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We perform a systematic study of low-lying eigenmodes of Hw with various gauge actions to �nd

the optimal choice for dynamical overlap fermion simulations, with which one may achieve lower

numerical cost for HMC and better locality property of the overlap kernel. For this purpose, our

study is made with emphasis on the distribution of low-lying eigenvalues and the mobility edge

with and without dynamical overlap fermions.
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Mobility edge and locality of the overlap-Dirac operator with and without dynamical · · · N. Yamada

1. Introduction

The JLQCD collaboration has started a large scale simulation of dynamical overlap fermions [1],
aiming at studying the QCD dynamics in the presence of very light quarks. For the overlap fermion
formulation, large computational costs and non-locality of the overlap-Dirac operator have been
practical and theoretical concerns. The computational cost is closely related to the near-zero mode
density of the Hermitian Wilson-Dirac operator,

Hw(−m0) = γ5Dw(−m0) = γ5 (−m0 +Dw(0)) (m0 = 1+ s), (1.1)

where Dw(0) is the standard Wilson-Dirac operator for the massless Wilson fermion. According
to Ref. [2], locality of the overlap-Dirac operator can be studied by examining the locality of
eigenvectors of Hw, de�ned by Hwφi(x) = λw,iφi(x). Since both the near-zero mode density and
the corresponding eigenvectors are known to depend on the gauge action and β , in this work we
explore these two properties for several gauge actions.

We consider three gauge actions, the standard plaquette (Plq), Iwasaki (RG), and a modi�ed
gauge action motivated by the admissibility condition (Adm). The Adm action [3, 4, 5] is given by

SAdm =







β ∑x,µ,ν
1−ReTrPµ,ν(x)/3

1− (1−ReTrPµ,ν/3)/ε
, when 1−ReTrPµ,ν/3 < ε

∞ otherwise
, (1.2)

where ε is a parameter to control the possible maximum value of ReTrPµ,ν(x)/3. With ε <

1/(6(2 +
√

2)), the locality of the overlap-Dirac operator is guaranteed [6]. This action reduces
to the standard plaquette action when 1/ε → 0. In addition, for each of these gauge actions we
introduce two-�avors of extra-Wilson fermions ψ and ghosts χ [7] as

Sext = ∑
x

ψ̄(x)Dw(−m0)ψ(x)+∑
x

χ�(x)
(

Dw(−m0)+ iµγ5τ3)χ(x), (1.3)

where τ3 acts on the �avor index. Since integrating out these extra �elds results in det |H 2
w(−m0)

/(H2
w(−m0)+ µ2)|, the appearance of the modes with |λw,i| < µ are suppressed with this weight.

µ = 0 corresponds to the standard quenched approximation. The same value of m0 is taken for both
the overlap kernel and extra �elds.

The lattice size is �xed to 163 × 32. For the Adm action, 1/ε = 2/3 is used throughout this
study. Three values of µ (0.0, 0.2, and 0.4) are examined, and more than 10,000 trajectories are
accumulated for each gauge action as shown in Tab. 1. The lattice spacing is set by r0=0.49 fm,
and is about 0.125 fm for all lattices, unless otherwise stated.

2. Spectral density

Three panels in Fig. 1 show the distributions of the near-zero modes for three gauge actions,
where all eigenvalues are plotted in the lattice unit. Different symbols represent different values
of µ . We �nd that the extra fermions and ghosts suppress the low-lying modes as expected. The
suppression is most effective with µ = 0.2. Figure 2 shows a comparison of the spectral density
ρ(λw) for the three gauge action with µ = 0.2. We observe that the RG action yields the smallest
near-zero mode density. From these observations made in the quenched approximation, we decide
to employ the Iwasaki RG gauge action with µ = 0.2 in the dynamical overlap simulations.
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