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1. Introduction

With the discovery of the renormalization group came thénhhif both lattice gauge theory
and statistical field theory as we know them today. Nowheithigskinship more obvious than
in the study of critical phenomena. For example, the nurakstudies of deconfinement in gauge
theories are identical in most respects to those of demiagtieh in spin systems. Now a challenge
in both fields is to develop more efficient methods for systeritls strongly interacting fermions.
Then we could better understand the phases of gauge thedtiematter and of superfluids and
superconductors.

Given that the common problem lies in dealing with fermiodagrees of freedom, we are
motivated to consider the unitary Fermi gas, which is béaluti its simplicity. This is a system of
2-component nonrelativistic fermions (typically ultrédSLi or °K atoms in experiments) inter-
acting via a short-range potential. The gas is so dilutedhts-wave scattering is relevant, thus it
is sufficient to treat the interaction as a local 4-fermionpling. On a spatial lattice, the simplest
Hamiltonian is that of the attractive Hubbard model.

The lattice theory describing unitary Fermi gases avoidsesof the complications of lattice
gauge theory. With nonrelativistic fermions there is naa@hsymmetry, so there is no fermion
doubling problem. Without nonabelian gauge fields, theeanartopological sectors to worry about
sampling with the correct distribution. This is an idealteys for concentrating on Monte Carlo
methods for fermions. In addition to both being stronglymed theories, QCD and unitary Fermi
gas both exhibit spontaneous symmetry breaking at low testyres, restored at some critical
temperature. Like finite density QCD, the fermion matrixfwé uinitary gas can have a nonpositive
determinant.

2. Setup
We start from the Fermi-Hubbard model, which in the grando#ral ensemble reads,

H=Ho+Hy = kz (& — Ho)Cl 5Ok +U )3 CITC)(TCLCM, (2.1)
0 X
wheregg = n%z?:l(l— cosk;) is the discrete dispersion relatiopg the chemical potential and
cﬁa (cko) the time-dependent fermionic creation (annihilationgmgor. We usé = kg = 2m= 1.
The indexo € {1, ]} labels the fermionic species. The coupling constart 0 corresponding to
attractive interaction can be tuned so that the scatteeimgth becomes infinite. The corresponding
value isU = —7.914. We work on a 3D periodic lattice witk? sites. The continuum limit can be
taken by extrapolation to vanishing filling facter= (3 , ClaCxa> — 0.

According to [1] the partition function for this model can Weitten as a series of products of
two matrix determinants built of free finite-temperaturee@r’s functions. If; = p; (the balanced
case) these determinants are equal so that all terms in ttles see positive and it can be used a
probability distribution for Monte Carlo sampling. The erdbarameter for the phase transition is
given by a two-point correlation function of the operatpyc, . To obtainT. from the numerical
data, previous work [2, 3] used a procedure involving an @dpration which introduced a sys-
tematic error. We have improved the data analysis methoblatdhis approximation is no longer
necessary [4]. Our final result will be the dimensionlessntjtiaT./ e, where the Fermi energy
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Figure 1: Schematic plot of the average sign near the critical poitite $haded area covers the range of
values the sign can take at different values of lattice siwechemical potential. The lower boundary of this
area is the “worst-case” curve of the sign, correspondingiest densities and largest lattice sizes used.

& = (311v)?/2 is the only energy scale of the system. The continuum lintiken by obtaining
Tc/&r for different values o and extrapolating to vanishing filling factor [2, 5].

A detailed description of our numerical setup is given in ¢ [6]. We use the DDMC
algorithm as introduced in [2] with a few modifications whiclcrease the efficiency by reducing
autocorrelation effects that are present in the originalgseAlso we generalise the algorithm to
the spin-imbalanced case. (if # u, a sign problem arises, since the distribution functionas n
longer positive for all configurations. To deal with this blem we make use of the “sign quenched
method”, which is based on the “phase quenched method” krfiewm lattice QCD [7]. The idea
is to write the thermal distribution as a product of its mauand its sign, and to use the positive
function given by the modulus as the new probability distiiiin. This implies a reweighting of
each MC estimator, in this case simply a multiplication vthie relative sign of the two matrix
determinants. Additionally, each expectation value mediibided by the expectation value of the
sign. If the latter is is close to zero, numerical errors Wwal very large, as it happens in QCD.
However, for the unitary Fermi gas the sign remains veryectosunity for small imbalances, as
shown in Fig. 1, so that sign quenching is applicable for ilabees up to approximatelyu =
0.2er. Our method can provide a useful tool to examine the trendhefctitical temperature for
small deviations from the balanced limit.

3. Resaults

We obtained data at 25 different valugs;, 11;), of which 8 were afu; = ;. The lattice
sizes varied betweer?4or the highest filling factor and 26for the lowest, so that the volume
range in physical units was approximately constant. Asudised in [2] for the balanced case, the
dimensionless physical observables scale linearly witf for sufficiently smallv. With our data
this behaviour is seen far/3 < 0.75. This condition was fulfilled for 23 out of the 25 points and
in particular for 7 out of the 8 balanced points.

Since the chemical potential difference is less prone toarigal errors, we us&u /er = |1y —

1, |/ instead of the relative density differené® /v to quantify imbalance. For the values of
imbalance considered in our study these two quantitiesrapoptional to each other, withv /v =
0.122(2)Au/er, see [4]. Every physical observabies a function of filling factorv and imbalance
h=Au/ee. We fit our data to a three dimensional surface, where thevialg assumptions
are made for the form of the fitted function:
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e At fixed imbalance X is a linear function ofv?/2 with slopea™)(h): X(v,h) = X(h) +
a®)(hyvY3. This is a generalisation of the relation valid in the bakhcase.

e X(h) anda®)(h) viewed as functions of the imbalanbesan be Taylor expanded.
e Due to symmetry ih all odd powers in the expansionsXth) anda ) (h) have to vanish.
If we expandX (h) anda®) (h) to leading order ith the fitted function becomes

X(v,h) = Xo+ Xoh? + (al¥) + an2)v1/3, (3.1)

In the following we will present our fit results for severalysital quantities. The results from
sections 3.1, 3.2 and 3.3 were presented in more detail .in [4]

3.1 Critical Temperature

Fitting a line through the points with; = y; results inT/er = 0.173(6) — 0.16(1)v/3 with
Xx?/d.o.f = 0.39, as shown in Fig. 2. For comparison we also fit a quadratmuth all 8 data
points, resulting in a continuum value @f/ e = 0.188(15), which is in excellent agreement with
the linear extrapolation. This confirms that sub-leadingemions proportional t#?/3 can indeed
be neglected for sufficiently small

Now we also include data with; # ;. The best fit according to (3.1) yieldg = 0.171(5),
al”) = —0.1549), T, =04+ 09 anda)’) = —0.7+ 1.9 in units of&¢, with x2/d.0.f= 0.43.
Note that theT, value corresponding to the minimg? is positive, which is forbidden by physical
arguments — the critical temperature can only decreaseimgteasing imbalance. Since txé
function is very flat along th&, direction, forcingT, = 0 results inx?/d.o.f= 0.44. From the
error onT, we derive the lower bound, > —0.5. The best fit values fofy and aéT) are in
excellent agreement with the ones obtained from the fit obtianced data only.

By simplifying the fit model settingxéT) = 0, the lower bound o, can be tightened to
T, > —0.04. The other parameteilg and aéT) agree with the results from the previous fit. This
fit has x? /d.0.f=0.41 and is still consistent witfi, = 0. For this reason we also perform a fit to
constanfT,(h) anda(T) (h), and obtairT,(v, h) = 0.1720/45) — 0.156(8)vY/2 with x?/d.0.f=0.41.
Again the result agrees with the previous fits. We also peraf fits using the jackknife method
and several robust fits and obtained consistent resultste tlimensional plot of the data together

with the constant surface fit is presented in Fig. 4 (left).

3.2 Energy per particle

The total energy is composed of the kinetic endigy = — <Zx,a CIUDZCXG> and the inter-
action energyEint = (Hi1). For the explicit MC estimators see [4]. Our results are iobth atT,,
but the temperature dependence of the energy per partiddonad to be weak. Using only bal-
anced data we obtain the continuum valtiiNes = 0.276(14), or E/Egg = 0.46(2), in units of
the ground state energy of the free gas; = (3/5)Ner. The goodness of fit ig2/d.o.f. = 2.1.
Since with increasing imbalance interactions become sggpd, the absolute value of the interac-
tion energy must decrease. This in turn means an increabe tdtal energy, since the interaction
energy is negative. As we did for the critical temperaturefitvine energy in units oErg to the
function (3.1) and obtain the best fit parametégs= 0.440(15), a(()E) =-017(3),E; =34+22
and aéa = —3.1+ 4.5, with x?/d.o.f=2.8. These results are consistent with the balanced fit.
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Figure 2: T versusv'/3 for different values of Figure 3: Projection of the data for the average
the chemical potential gt; = ;. The solid line chemical potential onto the/¥/3-1) plane. Red

is the linear extrapolation of the 7 data points with circles denote the balanced data and blue triangles
v1/8 < 0.75 (filled circles). The dashed line cor- data at non-zero imbalance. The solid line is the

responds to a quadratic fit through all data points.  constant fit; dashed lines indicate uncertainty.

1/3

Figure4: T./ee with the constant fit (left) an& /Erg with the quadratic fit (right) versus'/3 andAu/ee.

Forcing ai®) = 0 yields a best fit result oE (v, h) = 0.444(13) + 1.9(3)h? — 0.18(2)vY/3 with
x?/d.o.f= 2.7, which agrees with the previous result. For a plot of the dae Fig. 4 (right).

3.3 Chemical potential

For the chemical potential @ we obtain the continuum valye/e- = 0.4299) with x2/d.o.f.
= 2.8 using only balanced data. A similar analysis can be peedrifor the average chemical
potential u/er = |y + Y| |/2¢r in presence of an imbalance. Since this quantity is not eégpec
to depend on the imbalance we fit our data to a constant funatid obtainu (v, h) = 0.4297) —
0.27(1)v*3 in units ofgr with x?/d.o.f= 1.1. This is in very good agreement with our balanced
result. A plot of the data and the fit are shown in Fig. 3.

3.4 Contact density

Another important quantity is the contact density, which ba interpreted as a measure of the
local pair density [8]. The contact plays an important ralesfeveral universal relations derived by
Tan [9]. The definition of the contact & = mPgoEi;, wheregy is the physical coupling constant
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Figure 5: Left: The contact density verswd/3 for balanced data together with the linear fit. Right: The
contact density versus filling factor and imbalance. Thésercorresponds to the quadratic fit.

[8, 10], and it is related to the contact densifyvia C = [ %(r)d®r, or for homogeneous systems
simplyC = V. The dimensionless quantit /&2 can be expressed as

/€2 = (UEm)/(4L3€2). (3.2)

Using only balanced data the best fitdgeZ = 0.110211) — 0.0332)v¥/® with x?/d.o.f. = 1.8.

In the presence of an imbalance we expect the interactiomgad hence the contact density to
decrease. A three dimensional fit of the data to (3.1) yi€gls- 0.1101(9), aéc> = —0.0332),

C, = —0.15(16) and orz(c) = —0.29(36), with x?/d.o.f= 1.5. This is consistent with the bal-
anced fit. The paramet&s, is negative as required. Forcirtg(zc) = 0 yieldsCy = 0.10998),
or((,c) = —0.032215) andC, = —0.01(2), with x?/d.o.f= 1.5. Fitting to a constant function yields
% (v,h) = 0.10978) — 0.032Q14)v*/3 with x2/d.o.f= 1.4. Figure 5 summarises our results.

3.5 Comparison with theliterature

Our final result forT; using both balanced and imbalanced dagder = 0.171(5), is signif-
icantly higher than the previous result from [2], whatger = 0.152(7). In [11] the result of [2]
was found to agree with a continuous space-time DDMC methidte authors of [3] found an
upper bound of;/er < 0.15(1). They used an auxiliary field Monte Carlo approach and etdtac
T using the same approximation as [2] and [11], which mightarpthe discrepancy between
our results. Through extrapolating Monte Carlo resultsoef-tlensity neutron matter, the authors
of [12] found Tc/er = 0.18912), which agrees with our result. There are also results obdain
with the Restricted Path Integral Monte Carlo method [T3]£r ~ 0.245, and an upper bound of
Tc/€r < 0.14 obtained with a hybrid Monte Carlo method [14]. Resultsrfrane-expansion are
also available [15]. For comparison, the critical tempa&in the BEC limit isSTgec = 0.218¢k.

Our result for the energy per partide/ Erg = 0.440(15) shows excellent agreement with the
value E/Erg = 0.45(1) at T, quoted in [3]. The value quoted in [2] E/N& = 0.31(1), which
roughly corresponds tB/Erg = 0.52(2). Our result for the chemical potentigl/eg = 0.4297)
differs from p/er = 0.493(14) quoted in [2], but is consistent with the valyg/er = 0.43(1)
quoted in [3]. Some theoretical predictions for the contiansity are also available, but to our
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knowledge only at temperatures much lower tiiafsee [8] and references therein).

There are several recent experimental studies of the hameogs unitary Fermi gas. The di-
rect measurement presented in [16]iger = 0.157(15), which agrees well with our result, and
H/er = 0.49(2) at T¢, which differs from our value. The values from [17},/&r = 0.17(1) and
u/ee = 0.43(1) at T, show excellent agreement with our results. Their resultife energy per
particle E/Neg = 0.34(2) at T is higher than our value. In another experimental work [18] a
estimate forT; at zero imbalance is extrapolated from data at higher valtieabalance. An ex-
perimental value for the contact density of the homogeneaitary Fermi gas at zero temperature,
€ /et = 0.118464), is presented in [19].

4. Outlook and Acknowledgements

We have presented a Monte Carlo calculation of several th@yrmamic observables of the
unitary Fermi gas with equal and unequal chemical potentiathe two spin components. The
improved DDMC algorithm with sign quenching also offers th&iguing possibility to explore
the case of unequal masses of the two species; $# m| the dispersion relations are different for
the two components and the mass ratio enters as a new paraAeie the spin-imbalanced case
the two matrix determinants no longer need to be identicathat sign quenching is required. The
mass ratio is expected to influence the behaviour of the mysignificantly, so that exploring the
phase diagram promises many new interesting insights.

This work used resources provided by the Cambridge HighoRaegnce Computing Facility.
OG is supported by the German Academic Exchange Service @Aile EPSRC and the CET.
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