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We calculated the rate of exclusive multihadronic channels in the statistical hadronization model

within a full microcanonical framework by enforcing the maximal set of conservation laws includ-

ing energy-momentum, angular momentum, parity, as well as isospin, C-parity and charges. A

preliminary test has been performed by comparing model predictions against a set of two-mesons

channel rates measured in pp annihilation at rest. The same comparison has been made for the

phase space dominance model. The analysis suffers from the complication of the annihilation

process which proceeds from many initial pp atomic bound states, thus requiring the introduction

of several free parameters. Both models prove to reproduce the general trend of the experimental

data although the agreement with the speci�c values is not sa tisfactory.
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1. Introduction

In the last three decades, many analyses con�rmed that the st atistical hadronization model
(SHM) successfully reproduces particle abundances and transverse momentum spectra in high en-
ergy collisions (

p
s & 10 GeV) of elementary particles and heavy ions [1, 2]. These results triggered

a debate about the interpretation of the model [3, 4, 5, 6, 7]. In fact, the fundamental assumption
of statistical equilibrium, cannot be explained, at least in elementary particles collisions, in terms
of a collisional processes at the level of formed hadrons because the system expands too quickly,
and also in heavy ions collisions kinetic calculations seems to con�rm this fact [6]. Therefore, the
apparent statistical equilibrium, must be an inherent property of the hadronization process itself (as
was pointed out by Hagedorn many years ago [8]), that is: hadrons are born at equilibrium.

Apart from a genuine statistical equilibrium within a �nite volume, another sce nario has been
proposed to account for this peculiar feature of hadron production: the so-called phase space dom-
inance [5]. According to this model, the apparent statistical equilibrium is the result of a special
property of the dynamical matrix element governing hadron emission from pre-hadronic massive
clusters, which weakly depends on �nal state momenta and par ticle species. Thereby, a statistical-
like emission ensues [7] which has nothing to do with a properly de�ned statistical system, i.e.
there is no �nite volume and neither entropy nor temperature can be introduced.

As has been discussed in detail in [7] (and brie�y summarized in the following), both genuine
statistical equilibrium and phase space dominance are highly non-trivial hypotheses, and before
discussing possible mechanisms responsible for the apparent equilibrium features it would be at
least desirable to discriminate between the two aforementioned scenarios.

Another fascinating explanation of the observed statistical equilibrium has been recently put
forward in refs. [4, 9] where the authors argue an analogy between hadron emission and the Unruh-
Hawking effect. However, the discussion of the latter hypothesis goes beyond our scopes.

The aim of this work is to describe a more stringent test of genuine statistical equilibrium.
For this purpose, we have analyzed the production rates of exclusive channels, which have been
proposed in [7] as a more effective probe with respect to inclusive hadron multiplicities. In fact,
being far less inclusive quantities, exclusive rates could be sensitive enough to �nite-volume and
dynamical effects to allow drawing some conclusion.

Exclusive rates measurements are available at energies signi�cantly below 10 GeV. In calcu-
lating model predictions in this scenario, none of the relevant conservation laws, including energy-
momentum, angular momentum, parity and isospin can be neglected, as pointed out in ref. [10].
Therefore, in a statistical mechanics language, one must calculate the most general microcanonical
ensemble where all these quantities are properly conserved.

In two recent publications [11, 12], the microcanonical partition function has been calculated
in a �eld theory framework (in order to account for small-vol ume effects) enforcing the conser-
vation of the maximal set of observables pertaining to space-time symmetries (the orthochronous
PoincarØ group): energy-momentum, spin, helicity, parity.

Taking advantage of the formalism developed therein, we calculated the probability of exclu-
sive channels also enforcing the conservation of the internal quantities conserved by strong inter-
action (isospin, C-parity and abelian charges). We then made a preliminary test on pp annihilation
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at rest also comparing our results with the corresponding predictions of the phase space dominance
model.

2. Statistical hadronization and phase space dominance

In the modern formulation of the statistical hadronization model, as a consequence of a colli-
sion, a set of extended massive objects (called clusters or �reballs ) is formed. Each cluster decay
into hadrons in a purely statistical fashion, that is, any multi-hadronic state within the cluster com-
patible with its quantum numbers is equally likely. The collection of all state within the cluster
de�nes the microcanonical ensemble of the cluster itself, w hich is the best suited framework for
evaluating observable quantities as statistical averages. Nevertheless, because of dif�culties arising
in microcanonical calculations, a comparison with the data as been mostly made as yet by intro-
ducing simplifying assumptions in the canonical (or grand-canonical) ensemble, which is far easier
to handle, thereby introducing temperature through a saddle-point expansion [13, 14]. In the case
of hadron gas, this is possible at relatively low values of masses and volumes [14, 15], around 8
GeV and 20 fm3.

Apart from the genuine statistical equilibrium (and from explanations based on other physical
models), the main option arising to account for these observations is the phase space dominance
model. Its fundamental idea is the similarity between the (classical) phase space volume of a set
of particles, or channel, fN jg � N1; : : : ;Nk (where N j stands for the multiplicity of the species j)
and the general expression of the decay rate of a massive particle (cluster) in relativistic quantum
mechanics.

If we let P be the initial four-momentum, V the volume and let pn � (εn;pn) be the four
momentum of the particle n; the phase space volume ΩfN jg of the channel fN jg turns out to be [13]
(in Boltzmann statistics):

ΩfN jg =
V N

(2π)3N

(

∏
j

1
N j!

"

Z

d3p

#N j
)

δ 4
�

P �∑
n

pn

�

(2.1)

where N = ∑ j N j. This quantity is proportional to the probability of observing the channel fN jg as
a consequence of the decay of a cluster of volume V and momentum P.

On the other hand, the expression of the decay rate into the channel fN jg of a massive particle
in relativistic quantum mechanics reads:

ΓfN jg =
1

(2π)3N

(

∏
j

1
N j!

"

Z

d3p
2ε j

#N j
)

δ 4
�

P �∑
n

pn

�

jM f ij2 (2.2)

where M f i is the Lorentz-invariant dynamical matrix element governing the decay. Assuming, for
sake of simplicity, spinless particles, jM f ij2 may in principle depend on all relativistic invariants
formed out of the four-momenta of the N particles, as well as on all possible isoscalars formed out
of the isovector operators. Nevertheless, if we assume M f i to be weakly dependent on kinematical
variables, expression (2.2) becomes quite similar to (2.1) were not for the invariant measure (the
so-called invariant momentum space d3p=2ε instead of the proper phase space V d3p) and for the
absence of any parameter connected to spacial extension.

3



P
o
S
(
C
P
O
D
0
7
)
0
5
0

A test of statistical hadronization with exclusive rates in pp annihilation at rest Lorenzo Ferroni

This phenomenon is called phase space dominance because the decay rate is governed by the
available phase space volume rather than dynamical matrix element. For instance, if we assume that
jM f ij2 = αN , the whole dynamics reduces to the same multiplicative constant α for each particle in
the channel, it can be then shown that the expression of the mean number of particles of the species
j is well approximated, at large N, by:

hni j ’ α
(2π)3

Z

d3p
2ε j

e�βε j (2.3)

which is very similar to a thermal distribution which one obtains from (2.1) at large multiplicities:

hni j ’ V
(2π)3

Z

d3p e�βε j (2.4)

where β = 1=T is the inverse temperature. Conversely the constant β in Eq. (2.3) is not a tem-
perature, rather a parameter which is related to the hadronization scale. Yet, the ratios of average
multiplicities of particles of different species mimic a thermodynamic behavior. The authors of
ref. [5] work out a more speci�c example based on QED and they c onclude, quite reasonably, that
a fairly good �t to particle multiplicities may be obtained i f integral expressions like (2.3) are used
instead of an actual Boltzmann integral.

It should be emphasized that phase space dominance is a highly non-trivial assumption. In
fact, the recovery of a thermal-like expression like (2.3) owes to a very special form of the matrix
element jM f ij2, where both the dependence on kinematical and isospin invariants was disregarded.
If a different form, still perfectly legitimate and possible, is assumed, the thermal-like behavior is
spoiled. Therefore, an observed phase space dominance in multihadron production is not a trivial
fact and tells us something important about the characteristics of non perturbative QCD dynamics,
besides providing us with an empirically good model.

We conclude that a deeper test of the model is needed in order to identify a genuine statistical-
thermal behavior and distinguish between it and possible pseudo-statistical models like phase space
dominance. Indeed, the study of average inclusive multiplicities or inclusive pT spectra does not
allow to draw clearcut conclusions because these observables are not sensitive enough to different
integration measures (i.e. V d3p versus d3p=2ε respectively in (2.4) and (2.3)) and much informa-
tion is integrated away. We will then study the production rates of exclusive channels, that is the
relative probability of observing a well de�ned set of parti cles (channel) in the �nal state of a col-
lision. Thereby, we would compare directly with the experimental data expressions like (2:1) and
(2:2) which are more sensitive to the integration measure in the momentum integrals and the shape
of dynamical matrix element.

3. Probability of exclusive channels

A nice feature of low-energy exclusive-channels data is that, to a very good approximation, all
collision energy is spent into particle production. This means that one can assume the formation of a
single cluster at rest in the centre-of-mass frame (see the pictorial sketch in �g. (1)), in clear contrast
with the physical picture of hadronization at high energy, where the production of multiple clusters
proceeding from perturbative parton showers occurs. The big advantage of having a single cluster is
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