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We investigate shear and bulk viscous hydrodynamic deformation on the rapidity distributions of
the color glass condensate (CGC) in the relativistic heavy ion collisions at the RHIC and the LHC
with a novel numerical and theoretical scheme. The results show that the rapidity distributions
of the CGC are clearly deformed due to the entropy flux to forward rapidity and the entropy
production from viscosity. The hydrodynamic effects tend to make the distribution steeper at the
LHC than at the RHIC. This could be a candidate explanation for the rather surprising excess
of multiplicity in the LHC data compared with the bare CGC predictions. The hydrodynamic
parameter dependences are also discussed for more quantitative analyses.
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1. Introduction

The quark-gluon plasma (QGP) [1] created in high-energy heavy ion collisions at the Large
Hadron Collider (LHC) is considered to follow the description of a nearly-perfect liquid, as was
first discovered at the Relativistic Heavy Ion Collider (RHIC) [2]. The colliding nuclei, on the
other hand, are treated within the color glass condensate (CGC) modeling, a description of sat-
urated gluons [3]. It is thus both important and natural to combine these established pictures to
obtain a unified understanding of the heavy ion collisions. Relativistic hydrodynamic analyses
on the azimuthal anisotropy in particle spectra have revealed that small viscosity is important for
explaining the experimental data when the initial conditions are constructed from the CGC pic-
ture. The longitudinal evolution of the QGP for the CGC, however, has never been discussed in
the context of viscous hydrodynamic models. It has recently been revealed that the bare CGC
predictions underestimated the mid-rapidity multiplicity of the Pb-Pb collisions at

√
sNN = 2.76

TeV in the LHC experiments [4, 5, 6, 7], despite their successes at the RHIC. Estimation of the
hydrodynamic effects would shed new light on the efforts to explain the final rapidity distribution
in the CGC approach, since the CGC parameter controlling the rapidity dependence would require
readjustment. In this study, we develop a viscous hydrodynamic model for the non-boost invariant
longitudinal expansion and estimate the modification of the CGC rapidity distributions during the
hydrodynamic stage at the RHIC and the LHC settings [8, 9].

2. Relativistic viscous hydrodynamic model

The viscous hydrodynamic model is developed with the full second order theory [10, 11] which
takes account of relaxation effects to preserve causality and stability. In the system with vanishing
conserved currents we consider, thermodynamic quantities are given by tensor decomposing the
energy-momentum tensor T µν in terms of the relativistic flow uµ as

T µν = e0uµuν − (P0 +Π)∆µν +W µuν +W νuµ +πµν , (2.1)

where ∆µν = gµν − uµuν is the projection operator and gµν = diag(+,−,−,−) the Minkowski
metric. e0 denotes the energy density, P0 the hydrostatic pressure, W µ the energy dissipation current
and πµν the shear stress tensor. Here we take the flow in the direction of the local energy flux, i.e.,
the Landau frame is chosen, leading to W µ = 0 without the loss of generality. The equations of
motion for the hydrodynamic quantities are the energy-momentum conservation ∂µT µν = 0 and
the constitutive equations for the dissipative currents. Here we employ a full second order viscous
hydrodynamics [11] for the constitutive equations by keeping all the second order terms.

We focus on the longitudinal evolution of the hot matter and neglect the transverse dynamics
since it is one of the main aims of this study to seek the clue to explaining the discrepancy in mul-
tiplicity at the LHC through hydrodynamic analyses. This is in good contrast to the fact that (2+1)-
dimensional viscous hydrodynamic models are often considered for the analyses of azimuthal
anisotropy, neglecting the rapidity dependence of the systems. The constitutive equations in (1+1)-
dimensional relativistic coordinates can be written as, using the shear pressure π = π00 −π33,

DΠ =
1

τΠ

(
−Π−ζΠΠ

1
T

∇Yf −ζΠδeD
1
T

+ χb
ΠΠΠD

1
T

+ χc
ΠΠΠ∇Yf + χΠππ∇Yf

)
, (2.2)

2



P
o
S
(
W
P
C
F
2
0
1
1
)
0
6
0

Viscous hydrodynamic deformation in rapidity distributions of the color glass condensate Akihiko Monnai

Dπ =
1
τπ

(
−π +

4
3

η∇Yf + χb
πππD

1
T

+ χc
πππ∇Yf +

2
3

χd
πππ∇Yf +

2
3

χπΠΠ∇Yf

)
, (2.3)

where Yf is the flow rapidity, T the temperature, ζΠΠ and ζΠδ the bulk viscosities, η the shear
viscosity, τΠ and τπ the relaxation times, χb

ΠΠ, χc
ΠΠ, χΠπ , χb

ππ , χc
ππ , χd

ππ and χπΠ the second
order transport coefficients. The time- and the space-like derivative operators are defined as D =
cosh(Yf −ηs)∂τ + 1

τ sinh(Yf −ηs)∂ηs and ∇ = sinh(Yf −ηs)∂τ + 1
τ cosh(Yf −ηs)∂ηs where τ is the

proper time and ηs the space-time rapidity.
The equation of state P0 = P0(e0) and the transport coefficients are necessary input for hydro-

dynamic calculations. The equation of state is employed from one of the latest (2+1)-flavor lattice
quantum chromodynamics results [12]. We introduce models for the transport coefficients because
it is incredibly more difficult to estimate them in the first principle methods. The shear viscosity is
employed from the conjectured minimum boundary η = s/4π in the Anti-de Sitter space/conformal
field theory (AdS/CFT) correspondence picture [13] unless specifically mentioned otherwise. Here
s is the entropy density. There are two bulk viscosities ζΠΠ and ζΠδe when the linear cross terms
are kept, and they can be integrated to the effective bulk viscosity as ζ = (ζΠΠ + c2

s ζΠδe)/T us-
ing the energy-momentum conservation and the thermodynamic relations where cs is the sound
velocity. The coefficients are estimated based on the non-equilibrium statistical operator method
with φ 4-theory analyses [14] as ζ = (5/2)[(1/3)− c2

s ]η which is also in accordance with the con-
jectured minimum boundary condition [15]. The relaxation times and the second order transport
coefficients are evaluated in relativistic kinetic theory which yields the relations between the first
and the second order coefficients [11]. The results with the hadronic components and those with
the quark-gluon components are smoothly connected around the (pseudo-)critical temperature as
χ = [(1− tanh T−Tc

∆T )χhad +(1+ tanh T−Tc
∆T )χqg]/2 where Tc = 0.17 GeV and ∆T = 0.02 GeV. Note

that they are model coefficients to demonstrate the qualitative responses of the systems.
The initial condition for the energy density is constructed from a Monte Carlo model [16,

17] of the Kharzeev-Levin-Nardi approach [18, 19], where the saturation scale at a transverse
coordinate xxx⊥ is expressed as

Q2
s,A(x;xxx⊥) = 2 GeV2 TA(xxx⊥)

1.53 fm−2

(
0.01

x

)λ
, (2.4)

where TA(xxx⊥) is the thickness function, x the momentum fraction of incident partons and λ the pa-
rameter which is related with the rapidity dependence of the distribution. The rapidity distribution
tends to become steeper with increasing λ . Typically λ ∼ 0.2-0.3 is motivated by the deep inelastic
scattering data from the Hadron Electron Ring Accelerator, and we employ λ = 0.28 which is con-
sidered to be compatible with the data from the RHIC [17]. The initial distribution e(τ0,ηs) is em-
ployed from the transverse energy distribution averaged over the overlapping area (1/Sarea)dET /dy
for the most central 0-5% events by matching the momentum rapidity y with the space-time rapid-
ity ηs and by taking into account the contribution of the low pT gluons (0.1 < pT < 3 GeV) which
should form the locally thermalized medium. The initial time is set as τ0 = 1 fm/c. The initial
conditions for the dissipative currents, on the other hand, are not well-known. In this study they
are chosen as Π(τ0,ηs) = π(τ0,ηs) = 0 because assuming the same energy-momentum tensors is
necessary for qualitative comparison between ideal and viscous hydrodynamic results. This would
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Figure 1: The distributions for (a) the
√

sNN = 200 GeV Au-Au collisions at the RHIC and (b) the
√

sNN =
2.76 TeV Pb-Pb collisions at the LHC. The solid lines are the initial CGC distributions, the dotted lines the
ideal hydrodynamic ones and the dashed lines the viscous hydrodynamic ones.

also reduce possible overestimation of viscous effects coming from the unknown factors. The ini-
tial flow is the Bjorken flow Yf (τ0,ηs) = ηs. Note that this boost-invariance in the flow is broken
as soon as the hydrodynamic evolution is started.

The rapidity distribution is estimated through the entropy distribution per the flow rapidity
dS/dYf [20]. The two quantities are related through dNhydro

ch /dy ≈ (2/3)× (1/3.6)×dS/dYf , be-
cause the dimensional analysis suggests that the ratio of entropy density to number density is tem-
perature independent in the relativistic massless gas limit and the flow rapidity in a fluid element
on average corresponds to the momentum rapidity. The flow rapidity distribution, therefore, is the
closest pure hydrodynamic quantity to the rapidity distribution which does not involve other model
assumptions. We do not consider hadronization because the initial distribution is given as an en-
ergy/entropy distribution which of course is not of hadrons, and one has to choose a corresponding
quantity in order to compare the final hydrodynamic result with the initial CGC distribution. Here
we develop an entropic freeze-out scheme and construct the rapidity distribution from the entropy
current coming out of the isothermal hyper-surface at Tf = 0.16 GeV.

3. Results

The rapidity distributions for the Au-Au collisions at
√

sNN = 200 GeV in the RHIC and the
Pb-Pb collisions at

√
sNN = 2.76 TeV in the LHC are shown in Fig. 1. One sees that the CGC

distributions are visibly modified in the hydrodynamic stage for both cases. The ideal hydrody-
namic results exhibit flattening effects on the distributions caused by the entropy density carried to
forward rapidity with flow due to the non-boost invariant nature of the systems. The viscous hydro-
dynamic results, on the other hand, show enhancement of the rapidity distributions compared with
the ideal hydrodynamic ones which can be attributed to the entropy production from viscosity. The
competition of the two effects – the outward entropy flux and the entropy production – determines
the overall magnitude of hydrodynamic effects. The cutoff-like structures before the beam rapidi-
ties are due to the fact that the thermal smearing effect at the hadronic stage is not included, which
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Figure 2: The parameter dependences of the rapidity distributions for
√

sNN = 2.76 TeV Pb-Pb collisions
at the LHC. The solid line corresponds to the initial CGC distribution. (a) The dotted, short dash-dotted,
dashed and long dash-dotted lines are the ideal hydrodynamic result and the viscous hydrodynamic results
with η/s = 1/4π , 2/4π and 3/4π , respectively. (b) The dotted, dashed, short dash-dotted and long dash-
dotted lines correspond to ideal, bulk, shear and bulk-and-shear viscous hydrodynamic results, respectively.

of course does not affect the discussion of the hydrodynamic modifications here. Quantitatively
speaking, the slope of the distribution around mid-rapidity after viscous hydrodynamic modifica-
tion becomes slightly steeper at the LHC while it becomes flatter at the RHIC. This would be one
of the possible factors for explaining the underestimation of the bare CGC approach at the LHC,
because if, as the current parameter sets suggest, the distribution is flattened at the RHIC, then the
true initial distribution has to be steeper, i.e., the parameter λ in the CGC model should be larger.
Since the hydrodynamic modification at the LHC is almost cancelled or shows slight enhancement,
the larger λ translates into the enhancement of the multiplicity at mid-rapidity.

The hydrodynamic parameter dependences of the distribution with the LHC settings are also
explored. In Fig. 2 (a), the viscous hydrodynamic results with η/s = 1/4π , 2/4π and 3/4π are
shown. Note that bulk viscosity ζ is also increased along with η . One can see that the entropy
production almost linearly increases with the viscous coefficients, which is consistent with that
fact that viscous corrections are perturbation to the local equilibrium. In the cases where the vis-
cous effect is larger and the hydrodynamic effects are almost cancelled at the RHIC, λ would be
unaffected but again the slope of the LHC distribution becomes enhanced due to the extra entropy
production. Finally in Fig. 2 (b), the rapidity distributions with ideal, bulk viscous, shear viscous
and bulk-and-shear viscous hydrodynamic effects are separately plotted. For the current parameter
settings, the effect of shear viscosity is dominant over that of bulk viscosity for the hydrodynamic
evolution, while the latter is not entirely invisible. Note that the results do not suggest that bulk
viscosity can be neglected a priori, especially since the ζ/η ratio is dependent on a model.

4. Conclusions

We developed a viscous hydrodynamic model with the full second order theory for the non-
boost invariant longitudinal evolution. The numerical estimations show that the rapidity distribu-
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tions of the CGC are modified due to (i) the flattening effect induced by the entropy flux to forward
rapidity and (ii) the enhancing effect caused by the entropy production from viscosity. The distri-
bution is more flattened at the RHIC than at the LHC in the hydrodynamic evolution, which is a
candidate explanation for the CGC under-prediction of the mid-rapidity multiplicity because when
the CGC parameters are readjusted so that the final hydrodynamic result explains the experimental
data at the RHIC, one has enhancement in the particle production at the LHC. This suggests that
viscous hydrodynamic estimation with non-boost invariant flow is indispensable for the qualitative
discussion of multiplicity in the CGC approach. The explorations on hydrodynamic parameter de-
pendences support the above conclusions. It would be important to investigate the CGC parameter
dependences through the distributions as functions of rapidity and centrality, to introduce final state
interactions and to estimate the effects of transverse dynamics for more quantitative discussion.
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