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1. Introduction

The past year has seen impressive efforts with respect to dynamical lattice QCD calculations
of many hadron structure observables like form factors and moments of (generalized) parton dis-
tribution functions, which are by now consistently carried out at pion masses as low as 300 MeV.
New methods and techniques have been developed and successfully tested in e.g. calculations of
the form factor and gluonic structure of the pion, exploratory studies of disconnected and strange
quark contributions to nucleon structure observables, as well as a �rst investigation of the neutron
electric polarizability with dynamical quarks. Other new and interesting developments include a
study of recent lattice results on nucleon to ∆ axial-vector transition form factors in the small scale
expansion of chiral perturbation theory, an exploratory study of moments of vector meson distri-
bution amplitudes, which represent an essential part in the understanding of rare B decays, and
a calculation of moments of tensor generalized parton distributions of the pion, giving rise to a
surprisingly non-trivial pion spin structure.

Many of these observables can be de�ned using bi-local quark opera tors on the light-cone,

OΓ(x) =
Z

dλ
4π

eiλxq
�

�
λ
2

n
�

ΓU q
�λ

2
n
�

; (1.1)

where the variable x represents the longitudinal quark momentum fraction, n is a light cone vector,
Γ = γµ ;γµγ5;σ µν : : :, and the Wilson-line U ensures gauge invariance. Lattice calculations give
access to hadron matrix elements of x-moments of OΓ(x). The moments are obtained by taking the
integral

R 1
�1 dxxn�1, leading to a tower of local operators

O
µµ1���µn�1
γ = S qγµ iD

$µ1 � � � iD
$µn�1 q ; (1.2)

for the vector case Γ = γµ , where S denotes symmetrization in the indices µ;µ1; : : : and sub-
traction of traces. Similar expressions can be obtained for the axial-vector, Γ = γµγ5, and tensor,
Γ = σ µν , operators. In QCD, operators as given in Eq. (1.2) have to be renormalized and therefore
lead in general to scale and scheme dependent quantities. Typical examples of corresponding lattice
operators for n = 2 are discussed below in section 4.1. Non-forward matrix elements hP0j : : : jPi of
Eq. (1.1) can be parametrized in terms of generalized parton distributions (GPDs), e.g. H(x;ξ ; t)
and E(x;ξ ; t) for the nucleon in the vector case,

hP0jOµ
γ (x)jPi = U(P0)

�

γµH(x;ξ ; t)+
iσ µρ∆ρ

2mN
E(x;ξ ; t)

�

U(P) ; (1.3)

where t = ∆2 = (P0 �P)2 is the momentum transfer squared, and ξ corresponds to the longitudinal
momentum transferred to the hadron (for reviews on GPDs, see [1, 2]). Note that H(x;ξ ; t) reduces
in the forward limit, ∆ ! 0, to the usual unpolarized parton distribution function, H(x;0;0) = q(x).
Corresponding nucleon matrix elements of the local operators in Eq. (1.2) for n = 1;2 are given by

hP0jO
µ
γ jPi = U(P0)

�

γµF1(t)+
iσ µρ∆ρ

2mN
F2(t)

�

U(P) ;

hP0jO
µµ1
γ jPi = S U(P0)

�

γµP
µ1A20(t)+

iσ µρ∆ρ

2mN
P

µ1B20(t)+
∆µ∆µ1

mN
C20(t)

�

U(P) ; (1.4)
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Figure 1: Results for gA from QCDSF/UKQCD [6]. Symbols are explained in the text.

where P = (P0 + P)=2, and F1;2 are the Dirac and Pauli form factors. Since O
µµ1
γ corresponds to

the quark contribution to the QCD energy momentum tensor, the generalized form factors (GFFs)
A20(t) and B20(t) at t = 0 can be directly related to the quark momentum fraction, hxiq = A20(0),
and the total quark angular momentum, Jq = (A20(0)+B20(0))=2. The lattice calculation of matrix
elements as in Eq. (1.4) for the nucleon from two- and three-point functions, and the subsequent
extraction of moments of parton distributions and (generalized) form factors follows standard meth-
ods described in e.g. [3, 4, 5] and references therein. Some new techniques and strategies used in
the calculation of hadron structure observables on the lattice will be discussed in the sections below.

2. Form factors

2.1 Axial-vector coupling constant

The axial-vector coupling constant ("axial charge") of the nucleon, gA = 1:2695(29), is ex-
perimentally very well known from neutron beta decay. It corresponds to the forward limit of
the isovector axial-vector form factor, GA(Q2 ! 0) = gA. In a lattice calculation, using isospin
symmetry, gA can be extracted from the proton forward matrix element of the u � d axial-vector
current,

hP;Sj fluγµγ5u � fldγµγ5djP;Si = flU(P;S)γµγ5U(P;S)gA : (2.1)

Equation (2.1) shows that gA is directly related to the isovector quark spin fraction, gA = ∆Σu�d , and
that disconnected diagrams, which cancel out for the �avor combination u � d, do not contribute.
The chiral limit value of the axial-vector coupling, g0

A, is a fundamental low energy constant of
the chiral effective �eld theory of QCD (ChEFT). Based on the Adler-W eisberger sum rule, one
might anticipate that the ∆ resonance, in addition to pion and nucleon degrees of freedom, plays an
important role in the low energy description of gA in the framework of chiral perturbation theory
(ChPT). It is also known that the axial-vector coupling is particularly sensitive to �nite volume
effects in, e.g., a lattice simulation. The application of ChPT including the ∆ resonance in a �-
nite volume to the description and extrapolation of lattice data on gA therefore seems to be very
promising. Figure 1 shows new preliminary results from QCDSF/UKQCD for gA, based on N f = 2
improved Wilson fermions and Wilson glue, for pion masses as low as ’ 340 MeV [6]. The opera-
tor has been non-perturbatively renormalized using the Rome-Southampton method. The scattered
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open symbols on the left already indicate that �nite size effects (FSEs) may b e large. Indeed, a
�t based on ChPT including explicitly the ∆ resonance in a �nite volume [7, 8, 9, 10] reveals a
signi�cant dependence on the lattice extent, L, see the RHS of Fig. 1 for a �xed pion mass of � 600
MeV, and allows for a simultaneous description of the mπ and L dependence of the lattice data.
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Figure 2: Results for gA from RBC-
UKQCD[11].

The lattice results and the corresponding chiral �t,
projected to the in�nite volume, are represented
by the �lled symbols and the shaded error band,
respectively, on the LHS of Fig. 1. The curvature
of the chiral extrapolation is just strong enough
as to provide an overlap with the experimental
value at the physical point, indicated by the star.
Preliminary results on gA by RBC-UKQCD [11]
based on N f = 2 + 1 domain wall fermions with
Ls = 16 and volumes of 1:8 and 2:7 fm are shown
in Fig. 2. It is gratifying to see that dynamical chi-
ral fermion calculations at pion masses as low as
’ 330 MeV lead to results for gA with statistical
errors around the 5% level. However, the signif-
icantly lower result at the lowest pion mass, rep-
resented by the shaded circle, may indicate that FSEs are substantial. For comparison with results
from LHPC at similar pion masses see [12].

2.2 Nucleon charge radii and anomalous magnetic moments

Despite interesting developments on the theoretical as well as the experimental side in this
�eld, publications on nucleon form factors (FFs) F1;2(Q2) in unquenched lattice QCD are surpris-
ingly scarce (for recent reviews, see [13, 14]). This includes such fundamental observables as mean
square charge radii, hr2i, and the anomalous magnetic moment, κ ,

hr2ii =
�6

Fi(Q2 = 0)

�

d
dQ2 Fi(Q

2)

�

Q2=0
; (2.2)

κ = F2(Q
2 = 0) = µ � F1(Q

2 = 0) ; (2.3)

where i = 1;2 and µ = GM(Q2 = 0) is the nucleon magnetic moment. Preliminary results on
hr2iu�d

1 as a function of the pion mass by QCDSF/UKQCD [15] are shown in Fig. 3. The mean
square isovector charge radius has been obtained from a new parametrization [15] of the Q2-
dependence of the lattice results for the Dirac FF F1(Q2). Even at the lowest pion mass of ’ 340
MeV, the lattice data points are almost a factor of two below the experimental result, which is rep-
resented by the star. Chiral perturbation theory in the form of the small scale expansion (SSE) to
O(ε3) in the in�nite volume [16] predicts a rather strong slope in mπ , which barely connects the
leftmost lattice datapoints with the experimental number, as indicated by the dashed line. It will be
highly interesting to see if the lattice results follow the chiral extrapolation curve at pion masses
below 300 MeV.

Similar results have been obtained by RBC-UKQCD [11], Fig. 4, where the charge radius has
been extracted from a dipole �t to the lattice results, i.e. hr2iu�d

1 = 12=m2
D, with the dipole mass
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Figure 3: Isovector mean square radius hr2i1 from
QCDSF/UKQCD [15].
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from RBC-UKQCD [11].

Figure 5: Quark contributions to the nucleon anomalous magnetic moment κ from QCDSF/UKQCD [15].

mD. Figure 5 shows preliminary results from QCDSF/UKQCD [15] on the up- and down-quark
contributions to the nucleon anomalous magnetic moment. The results of 3-parameter chiral �ts
based on the small scale expansion (SSE) [16] to the lattice datapoints are represented by the shaded
errors bands, showing good agreement with the experimental values, indicated by the stars, at the
physical point. Nevertheless, these results should be taken with due caution since contributions
from disconnected diagrams have not been included.

Further results on vector and axial-vector nucleon form factors, including the axial-vector
charge radius and the pseudoscalar coupling constant, have been presented by QCDSF/UKQCD
[15], RBC-UKQCD [11] and the Athens-Cyprus-MIT collaboration [17, 18].

2.3 Pion form factor

Substantial progress based on new methods and techniques can be seen in lattice calculations
of, e.g., the pion form factor Fπ(Q2). The analysis of many important hadron structure observables
requires small but non-zero values for the (squared) momentum transfer q2 = (p f � pi)

2 = �Q2.
Typical examples are charge radii (2.2), anomalous magnetic moments (2.3) and angular momen-
tum contributions to the nucleon spin (see section 5.1), where in the latter two cases the corre-
sponding (generalized) FFs cannot be obtained at Q2 = 0 because their contribution to hadron
matrix elements vanishes in the limit Q2 ! 0. This poses a problem for current lattice calcu-
lations, since due to limited spatial lattice extents, L = 16; : : : ;48, the lowest available non-zero
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Figure 6: Pion FF using pTBCs from [21].
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Figure 7: Pion FF from ETMC [22].

lattice momenta are p = 2π=(aL) � 300 MeV. A way around this in a dynamical lattice calcu-
lation is to use partially twisted boundary conditions (pTBCs) [19, 20], leading to a modi�ed
expression for the momentum transfer, q2

T BC = (E f ;T BC � Ei;TBC)2 �(~q + (~θ f �~θi)=(aL))2 with
Ei( f );TBC = ((~pi( f ) +~θi( f )=(aL))2 + m2)1=2, where the twisting angles (θi( f )) j=1;2;3 can be tuned
continuously. An exploratory study of this technique, based on N f = 2+1 DW fermions, has been
published recently [21], and the results for the pion FF are shown in Fig. 6. The vertical dashed
lines indicate the lowest non-zero q2 which can be obtained in the conventional calculation, and all
lattice datapoints to the left of these lines (except at q2 =0) could only be obtained using pTBCs.
The smallness of the error bars for non-zero twisting angle but vanishing initial and �nal hadron
three-momenta (two leftmost �lled squares) is impressive, in particular in compa rison with the er-
ror bars of datapoints obtained for non-zero hadron momenta, which are a factor of 5 to 10 larger
due to larger statistical noise. Similarly noteworthy progress has been reported by ETMC in the
calculation of Fπ(Q2) based on twisted mass Wilson fermions [22] at pion masses as low as 300
MeV. All-to-all propagators have been evaluated using stochastic sources and utilized for the calcu-
lation of pion three- and two-point-functions, leading to a substantial improvement of the precision
compared to the standard approach employing point-to-all propagators, see Fig. 7.

Figure 8: Pion mean square charge radius from
JLQCD [23].

A calculation of the pion FF at pion masses
down to 288 MeV, using N f = 2 overlap fermions
with a Wilson kernel and the Iwasaki gauge ac-
tion in a �xed topological sector, has been pre-
sented by JLQCD [23]. The calculation of the
pion correlation functions is based on all-to-all
propagators, which have been evaluated following
the strategy proposed in [24]. Preliminary results
for the pion charge radius, obtained from a vari-
ety of parametrizations of the Q2-dependence of
Fπ(Q2), versus the pion mass are shown in Fig. 8.
It is remarkable that a statistical precision at the
few percent level has been achieved with chiral
fermions in a dynamical calculation at such low pion masses. Further studies of systematic effects
related to e.g. the �nite lattice volume, setting of the scale and �xed topology may he lp to under-
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Figure 9: The transition FFsCA
5;6 calculated in [17]. Figure 10: CA

5 in ChPT (SSE) by Procura [28].

stand why the absolute values forhr2i p in Fig. 8 are rather low compared to experiment, and also
lower than the results obtained recently in an extensive study ofFp(Q2) based onNf = 2 improved
Wilson fermions [25].

2.4 Vector meson quadrupole moments

Matrix elements of the vector current for spin one hadrons, e.g.hr (P0;S0)jq̄gmqjr (P;S)i for
ther , can be parametrized by the three form factorsGE(Q2), GM(Q2) andGQ(Q2). Their forward
values atQ2 = 0 are directly related to the electric chargeq, the magnetic momentm, and the
quadrupole momentQ, respectively, e.g.GQ(Q2 = 0) = m2

r Qr . All these observables obviously
yield important information about hadron structure, and quadrupole momentsin particular can
exhibit possible spatial deformations of hadrons. Recently, the vector meson form factors have been
studied in quenched lattice QCD using fat-link irrelevant clover (FLIC) fermions at pion masses
as low as� 290 MeV [26]. As in the case of magnetic moments, quadrupole moments cannot
be directly extracted from the lattice correlators, since their contribution to thematrix elements
vanishes in the limitQ2 ! 0. Assuming that theQ2-dependence of the electric and quadrupole
form factors is similar at lowQ2, GQ(Q2)=GE(Q2) � const., one obtains an approximation for the
quadrupole moment of, e.g., ther from Qr � GQ(Q2)=(GE(Q2)m2

r ) for smallQ2. Based on results
for GE(Q2) andGQ(Q2) atQ2 ' 0:22 GeV2, a clearly non-zero small negative value,Qr � � 0:007
fm2, has been obtained for ther quadrupole moment [26]. Together with results for the charge
radiushr2i r of ther , this leads to a ratio ofjQr j=hr2i r � 1=30� 1=50, indicating that ther is not
completely spherically symmetric but slightly oblate.

2.5 Nucleon toD axial-vector transition form factors

In contrast to the vector mesons discussed in the previous section, the nucleon as a spin 1=2
particle has no (static) quadrupole moment which could be utilized to measure possible deviations
from spherical symmetry. Instead, spin 1=2 to spin 3=2, in particular nucleon toD, vector transi-
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