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1. Introduction

After two decades or more of testing the Standard Model (SM) predictions through collider
experiments, no clear evidence for physics beyond the Standard Model(BSM) has been found.
Yet there is a strong belief that the SM cannot be the ultimate theory, as it cannot explain the
dark matter and the dark energy, it requires fine-tuning to stabilize the Higgsboson mass upon
radiative corrections and does not predict unification of the gauge couplings. Theories based on
Supersymmetry (SUSY) are among the most appealing extensions of the SM, as they provide
elegant solutions to all these questions and are highly predictive. So far,the direct search for
SUSY particles have only set lower bounds of about 100 GeV on their masses. However, the next
generation of high-energy experiments at the Large Hadron Collider (LHC) and the International
Linear Collider (ILC) will allow precision tests of the theoretical models predicting SUSY particles
at the TeV scale. Apart from the direct searches, another possibility to probe SUSY is to study
the quantum effects generated by the SUSY particles on the high precision observables. Among
the most sensitive observables to SUSY radiative corrections (that require at least two-loop order
corrections to cope with the experimental accuracy) are the mass of the lightest CP-even Higgs
boson, the rho parameter, the muon anomalous moment and theb→ sγ branching ratio.

Another compelling argument in favour of SUSY is the particle content of the MSSM that
leads in a natural way to the unification of the three gauge couplings at a highenergy scaleµ ≃

1016 GeV, in agreement with predictions of Grand Unification Theories (GUT). It is often argued (
see e.g. Refs. [1]) that, from the precise knowledge of the low-energysupersymmetric parameters
one can shed light on the origin and mechanism of supersymmetry breaking and even on physics
at much higher energies, like the GUT scale. The extrapolation of the supersymmetric parameters
measured at the TeV energy scale to the GUT-scale raises inevitably the question of uncertainties
involved.

In this paper, we report on the prediction of two physical observables that require even the
three-loop SUSY radiative corrections. Namely, we present in section 3 the unification of the
coupling constant within the MSSM and in section 4 the prediction of the lightest Higgs boson
mass within the MSSM.

2. Framework

The precision tests of SUSY models require both high precision measurementsand theoret-
ical calculations. The later ones comprise usually multi-loop or multi-leg computations, which
necessarily raise the question of the choice of regularization scheme. Theprecision calculations
performed within the SM are dominated by the dimensional regularization (DREG) scheme, due to
its elegant feature to maintain the gauge invariance. DREG is, however, lesswell-suited for SUSY
theories because invariance of a given action with respect to SUSY transformations only holds in
general for specific values of the space-time dimensionD. An elegant way to modify the DREG so
as to render it compatible with SUSY was proposed by Siegel [2]. Namely, thecontinuation from
4 to D dimensions is made by compactification. Afterdimensional reductionto D = 4−2ε, it is
only the firstD components of the gauge field that generate the actual gauge interactions.The re-
maining 2ε components behave under gauge transformations as a multiplet of scalar fields, usually
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calledε-scalars. In contrast to the SUSY theories, in softly broken supersymmetric theories like the
MSSM, theε-scalars receive a loop-induced mass, which will also influence the renormalization
of the genuine scalar masses. In order to decouple theε-scalar masses from theβ -functions of the
genuine scalar masses, additional finite counterterms proportional to theε-scalar masses have to
be added to the renormalized scalar masses [3, 4].

There are potential problems even within DRED. If the variationδS of the action gives a
nonzero result when inserted in a Green’s function this creates an apparent violation of supersym-
metric Ward identities. All explicit calculations up to two-loop order have foundzero for such
insertions [5, 6]. Another way to verify the consistency of DRED with SUSYis to study the be-
haviour under the renormalisation of theε-scalar-couplings (also calledevanescentcouplings) to
matter and gauge fields. In a supersymmetric theory, they have to remain equal to the gauge cou-
pling, if the renormalization scheme preserves SUSY. Explicit computations upto three-loop order
within SUSY-QCD [7] confirmed this requirement for DRED in combination with theminimal
subtraction scheme,i.e. the DR scheme.

3. Coupling constant unification

In this section we present the numerical impact of the three-loop order SUSY-QCD corrections
on the prediction ofαs(µGUT). This prediction is obviously directly related to the scale and quality
of unification of the gauge couplings.

It is well known that the equality of the Yukawa couplings of gauginos to mattermultiplets
and the gauge couplings, or the equality of the quartic scalar couplings,e.g. four-squark or four-
slepton couplings, and the gauge couplings are not preserved under renormalization if DREG is
employed. This point becomes important if we want to relate a given theory atone scale to the
same theory at another scale. In general the SM parameters and cross sections are mostly given in
the MS scheme, while the MSSM ones are usually given in theDR scheme. Apart from the finite
shifts [8, 9] of the running parameters associated with the change of renormalization scheme, also
threshold corrections [10, 11], which account for the non-decoupling of heavy particles in mass
independent schemes have to be taken into consideration.

For the energy evolution of the strong coupling we follow the method proposed in Ref. [12,
13]: first, we computeα(5)

s (µdec) from α(5)
s (MZ) using the correspondingi-loop SM RGEs [14].

Hereµdec denotes the energy scale at which the heavy particles are supposed to become active,i.e.
the scale where the matching between the SM and the MSSM is performed. For consistency, the
i-loop running parameters have to be folded with(i−1)-loop conversion and decoupling relations.
Above the decoupling scale, the energy dependence of the running parameters is governed by the
i-loop MSSM RGEs [15, 7]. We solved numerically the system of coupled differential equations
arising from the two sets of RGEs, and implemented this procedure fori = 1,2,3.

The decoupling scale is not a physical parameter and cannot be predicted by the theory. It is
usually chosen to be of the order of the heavy particle mass in order to circumvent the appearance
of large logarithms. At fixed order perturbation theory, it is expected thatthe relations between the
running parameters evaluated at high-energy scales and their low-energy values become less sen-
sitive to the choice ofµdec once higher order radiative corrections are considered. The dependence
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on the precise value of the decoupling scale is interpreted as a measure of the unknown higher order
corrections.
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Figure 1: αs(µGUT) as a function ofµdec. Dotted,
dashed and solid lines denote the one-, two-, and
three-loop contributions obtained using as input the
SPS1a′ point. The dash-dotted line shows the three-
loop running corresponding to the SPS2 point.

The dependence on the decoupling scale for
αs(µGUT) is displayed in Fig. 1. The dot-
ted, dashed and solid lines denote the one-,
two-, and three-loop running, where the cor-
responding exact results for the decoupling
coefficients have been implemented. One
can see the improved stability of the three-
loop results w.r.t. the decoupling-scale vari-
ation. The uncertainty induced by the cur-
rent experimental accuracy onαs(MZ), δαs=

0.001 [16], is indicated by the hatched band.
In order to get an idea about the effects
induced by the SUSY mass parameters on
αs(µGUT), we show also the results for the
Snowmass Point SPS1a′ and SPS2 [17].

One clearly notices the great impact of the SUSY-mass pattern on the predicted value of the
strong coupling at high energies. Accordingly, for precision studies theexplicit mass pattern of
heavy particles must be taken into account.

4. Higgs boson mass in the MSSM

The MSSM Higgs sector is very much restricted by SUSY and basically can bedescribed by
two independent parameters. The mass of the lightest CP-even Higgs boson, Mh, is not a free
parameter anymore, but it can be predicted within the theory. Its strong sensitivity to radiative
corrections is notorious. In the lowest order it is bounded from above by the Z boson mass which
is already excluded by experiment. But it has been observed that large one-loop corrections, in
particular from the top quark and squark sector can raiseMh to about 140 GeV [18]. From the
knowledge of the exact one-loop corrections [19] one can learn that the dominant effects can be
obtained in the so-called effective-potential approximation, namely, the limit ofvanishing external
momentum. All relevant two-loop corrections have been evaluated with very few exceptions in this
approach (for reviews, see Refs. [20]). They can reach as much as 20 GeV and have opposite sign
as compared with the one-loop contributions. The currently available three-loop order SUSY-QCD
corrections [21, 22] sum up to few GeV. This has to compared with the expected experimental
resolution of about 100− 200 MeV for the LHC [23] and of roughly 50 MeV for the ILC [24].
This clearly indicates the necessity of the calculation of three-loop order corrections.

We performed the evaluation of the three-loop order corrections within the diagrammatic ap-
proach. Due to the presence of many mass scales, an exact evaluation ofthe three-loop integrals is
out of range. However it is possible to apply expansion techniques for various limits, which allows
to cover almost the complete SUSY parameter space. For the renormalization scheme we adopted
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the DR scheme for the top quark mass, the masses of the SUSY particles and the topmixing an-
gle. The choice ofDR scheme instead of the on-shell one for the top quark mass renormalization
improves significantly the convergence of the perturbation series forMh. This is a well known fact
and can be explained by the absence of large contributions originating from the infra-red sector
specific for the on-shell masses.
As an example for the three-loop effects, we show below the prediction forMh as a function of the
parameterM1/2 for the benchmark scenario SPS2.
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Figure 2: Mh for the benchmark scenario SPS2.
Dashed, dash-dotted and solid lines corresponds to
the one-, two- and three-loop predictions. The lines
with longer dashes correspond to the exact two-loop
results.

In Fig. 2, the predictions forMh are shown,
where the dashed, dash-dotted and solid
lines corresponds to the one-, two- and
three-loop results. For comparison, the two-
loop exact results are depicted with longer
dashes. One clearly notices the very good
agreement between the exact and the asymp-
totically expanded results at two-loop level.
One also observe negative corrections be-
tween 1 and 4 GeV at two-loops and posi-
tive contributions from the three-loop term
which amounts to about 2 GeV.

Let us mention once again the reduced magnitude of the radiative corrections at all orders,
when one uses theDR scheme instead of the on-shell scheme. On the other hand the magnitude
of the three-loop order corrections are almost an order of magnitude larger than the experimental
accuracy expected to be reached at the LHC, that render them indispensable for phenomenological
analysis.
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