv
anindicationof a plateau.ln thecentraldisorderregime, p= 0:5-0.7,thehigh-temperaturseries
estimategjivenin Table2 areatleastcompatiblenith Monte Carloresultsfor siteandbonddilution
[34, 40, 41] which clusterquite sharplyaroundguc = 1:34(1). Field-theoreticrenormalization
groupestimateg42, 15] favor slightly smallerexponentf grg = 1:32—1.33,while experiments
[10, 17,43] reportvaluesbetweeng, = 1:31—-1.44,cp.,e.g., Table3 (seealsoRef.[44]).

o} o HTS
o o MC
20 B, ———- mean-field a|
B - pprox.
“a e gffective-medium approx.
an\
RN
SN
2 RNy
G) ENN
o s
X 10 RO
[ZNN
N
a N
B AN
N
<
<
\\
\\
<
\\
00 L L L L
0.0 0.2 0.4 0.6 0.8 1.0
1-p

Figure 8: Transitiontemperaturesf the bond-dilutedsing modelfor differentdilutions p asobtainedrom
our DLog-Padéhigh-temperaturseries(HTS) analysesandfrom Monte Carlo (MC) simulationg[34]. For
comparisoralsothe (properlynormalized)mean- eld andeffective-mediumapproximationsareshowvn.
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Table 3: Critical exponentsand critical amplituderatio of the susceptibilityas measuredvith different
techniques.

Technique g G = w Ref.
RG 2:2 [45]
1:318 0:394) [46,42]
1:330(17) 0:25(10) [15]2
Neutronscattering 1:44(6) 2:2 0:5 [10]°
1:31(3) 2:8(2) [43]*
1:37(4) 2:40(2) [177°
MC 1:34210) 0:37 [471°
1:34(1) 1:62(10) undetermined [34]’
1:3427) undetermined [40]®
1:3144)  1:67(15 undetermined [48]°
HTS 1:3054) undetermined [49]%°

1 4 loop approximation.

2 6 loop approximation,x eddimension.

3 Fe yZnkFo, x= 0:4,0.5,jtj 10 2

4 Fep.46Zng:54F2, 1:5 10 3 ]t] 10 1

5Mng75ZngosFe, 4 10 4 jtj 2 10 1.

6 sitedilution, p= 0:4t00.8.

7 bonddilution, p= 0:7. Thecorrectionto scalingis too smallto be determined.

8 sitedilution, p= 0:8. Theobsenedcorrectionto scalingcould be the next-to-leadingone.
9 sitedilution, p= 0:8.

10 ponddilution, p= 0:7.

3. Disordered 4-statePotts model

3.1 Monte Carlo simulations

Let usnow turnto the4-statePottsmodelwhich exhibits aratherstrong rst-order phaseran-
sitionin thepurecase.In orderto mapoutthe phasadiagramof thedilutedmodelwe consideredll
concentrationg in theinterval [0:28; 1] in stepsof 0:04 anddeterminedagain the locationsof the
maximaof the susceptibilityfor a givenlatticesizeL. Theresultingphasediagramis againin very
goodagreementith the effective-mediumapproximationherewith [50, 51] K¢(1) = 0:628632),
andestimatedrom high-temperaturseriesexpansiong49].

In a secondstep,the orderof the phasetransitionswasinvesticgated. To satisfyour criterion
Nwmcs > 250 te, herethe numberof MC sweepshadto be increasedo much larger values(up
to 15000 30000)thanin thelsing case.In fact,a rst indicationfor a cross@er betweenrst-
andsecond-ordetransitionswith decreasinglilution p could be derived from the autocorrelation
times. In the rst-order regime we performedmultibondicsimulations[52, 53] andestimatedhe
interfacetensionfrom
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Sod = z—iz log E:?: : (3.1)
wherePax is the maximumof the probability densityreweightedto thetemperaturevherethetwo
peaksareof equalheight,andPy,, istheminimumin betweenseeFig. 9. Thelinearextrapolations
of Soq in 1=L in thelower partof Fig. 9 imply non-vanishinginterfacetensionsonly for p = 0:84
andabove. For p  0:76, sog Seemdo vanishin thein nite-v olumelimit, beingindicative of the
expectedsofteningto a second-ordephasetransition. Thetricritical point would thusbe located
aroundp= 0:76 0:84,in goodagreementith theestimateof p= 0:80derivedfrom ouranalysis
of autocorrelatioriimes.

Below this concentrationthe systemexhibits a second-ordetransition. This is signaledqual-
itatively by typical single-pealorderparameteprobability distributionsat the transitiontemper
ature. To con rm the softeningto second-ordephasetransitionsfor p  0:76 we performeda
detailedFSS[50] studyat p = 0:56 with lattice sizesrangingup to L = 96 and the numberof
realisationsvarying betweer2 000and5000. As canbeinspectedn Fig. 10, thevarianceof the
cfy) measurements somavhatlargerthanin the Ising modelandthe distribution exhibits a long
tail towardslarge susceptibilitiesre ecting the rst-order like signalof a few rare-eents.

The choiceof p = 0:56 is motivated by our obsenration that in this rangeof dilutions the
correctiongo asymptoticFSSof the effective transitionpointsareminimal. The log-log plot for
[clarmax in Fig. 11 indeedsuggestshatfor this quantitythe correctiondbecomequite smallabove
L = 30, and ts of the form a;L%™" startingat Ly, > 30 yield g=n = 1:50(2). Using the data

25
'_5 100 - 20+ =
N
W 15 -
a
‘o
K — 10— —
2
X
=S 5 -
0 L 0 L
0.35 0.4 0.45 0.3 0.4
e e
0.005
-~ [ o p=0.84 o
€ 0.004 I o---5p=0.76 -
o -
\é v—-—v p=0.56 2
af 0003 | =
=4
o~
- 0.002
0
o .
» 0.001
O - L L L
0 0.02 0.04 0.06 0.08

1/L

Figure 9: Probabilitydensityof the enegy of the 3D bond-diluted4-statePottsmodelreweightedto equal
peakheightfor p = 0:56 (top left) and p = 0:84 (top right). Interfacetensionversusinverselattice size

(bottom).
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‘ : 1

— p=0.44L=128"

oy el

Figure 10: Probability distribution of the susceptibilitycjy(Kmax) for the bond concentrationg = 0:44,
0:56, and0:68 for the largestlattice sizein eachcase.Thefull curve representshe integrateddistribution.
At eachdilution, afull verticalline shawvs thelocationof the averagesusceptibility a dashedine shavs the
mediananda dottedline shawvs the averageover the eventswhich aresmallerthanthe median.

for L < 30 only, onthe otherhand,we obtainedperfect ts assumingpercolationexponentg33],
g=n  2:05, cf. Fig. 11. Similarly, the FSSof the quantity (dIn[m]a=dK),., 1 L¥" givesfor
Lmin > 30 anestimateof the exponentl=n = 1:33(3), consistenwith the stability condition[54]
1=n d=2= 1:5atthedisorderx edpoint. Thesameproceduravasappliedto the magnetisation
Mk, Jav U L 27", but herethe associatedtritical exponentturnedout to be not yet stable. We
thereforealso consideredhe FSSbehaiour of higher (thermal)momentsof the magnetisation,
[h'i ]y, which shouldscalewith an exponentnb=n. The resultsfor the rst momentsexhibit,
however, again muchstrongercorrectiongo scalingthanwe obseredfor [c]a or [dInm=dK ]y,
leadingto quite a conserative nal estimateof b=n = 0:65(5). We neverthelessote that our
resultsdo not t satistctorily the hyperscalingaw 2b=n=d g=n. Thereasoncouldbe strong
corrections-to-scalin@t the disorder x ed point which are hardto copewith for medium-sized
systemg50].

3.2 High-temperature seriesexpansions

As expectedheoreticallyandclearly con rmed by our Monte Carloresults from a certain -
nite disorderstrengthon thethree-dimensional-statePottsmodelgetssoftenedo a second-order
transitiongovernedby a disorder x ed point. In the latter regime we are interestedn locating
power-law divergence®f theform (2.26)from our susceptibilityseriesupto order18[55, 49, 30].
To localizea rst-order transitionpoint, however, a high-temperaturseriesaloneis not sufcient
sincetherethe correlationlength remains nite andno critical singularity occurs. In analysing
serieshy ratio, Padéor differentialapproximantsthe approximantwill provide an analyticcon-
tinuationof the thermodynamigyuantitiesbeyond the transitionpoint into a metastableegion on
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Figure 11: FSSbhehaiour of the susceptibilitymaximaaswell asof dIn[m],=dK andthe magnetisatiomat
Kmax for the3D bond-diluted4-statePottsmodelatthreedilutions (with verticaloffsetsaddedor thesale of
clarity). Thescalingbehaiour for smalllattice sizesbelow across@erlengthscaleis presumablygoverned
by the percolationx edpoint,indicatedby thedashedines.
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Figure 12: Transitiontemperaturesf the bond-diluted4-statePottsmodelfor differentdilution p asob-
tainedfrom Monte Carlo(MC) simulationg50] andDLog-PadéseriesanalysesTheinsetshaws the differ-
encebetweerthetwo estimates.

a pseudo-spinoddine with a singularity T, < T, andeffective “critical exponentsat T, . Again
we rst emplgyed the ratio methodwhich behaes qualitatively similar to the Ising modelcase
(oscillationscausedy theantiferromagnetisingularityat v, strongin uence of thepercolation
pointat p. 0:25). Theslope(u g 1) wasfoundto decreasavith p, changingfrom g< 1to
g> laroundp= 0:5.

Figure 12 compareghe critical temperatureestimatedrom an averageof 25— 30 Padéap-
proximantsfor eachvalue of p, with the resultsof recentMonte Carlo simulations[50]. For p
closeto 1, in the rst-order region, the seriesunderestimatethecritical temperatureAs explained
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above, thisis anestimatenot of Tc but of T, . Betweenp= 0:7 andp = 0:5, theestimateson rm,
within errors theMonte Carloresults jndicatingthatnow bothmethodsseethe samesecond-order
transition.Beyond p = 0:5, the scatterof differentPadéapproximantsncreasesapidly, relatedto
thecrosswerto the percolationpoint.

The situationis more complicatedwith respectto the critical exponentg. The DLog-Padé
analysisgivesinconclusve resultsdueto a large scatteringbetweendifferentPadéapproximants.
Onepossiblereasorfor thisfailureis theexistenceof con uentsingularities.Thedotsin Eq. (2.26)
indicatecorrectiontermswhich canbe parametrizeésfollows:

c(V) = AVe V) 1+ Ag(Ve V)Pt Ag(ve V)2 (3.2)

whereD, arethecon uentcorrectionexponents Amongthevarioussophisticate@nalysiamethods
(inhomogeneoudifferentialapproximant$36, 37] andthemethodsM1 andM2 [39]), in thecase
athandthe Baker-Huntermethod38] appearedo bethemostsuccessfulgiving consistentesults
atlargerdilutions p < 0:65 wherethe leading-termDLog-Padéanalysisfailed. The Baker-Hunter
methodassumeshatthefunctionunderinvestigationhascon uent singularities

N
z
FO=aA 1 = =§a (3.3)
i=1 Z n=0
which canbetransformednto anauxiliary functiong(t) thatis meromorphiandthereforesuitable
for Padéapproximation.After the substitutionz= z,(1 e ') we expandF(z(t)) = &,cyt" and
constructthe new series
o= & nicnt"= & A
- sbnt = T

n=0 =1Ll it

(3.4)

suchthatPadéapproximantso g(t) exhibit polesatt = 1=/ ; with residues A=l ;. Thismethodis
appliedby plotting thesepolesandresiduedor differentPadéapproximantso g(t) asfunctionsof
Z.. Theoptimalsetof valuesfor the parameterss determinedvisually from the bestclusteringof
differentPadéapproximants.

Usingthis method,our resultsfor the critical exponentg areplottedin Fig. 13. They shav an
effective exponentmonotonicallydecreasingvith p but reachinga plateauat g= 1 for dilutions
betweenp = 0:58 and p = 0:54. The following sharpincreaseis to be interpretedasdueto the
crosswerto the percolationx edpointat p.  0:25, T, = 0, whereac exp(1=T) behaiour is
expected.

It is well known (see,e.g.,Ref. [56]) thatseriesanalysisin crosseer situationsis extremely
dif cult. If the parametelp interpolatesbetweenregions governedby different x ed points, the
exponentobtainedroma nite numberof termsof aseriesexpansiormustcrosssomehav between
its universalvalues,anddoesthis usually quite slowly. Thereforeit doesnot comeasa surprise
that the Monte Carlo simulationsquotedabove seethe onsetof a secondorder phasetransition
alreadyfor smallervaluesof thedisorderstrengthl  p. Themereexistenceof a plateaun ge«(p),
however, is anindicationthatheretruly critical behaiour is seenlt is governedby a x edpointfor
whichwe obtaing= 1:00(3). Here,asalwaysin seriesanalysesthe errorestimateghe scattering
of differentapproximants.
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Figure 13: Effective critical exponentg asfunctionof thedilution p from Baker-Hunteranalyses.

4. Summary

By performinglarge-scalévionte Carlosimulationsve have investicatedthein uence of bond
dilution on the critical propertiesof the 3D Ising and 4-statePottsmodels. In the 3D Ising case
the universality classof the disorderedmodelis modi ed by disorderbut its precisecharacteri-
sationturnedout be dif cult becausef the competitionbetweenthe different x ed pointswhich
inducecrosseer effects,evenfor relatively largelattice sizes.Overall, however, ourresultsclearly
demonstrateiniversality betweensite- and bond-dilution,andthe critical exponentestimatesare
compatiblewith thoseobtainedwith completelyalternatve techniquessuchas renormalization
groupstudiesandhigh-temperaturseriesexpansions.

One genericproblemof the numericalapproachis the computationof quenchedaverages
which requiressimulationsof mary differentdisorderrealizations.With high-temperaturseries
expansionson the other hand, this averagecan be calculatedexactly and, keepingthe relevant
parametersssymbolicvariableswhole phasediagramscanbe scannedystematicallyBasedon
ourcomprehensietoolboxfor generatingandenumeratingtargraphswe have presente@dnalyses
of the susceptibilityseriesfor both disorderednodels. The phasediagramsn the p-T-planeare
foundin very goodagreementvith the Monte Carloresults.For the critical exponentg of the 3D
bond-dilutedising model, however, large crosseer effectsrendera reliable determinatiorfrom
seriesexpansionaup to order19 very dif cult. Our estimatesare clearly differentfrom the pure
casebut exhibit quite a pronouncedlependencen the degreeof dilution.

Applying the simulationalapproacho the 3D 4-statePottsmodelwith its strong rst-order
phasdransitionin thepurecasewe obtainedclearevidencefor softeningto acontinuoudransition
at strongdisorder with estimatedor the critical exponentsof n = 0:75214), g= 1:13(4), and
b = 0:495) at p= 0:56. The analysisof boththe autocorrelatioriime [50, 51] andthe interface
tensionleadsto the conclusionof a tricritical point aroundp = 0:80. By comparingour high-
temperatureseriesexpansionswith the numericaldatawe can identify signalsfor softeningat
a nite disorderstrengthalsowithin this approachjput dueto the more complicatedsingularity
structurein this case seriesanalyse@reratherinvolved.
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