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1. Introduction

In the brane-world scenario, our four-dimensional spacetime is realized as a topological defect
in a higher dimensional spactime [2]. It is desirable to construct such topological defect as vari-
ous topological solitons. Supersymmetric gauge theories have been extremely useful to construct
realistic models beyond the standard model [3]. When a field configuration preserves a part of su-
persymmetry (SUSY), it satisfies the field equation automatically [4]. Such a field configuration is
called the Bogomol’nyi-Prasad-Sommerfield (BPS) state [5]. The BPS solitons in the Higgs phase
are extensively reviewed recently [6]. Quite often BPS solitons contain a number of parameters
such as positions in the space-time and/or an internal space. These parameters are called moduli.
To understand the dynamics of solitons for the brane-world scenario, it is important to construct
the low-energy effective Lagrangian of the localized modes on such solitons. For that purpose, the
standard method is to promote the moduli parameters of the background soliton into fields on the
world volume of the soliton [7]. The moduli fields provide massless fields on the world volume of
the soliton. This moduli approximation method is based on the assumption of the weak dependence
on the world-volume coordinates, and gives the low-energy effective Lagrangian which contains all
nonlinear terms with two derivatives or less. We have recently worked out a systematic method to
obtain the effective Lagrangian on the BPS background in supersymmetric gauge theories, taking
domain walls and vortices as concrete examples [1]. We have introduced a slow-movement param-
eterλ , and expanded the Lagrangian in terms of the superfields with four preserved supercharges in
powers of the slow-movement parameter. We have found that maintaining the preserved supersym-
metry manifest facilitates the procedure enormously. In this article, we introduce the systematic
method taking domain walls as an example.

We consider the supersymmetricU(NC) gauge theories with eight supercharges withNF(≥NC)
hypermultiplets in the fundamental representation as an illustrative example. Although we work
in the space-time dimensions highest allowed by supersymmetry, namely domain walls in five
dimensions, our discussion should be applicable in lower dimensions which can be obtained by
dimensional reductions. We can naturally specify the order of magnitude in powers of the slow-
movement parameterλ for various fields. Thus we obtain a systematic expansion of the Lagrangian
in powers ofλ . The expansion gives a superfield form of the BPS equations at the zero-th order
in λ , and the superfield equation to determine all the fluctuation fields at the next order. We retain
up to the terms of orderλ 2 in the Lagrangian, in order to obtain the effective Lagrangian at the
lowest nontrivial order, namely up to two derivatives. We are now computing the higher powers
of λ in our systematic expansion to obtain the effective Lagrangian with higher derivative terms.
We maintain four preserved SUSY manifest throughout our procedure, and obtain a density of the
Kähler potential in four SUSY superspace. By integrating over the extra dimensions, we obtain
the Kähler potential of the effective Lagrangian which was difficult to obtain in general previously.
Our results can be used to study soliton scattering inU(NC) gauge theories.

2. Slow-move Approximation in terms of Component Fields

Let us introduce our model and describe briefly the usual component method to solve the BPS
equations. The bosonic parts of the Lagrangian with a common gauge coupling constantg for
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U(NC) = SU(NC)×U(1) in five dimensions is given by

L |boson= Tr

[
− 1

2g2FMN(W)FMN(W)− 1
g2(DMΣ)2−DMH i(DMH i)†

]
−V. (2.1)

The physical bosonic components in the vector multiplet are gauge fieldsWM, and the real scalar
fields Σ in the adjoint representation, and those in the hypermultiplet are the doublets of the
complex scalar fieldsH i i = 1,2 which can be assembled intoNC ×NF matrices. The indices
M,N = 0,1, · · · ,4 run over five-dimensions, and the mostly plus signature is used for the metric
ηMN = diag.(−1,+1, · · · ,+1). The covariant derivatives are defined asDMΣ = ∂MΣ + i[WM,Σ],
DMH i = (∂M + iWM)H i , and field strength is defined asFMN = 1

i [DM,DN] = ∂MWN − ∂NWM +
i[WM,WN]. After eliminating auxiliary fields, the scalar potentialV is given by

V =
g2

4
Tr

[(
H1H1†−H2H2†−c1NC

)2
+4H2H1†H1H2†

]
+Tr

[
(ΣH i −H iM)(ΣH i −H iM)†] (2.2)

with the hypermultiplet mass matrixM = diag(m1, · · · ,mNF) (mA ∈ R) and the Fayet-Iliopoulos
parameter taken along the third direction inSU(2)R asca = (0, 0, c) with c > 0.

By requiring half of SUSY to be preserved, we obtain the1/2 BPS equations for domain walls
which depend ony only

DyH
1 = −ΣH1 +H1M, DyH

2 = ΣH2−H2M, (2.3)

DyΣ =
g2

2

(
c1NC −H1H1†+H2H2†) , 0 = g2H1H2†. (2.4)

The solution of the BPS equations saturates the BPS bound for the tension of the (multi-)wall

Tw =
∫ +∞

−∞
dyEw =

∫ +∞

−∞
dy∂y

[
Tr

[
cΣ− (ΣH1H1†−H1MH1†)+(ΣH2H2†−H2MH2†)

]]
= c[TrΣ]+∞

−∞ (2.5)

where the energy density is denoted asEw. We can solve the hypermultiplet BPS equation (2.3) by
introducing anNC×NF constant matrixH0 called themoduli matrix[8], [9]

Σ+ iWy = S−1(y)∂yS(y), Wµ = 0, (µ = 0, · · · ,3) (2.6)

H1 = S−1(y)H0eMy, H2 = 0, (2.7)

where the moduli matrixH0 carries all the parameters of the solution, namely moduli. The moduli
matrices related by the followingV-equivalence transformations are physically equivalent:

H0 →VH0, S(y) →VS(y), V ∈ GL(NC,C). (2.8)

The vector multiplet BPS equation (2.4) can be converted to the following “master equation” for a
gauge invariant quantityΩ ≡ SS† [8]

∂y
(
Ω−1∂yΩ

)
= g2c

(
1NC −Ω−1Ω0

)
, Ω0 ≡ c−1H0e2MyH†

0 . (2.9)

The matrix functionS can be determined from the solutionΩ of this master equation by fixing
a gauge, and all the other fields can be obtained fromS andH0. Since the BPS soliton has co-
dimension one, the solution represents (multiple parallel) domain walls.

3



P
o
S
(
s
t
r
i
n
g
s
L
H
C
)
0
2
5

Effective Lagrangians Norisuke Sakai

We can obtain the low-energy effective Lagrangian by promoting the moduli parametersφ α

in the moduli matrixH0 to fields on the soliton world volume depending onxµ ,(µ = 0,1,2,3)

H0(φ α) → H0(φ α(x)). (2.10)

To represent the weak dependence on the world-volume coordinates of the soliton [7], we introduce
“the slow-movement parameter”λ , which is assumed to be much smaller than the typical mass
scale in the problem, in our case, the hypermultiplet mass difference∆m andg

√
c wherec andg

are the Fayet-Iliopoulos parameter and the gauge coupling.

λ ≪ min(∆m,g
√

c). (2.11)

The nonvanishing fields of the1/2 BPS background have contributions independent ofλ , and
derivatives in terms of the world volume coordinates are assumed to be of orderλ , expressing the
weak dependence on the world-volume coordinates

H1 ∼ O(1), Σ ∼ O(1), ∂µ ∼ O(λ ). (2.12)

Those fields which vanish in the background solution can now have nonvanishing values, induced
by the fluctuations of the moduli fields of orderλ

Wµ ∼ O(λ ), H2 ∼ O(λ ),

DµH1 ∼ O(λ ), DµΣ ∼ O(λ ), Fµy(W) ∼ O(λ ), (2.13)

and other components of the field strength are higher orders inλ . If we decompose the field
equations in powers ofλ , we find that orderλ 0 equations are automatically satisfied by the BPS
equations (2.3) and (2.4). However, it becomes more and more complicated to solve the field
equation at higher orders in the expansion in powers ofλ , since various fields that vanish in the
background become nonvanishing, and need to be solved. We shall show in the next section that
maintaining the preserved SUSY manifest greatly helps to determine these newly nonvanishing
fields and to organize the expansion of field equations in powers ofλ .

3. Slow-move Approximation in terms of Superfields

Since four supercharges are conserved by the BPS domain walls, an action for fluctuations
around the BPS background can be written in term of the superfield for four supercharges. Let us
define the superfields1 using two component spinor Grassmann coordinatesθ α , θ̄α̇ . The compo-
nents of superfields are fields in five dimensions. A vector multiplet with eight SUSY consists of a
real vector superfieldV(= V†) and an adjoint chiral superfieldΦ (D̄α̇Φ = 0) in terms of superfield
with four supercharges [13]. The vector superfieldV contains a gauge fieldWµ ,µ = 0, · · · ,3 for the
four spacetime dimensions, the half of gaugino fieldλ+, and an auxiliary fieldY 3. If one takes the
Wess-Zumino gauge, it becomes explicitly as

V
∣∣∣
WZ

= −θσ µ θ̄Wµ + iθ 2θ̄ λ̄+− iθ̄ 2θλ+ +
1
2

θ 2θ̄ 2Y 3, Y 3 ≡Y3−DyΣ, (3.1)

1We use the convention of Wess and Bagger [10] for Grassmann coordinates and superfields in this paper, except
that four-dimensional spacetime indices are denoted by Greek alphabetsµ,ν = 0, · · · ,3. For conventions of superfields
in terms of component fields, we mostly follow those in Refs.[11], and [12].
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where the auxiliary fieldY 3 of the superfield for four SUSY is shifted from the auxiliary fieldY3

for eight SUSY by the covariant derivative of adjoint scalarΣ along the fifth coordinate (the extra
dimensions)y [11], [12]. This difference becomes important in identifying the topological charge
later. The chiral scalar superfieldΦ contains a complex scalar field made of the adjoint scalarΣ
and the fifth component of the gauge fieldWy as the real and imaginary parts respectively, and the
other half of gauginoλ− and a complex auxiliary fieldY1 + iY2

Φ = Σ+ iWy +
√

2θ(−i
√

2λ−)+θ 2(Y1 + iY2). (3.2)

The hypermultiplet are represented by a chiral superfieldH1 and an anti-chiral superfieldH2. The
(anti-) chiral superfieldH1 (H2) consists of the physical complex scalar fieldH1 (H2), hyperino
ψ+ (ψ−), and a complex auxiliary fieldF 1 (F 2)

H1 = H1 +
√

2θψ+ +θ 2F 1, F 1 ≡ F1 +(Dy−Σ)H2 +H2M, (3.3)

H2 = H2 +
√

2θ̄ ψ̄− + θ̄ 2F 2, F 2 ≡−F2− (Dy +Σ)H1 +H1M, (3.4)

where the auxiliary fieldF 1 (F 2) of the superfield for four SUSY is shifted from the auxiliary
field F1 (F2) for eight SUSY by the covariant derivative of the other hypermultiplet scalarH2 (H1)
and other2 terms [11], [12]. Please note that we have chosen to denote the anti-chiral superfield as
H2, as shown in thēθ dependence in Eq.(3.4).

The derivativeD̂y which is covariant under the complexified gauge transformations for the
hypermultipletH1 and the adjoint chiral scalar multipletΦ are given by

D̂yH1 = (∂y +Φ)H1, D̂ye
2V = ∂ye

2V −Φ†e2V −e2VΦ. (3.5)

If supplemented by fermionic terms, the bosonic Lagrangian (2.1) becomes invariant under the
supersymmetric transformations with eight (real) Grassmann parameters. We can now rewrite this
fundamental LagrangianL in terms of the superfields for four supercharges as

L = −Ew +
∫

d4θTr

[
−2cV +

1
2g2

(
e−2VD̂ye

2V)2
+e2VH1H1†+e−2VH2H2†

]
+

(∫
d2θTr

[
D̂yH1H2†−H1MH2†+

1
4g2WαWα

]
+h.c.

)
, (3.6)

where field strength superfieldW is given by

Wα ≡−1
8

D̄D̄e−2VDαe2V . (3.7)

In transforming the fundamental Lagrangian (3.6) in terms of the superfield for four SUSY into the
manifestly supersymmetric form for eight SUSY (2.1), we need to make several partial integrations
with respect to the fifth coordinatey, and have to retain the surface terms carefully in the procedure.
We also note that the auxiliary fields for four SUSYY 3, andF i are different from those for eight
SUSY Y3, F i by total derivative terms as in Eqs.(3.1), (3.3), and (3.4). In this way we find a

2The other terms involving the adjoint scalarΣ and the hypermultiplet mass matrixM can be understood as a result
of the Scherk-Schwarz dimensional reduction from six dimensions.
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total divergenceEw representing the topological charge contributing to the energy density of the
background which maintains four SUSY. Since we are interested in bosonic components of the
topological termE , we exhibit only the bosonic terms explicitly

Ew = ∂y

[
Tr

[
cΣ− (ΣH1H1†−H1MH1†)+(ΣH2H2†−H2MH2†)

− 2
g2Y 3Σ+F 1H2†+H2F 1†+(fermionic terms)

]]
. (3.8)

Let us emphasize again that the topological term is precisely the difference between the fundamen-
tal Lagrangian which is manifestly supersymmetric under the eight SUSY and another fundamental
Lagrangian in terms of superfields for four manifest SUSY.

Following the usual procedure[7], we promote the moduliφ i to fieldsφ i(x) on the world vol-
ume of the background soliton, and assume that the moduli fieldsφ i(x) around the wall background
to fluctuate only very slowly. Namely, we introduce a parameterλ for the slow movement and ne-
glect high energy fluctuations as explained in sect.2. By explicitly writing the derivatives of moduli
fields we obtain

∂yφ i = O(1)φ i , ∂µφ i = O(λ )φ i , λ ≪ min(∆m,g
√

c). (3.9)

Here and in the following,O(1) means that it is of the order of the characteristic mass scale
min(∆m,g

√
c). The slow-movement parameterλ in Eq.(3.9) is defined to be of the order of

the world-volume-coordinate derivative∂µ . The supertransformation implies that the square of
the derivative in terms of the Grassmann coordinatesθ gives translation in the world-volume :
(∂/∂θ )2 ∼ ∂µ . Therefore we obtaindθ ∼ ∂/∂θ ∼ O(λ 1

2 ). To assign the order ofλ for hyper-
multiplets, we observe that the first hypermultipletH1 has nonvanishing values whereas the second
hypermultipletH2 vanishes in the1/2 BPS background solution (2.7). If we let the moduli param-
eters to fluctuate over the world-volume coordinates with the order ofλ , the fluctuation induces
terms of orderλ in both hypermultiplets. Therefore the second hypermultipletH2 naturally be-
comes nonvanishing values and is of orderλ . Combining the above order estimates of component
fields, we assume the order of the hypermultiplet superfields and the adjoint chiral scalar superfield

H1 ∼ O(1), H2 ∼ O(λ ), Φ ∼ O(1). (3.10)

Note that this assignment breaks half of supersymmetry, and surviving supersymmetry is manifest
in this superfield formalism. BPS equations for walls also respect this supersymmetry automati-
cally, as we will explain later. On the other hand, the gauge fieldWµ vanishes in the BPS back-
ground, and is only induced by the orderλ fluctuations of moduli fields. Since the gauge field
appears as the coefficient of̄θγµθ ∼ O(λ−1), we find the vector multiplet to be of the order of

V ∼ O(1), (Wµ ∼ O(λ )). (3.11)

NeglectingO(λ 4) we obtain

L = −Ew +
∫

d4θTr

[
−2cV +e2VH1H1†+

1
2g2

(
e−2VD̂ye

2V)2
]

+
(∫

d2θTr
[
D̂yH1H2†−H1MH2†]+h.c.

)
. (3.12)
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Up to this order, we can see thatH2, V serve as Lagrange multiplier fields. Namely the field
equations forH2 andV give constraints

D̂yH1 = H1M, (3.13)

g2(c−H1H1†e2V) = −D̂y
(
e−2VD̂ye

2V)
, (3.14)

respectively. By expanding the superfield constraints in powers of the Grassmann coordinatesθ , θ̄ ,
we find, at the leading order, the BPS equations (2.3), and (2.4) for the hypermultipletH1, and
vector multiplet scalarΣ with H2 = 0.

We can now choose a convenient gauge of the complexifiedU(NC) local gauge invariance.
Let us define an element of the complexified gauge transformationS to express the chiral scalar
superfieldΦ for the adjoint scalar of the vector multiplet as a pure gauge

Φ = S−1∂yS. (3.15)

Then the constraint equation (3.13) for the hypermultiplet chiral superfield becomes simpler

∂y(SH1) = SH1M, (3.16)

which is easily solved in terms of the moduli matrix chiral superfieldsH0 as

H1(x,θ , θ̄ ,y) = S−1(x,θ , θ̄ ,y)H0(x,θ , θ̄)eMy. (3.17)

After solving the hypermultiplet constraint equation (3.13), we can now define a vector super-
field ΩΩ which is invariant under the complexifiedU(NC) gauge transformations

ΩΩ ≡ Se−2VS†. (3.18)

The remaining constraint (3.14) can be rewritten in terms of the gauge invariant superfieldΩΩ as

∂y
(
ΩΩ−1∂yΩΩ

)
= g2c

(
1−ΩΩ−1ΩΩ0

)
, ΩΩ0 ≡ c−1H0e2MyH†

0, (3.19)

which gives the master equation (2.9) as the lowest component. Therefore this is the superfield
extension of the master equation.

By using the solution of the constraint equation (3.13) for the hypermultiplet superfieldH1,
we can rewrite the fundamental Lagrangian in Eq.(3.12) (up to orderO(λ 2)) in terms of the gauge
invariant superfieldΩΩ as

L = −Ew +
∫

d4θ
[
clogdetΩΩ+cTr

(
ΩΩ0ΩΩ−1)+

1
2g2Tr

(
ΩΩ−1∂yΩΩ

)2
]
+O(λ 4). (3.20)

The first, second, and third terms in thed4θ integrand come from the corresponding terms in the
d4θ integrand of the fundamental Lagrangian (3.12) (up to orderO(λ 2)).

The superspace extension (3.19) of the master equation provides a method to determine all the
quantities of interest as a systematic expansion in powers of Grassmann coordinatesθ , θ̄ as follows.
Suppose we have an exact solutionΩsol(H0,H

†
0 ,y) for the master equation (2.9) as a function of

moduli matrixH0,H
†
0

Ω = ΩΩ
∣∣∣
θ=0

= Ωsol(H0(x),H†
0(x),y). (3.21)

7
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By promoting the moduli matrix to a superfieldH0,H
†
0 defined in Eq.(3.17), we obtain the solution

for the vector superfieldΩΩ of the superfield master equation (3.19) as a composite of the chiral and
the anti-chiral superfields,

Ωsol(H0(x,θ),H†
0(x, θ̄),y) ≡ ΩΩsol. (3.22)

As we noted in Eq.(3.18), the superfieldΩΩ = Se−2VS† is U(NC) supergauge invariant, but the
division betweenS, (S†) and e−2V depends on the gauge choice. In obtaining the solution for
the fluctuation fields such asWµ , we need to choose the Wess-Zumino gauge for the real general
(vector) superfieldVsol. This gauge transformation to the Wess-Zumino gauge is expressed as a
multiplication of the chiralSsol and anti-chiralS†

sol superfields from left and right respectively as

Ssole
−2VsolS†

sol = ΩΩsol. (3.23)

Then expansion of the left-hand side of (3.23) in powers of the Grassmann coordinatesθ , θ̄ gives

Ssole
−2VsolS†

sol = SsolS
†
sol+θσ µ θ̄

(
i(∂µSsol)S

†
sol− iSsol(∂µS†

sol)+2SsolW
sol
µ S†

sol

)
+ · · · , (3.24)

where we have not displayed the bilinear terms of fermions, and dots denote other powers of Grass-
mann coordinates. Expanding the right-hand side of Eq.(3.23) we obtain

Ωsol(H0,H
†
0,y) = Ωsol+θσ µ θ̄

(
i(δµ −δ †

µ)Ωsol
)
+ · · · , (3.25)

where we have defined the variationδµ and its conjugateδ †
µ with respect to the scalar fields of

chiral superfields and anti-chiral superfields

δµ ≡ ∑
i

∂µφ i δ
δφ i , δ †

µ ≡ ∑
i

∂µφ i∗ δ
δφ i∗ , (3.26)

respectively. If the variationδµ andδ †
µ act on those functions which depend on the world-volume

coordinatesxµ only through moduli fields, they satisfy∂µ = δµ +δ †
µ .

Comparing the lowest components of (3.24) and (3.25), we obtain

SsolS
†
sol = Ωsol. (3.27)

This shows that we cannot avoidSsol to depend on bothφ i andφ i∗, since we cannot factorize these
dependences inΩsol. One should note thatSsol (S†

sol) is still chiral (anti-chiral) scalar superfield,
taking bothφ i andφ i∗ as lowest components of chiral scalar superfields. Comparison of the vector
components of (3.24) and (3.25), we obtain a solution of the gauge fields as

−iWsol
µ = S−1

solδ
†
µSsol+S†

solδµS†−1
sol +(bi-linear terms of fermions). (3.28)

It is interesting to observe that this solution of gauge field fluctuationWsol
µ receives contributions

only from theφ i∗ (φ i) dependence ofSsol (S†
sol), in spite of theSsol being the chiral superfield.

Similarly the adjoint scalarΣ and the gauge fieldWy in the extra fifth direction is obtained from the
lowest component of Eq.(3.15)

Φsol = S−1
sol∂ySsol → Σsol+ iWsol

y = S−1
sol∂ySsol. (3.29)

8



P
o
S
(
s
t
r
i
n
g
s
L
H
C
)
0
2
5

Effective Lagrangians Norisuke Sakai

The other components of the superfieldsΩΩ, V, andΦ are similarly determined by the superfield
equations.

In order to obtain the low-energy effective LagrangianLeff, we just need to substitute the solu-
tionsΩΩsol into the fundamental LagrangianL and integrate over the extra dimensional coordinate
y. The resulting four-dimensional effective Lagrangian forH0 is given by

Leff =
∫

dyL = −Tw +
∫

d4θK(φ ,φ ∗)+O(λ 4), (3.30)

where the Kähler potential is expressed by an integral form as

K(φ ,φ ∗) =
∫

dyK (φ ,φ ∗,ΩΩ,y)
∣∣∣
Ω=Ωsol

, (3.31)

with a density

K (φ ,φ ∗,ΩΩ,y) = clogdetΩΩ+cTr
(
ΩΩ0ΩΩ−1)+

1
2g2Tr

(
ΩΩ−1∂yΩΩ

)2
. (3.32)

Since we are considering the massless fields corresponding to the moduli, we naturally obtain a
nonlinear sigma model whose kinetic terms are specified by the Kähler potentialK(φ ,φ ∗), without
any potential terms. Let us note that our method gives the density of the Kähler potential directly
without going through the Kähler metric. This is in contrast to the component approach where
one usually obtains the Kähler metric of the nonlinear sigma model with component scalar fields,
and then integrate it to obtain the Kähler potential with a lot of labor. It is interesting to note
that our effective Lagrangian is not just an effective Lagrangian on a single wall, but an effective
Lagrangian on the multiple wall system with various moduli such as relative distance moduli as the
effective fields. Therefore we can discuss strings stretched between multiple walls (branes), which
was difficult previously as a BIon [14].3

By using the superfield master equation (3.19), we can show that the second term in Eq.(3.32)
becomes a total derivative term. Therefore it can be omitted from the effective Lagrangian. The
wall tensionTw is given by the topological charge in Eq.(2.5) as an integral over the total derivative
termEw in Eq.(3.8) by using the boundary condition which requires that vacua are reached at both
infinitiesy = ±∞.

In the strong coupling limitg2 → ∞, the superfield master equation (3.19) becomes just an
algebraic equationΩ = Ω0, and exact solutions forΩ can be obtained and the Kähler potential
assumes a simple form in this case [8]

K0(φ ,φ ∗) = c
∫

dylogdetΩ0. (3.33)

In [1] we also worked out the integrand of the effective Kähler potential for non-Abelian
vortices, whose moduli matrix was established in [15]. It turned out to contain the Wess-Zumino-
Witten-like term. On the other hand it has been recently shown that the one for domain wall
networks (loops) [16] takes the similar form with (3.32) [17]. Our method should be applicable to
monopoles (instantons).

3We can construct the full solutions of this composite soliton as a 1/4 BPS state [9].
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