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ABSTRACT: We present a class of static supersymmetric multi-center black hole solutions arising in
four-dimensional N = 2 supergravity theories with terms quadratic in the Weyl tensor. We also
comment on possible corrections to the metric on the moduli space of these black holes solutions.

1. Introduction

In this note we briefly describe a class of extremal
static multi-center black hole solutions arising
in four-dimensional N = 2 supergravity theories
with terms quadratic in the Weyl tensor. These
configurations preserve N = 1 supersymmetry.
They are determined in terms of harmonic func-
tions associated with the electric and magnetic
charges carried by the black holes. We refer to
an upcoming publication E]:] for a detailed de-
scription of the construction of these solutions.

2. Supersymmetry transformation
rules

The N = 2 supergravity theories that we con-
sider are based on vector multiplets and hyper-
multiplets coupled to the supergravity fields and
contain the standard Einstein-Hilbert action as
well as terms quadratic in the Riemann tensor.
To describe such theories in a transparent way we
make use of the superconformal multiplet calcu-
lus Eﬂ], which incorporates the gauge symmetries
of the N = 2 superconformal algebra. The corre-
sponding high degree of symmetry allows for the
use of relatively small field representations. One
is the Weyl multiplet, whose fields comprise the
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gauge fields corresponding to the superconfor-
mal symmetries and a few auxiliary fields. The
other are abelian vector multiplets and hyper-
multiplets, as well as a general chiral supermulti-
plet. The latter will be treated as independent in
initial stages of the analysis but at the end will be
expressed in terms of the fields of the Weyl multi-
plet. Some of the additional (matter) multiplets
will provide compensating fields which are neces-
sary in order that the superconformal action be-
comes gauge equivalent to a Poincaré supergravi-
ty theory. The compensating fields bridge the
deficit in degrees of freedom between the Weyl
multiplet and the Poincaré supergravity multi-
plet. For instance, the graviphoton, represented
by an abelian vector field in the Poincaré super-
gravity multiplet, is provided by an N = 2 su-
perconformal vector multiplet.

It is possible to analyze the conditions for
residual N = 1 supersymmetry directly in this
superconformal setting, postponing a transition
to Poincaré supergravity till the end. This im-
plies in particular that our intermediate results
are subject to local scale transformations. Only
towards the end we will convert to expressions
that are scale invariant. We will use this strate-
gy in the following in order to construct black
hole solutions with residual N = 1 supersymme-
try. This is exactly the same strategy we em-
ployed when we determined N = 2 supersymme-
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tric backgrounds in the presence of R2-interac-
tions [3].

The superconformal algebra contains general-
coordinate, local Lorentz, dilatation, special con-
formal, chiral SU(2) and U(1), supersymmetry
(Q) and special supersymmetry (S) transforma-
tions. The gauge fields associated with general-
coordinate transformations (ef,), dilatations (b,,),
chiral symmetry (Vlfj,Au) and @-supersymme-
try (1)), are realized by independent fields. The
remaining gauge fields of Lorentz (wzb), special
conformal (f) and S-supersymmetry transfor-
mations (¢!,) are dependent fields. They are com-
posite objects, which depend in a complicated
way on the independent fields Eﬂ] The corre-
sponding curvatures and covariant fields are con-
tained in a tensor chiral multiplet, which com-
prises 24 + 24 off-shell degrees of freedom; in ad-
dition to the independent superconformal gauge
fields it contains three auxiliary fields: a Majo-
rana spinor doublet x?, a scalar D and a self-
dual Lorentz tensor Typ;; (where ¢, 7, ... are chi-
ral SU(2) spinor indices). We summarize the
transformation rules for some of the indepen-
dent fields of the Weyl multiplet under Q- and
S-supersymmetry and under special conformal
transformations, with parameters €', n* and A%,

respectively,

de,* = E“'fy“@bm- + h.c.,
6’4[),3 = 2Duei — %T“bij'yab Vu€j — 'yuni,
(Sbu = %é’(bm - %El’yuxi — %ﬁl’(ﬁui + h.c.
+Ak e, (2.1)
5T = 8eliR(Q)7),,
5xt = —%'yaleTabijej + %R(V)abij yabel
f%iR(A)ab’y“bei +Dé + %T(z'y“bnj ,
where D,, are derivatives covariant with respect
to Lorentz, dilatational, U(1) and SU(2) trans-
formations, whereas D, are derivatives covari-
ant with respect to all superconformal transfor-
The quantities R(Q)!,,, R(A),, and
R(V)Wi ; are supercovariant curvatures related
to @-supersymmetry, U(1) and SU(2) transfor-
mations. We suppress terms of higher order in
the fermions throughout this paper, as we will

be dealing with a bosonic background.

mations.

Let us now turn to the abelian vector mul-
tiplets, labelled by an index I = 0,1,...,n. For
each value of the index I, there are 8 + 8 off-
shell degrees of freedom, residing in a complex
scalar X!, a doublet of chiral fermions Q/, a vec-
tor gauge field WHI , and a real SU(2) triplet of
scalars Y”I . Under Q- and S-supersymmetry the
fields X7 and Q transform as follows:

oxt =éq/l,
0] = 2DX"e; + geij (F — jen T, X e
+Yij el +2X ", (2.2)

where the quantity Fl;f denotes the anti-selfdual
part of the abelian field strength F;{v = 28[quf].

The covariant quantities of the vector mul-
tiplet constitute a reduced chiral multiplet. A
general chiral multiplet comprises 16+ 16 off-shell
degrees of freedom and carries an arbitrary Weyl
weight w (corresponding to the Weyl weight of its
lowest component). The covariant quantities of
the Weyl multiplet also constitute a reduced chi-
ral multiplet, denoted by W% whose lowest-0
component is the tensor 7%%. From this mul-
tiplet one may form a scalar (unreduced) chiral
multiplet W? = [W% ¢,.12 which has Weyl and
chiral weights w = 2 and ¢ = —2, respectively
)

In the following, we will also allow for the
presence of an arbitrary chiral background super-
field [5], whose component fields will be indicated
with a caret. We denote its bosonic component
fields by /1, Eij, ﬁ’;b and by C. Here A and C
denote complex scalar fields, appearing at the §°-
and #*-level of the chiral background superfield,
respectively, while the symmetric complex SU(2)
tensor Bij and the anti-selfdual Lorentz tensor
ﬁ’;b reside at the §2-level. The fermion fields at
level # and 6> are denoted by ¥; and A;. Under
@- and S-supersymmetry A and ¥; transform as

§A = €V, ,
5‘]?1 = QDAEZ —+ %€ijﬁab’}/ab€j —+ Bijej
+2wAn; (2.3)

where w denotes the Weyl weight of the back-
ground superfield. Eventually this multiplet will
be identified with W2 in order to generate the
R?-terms in the action. This identification im-
plies the following relations [:ﬁl:], which we will
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A= (eTH), O:fyz = 1 (Fr = Fr;X7) Thpie” + F WITE
¥, = 1665 R(Q)), TH ey, (2.8)

Eij = *16€k(iR(V)kj)a T'meb gy,
641 R(Q)5R(Q) 7,
F—ab — _16 R(M)cdab Tk‘lcd Ek
—16e:; R(Q)Ly ™ R(Q)

A; = 32 Eij ’YabR(Q)Zd R(M)Cdab
+16 (R(S)avi + 3V Dyxi) TH ey
—64R(V)ar’i €1 R(Q)ab>

C = 64R(M) " R(M)_}

+32 R(V)ab 1 R(V)ab k
—32T%% D, DTypi;
+128R(S)$* R(Q)kp

+384 R(Q)® ' ya DX - (2.4)

We refer to [il] for a precise definition of the var-
ious curvature tensors. The derivatives D, are
superconformally covariant.

In the presence of a chiral background su-
perfield, the coupling of the abelian vector mul-
tiplets to the Weyl multiplet is encoded in a func-
tion F(X, /1), which is holomorphic and homoge-

nous of degree two,

X'Fr+wAF; =2F,

Fi=0xiF, F;=0,F (2.5)

The field equations of the vector multiplets are
subject to equivalence transformations correspon-
ding to electric-magnetic duality, which will not
involve the fields of the Weyl multiplet and of the
chiral background. As is well-known, two com-
plex (2n + 2)-component vectors can be defined
which transform linearly under the SP(2n+2; R)

duality group, namely
XI F+I
( . ) and ( _’:V ) . (2.6)
FI (X7 A) GMV I

The first vector has weights w = 1 and ¢ = —1,
whereas the second one has zero Weyl and chiral
weights. The field strengths G
follows:

1 are defined as

G+I:FIJF+J+O

G1 FIJF + 0

puvl o

e (2.7)

They appear in the field equations of the vec-
tor fields. Eventually we will solve the Bianchi
identities, D*(F~ — FT)], = 0, and the field
equations, D*(G~ — G*)/IW = 0, for a given con-
figuration of magnetic and electric charges in a
static spacetime geometry with the chiral back-
ground turned on. These charges, which will be
denoted by (p’,qr), comprise a symplectic vec-
tor.

Next, let us introduce a particular spinor
that transforms inhomogenously under S-super-
symmetry transformations. This spinor is given
by

& =- <QI%+\P ;;)/c

— —i X [(F = X7 Fr)0f - XTF 3 0]

(2.9)

where we introduced the symplectically covariant
factor (with w = 2 and ¢ = 0),

e X = i[)_(IFI(X, A) - Fr(X, A) XI} . (2.10)

which resembles (but is not equal to) the Kahler
potential in special geometry. It can be shown,
using the results contained in [B], that ¢ trans-
forms covariantly under symplectic reparametri-
zations. Under Q- and S-supersymmetry ¢} trans-
forms as (ignoring higher-order fermionic terms)

8¢V = *PeFe; + 2ihe; —
+e’€ (FI — XJF[J)NIKFKA Bij

1. T— uv.j
5@5”.7:,“,7 €

7(}7’1 — XJF]J)NIKFKA Eik&‘lekl} Ej

Y2, (2.11)
where
A, =1 ’C(XJSHFJ—FJBHXJ> ,
Fow = (A -X"G,,) (2.12)

In arriving at (2.11) we have used the field equa-
ng [5], which is ne-
cessary for 6¢} to take a symplectically covariant
form.

tions for the auxiliary fields
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We note that 6¢} is not the only spinor that
can be constructed which transform inhomoge-
nously under S-supersymmetry transformations.
Another such spinor, which we denote by ¢, is
constructed out of the hypermultiplet fermions
@:] It transforms as follows under @- and S-

supersymmetry,
8¢ = %X_lpx Eij € + kij e+ E€ij 77j ,(2.13)

where x denotes the hyper-Kéahler potential and
where k,;; denotes a quantity that is symmetric
ini,j [:_Ll] , but whose explicit form is not impor-
tant here.

Since the (; transform inhomogenously under
S-supersymmetry, they can act as compensators
for this symmetry. This observation is relevant
when constructing supersymmetric backgrounds,
where one requires (some of) the Q-supersymme-
try variations of the spinors (as well as of deriva-
tives of the spinors) to vanish modulo a uni-
form S-transformation. This can conveniently
be done by considering S-invariant spinors, con-
structed by employing (;. Relevant examples of
such spinors are, for instance, Q! — X1¢Y and

3. The ansatz

We seek to construct static multi-center black
hole solutions with N = 1 residual supersym-
metry. For the line element we make the ansatz

ds? = —B@df 4 M@ a2 | (3.1)

We impose the following restriction on the Q-
supersymmetry transformation parameter €;,

€; — hEij Yo €j y (32)

where h(Z) denotes a phase factor of chiral weight
¢ = 1. The condition (3.2) is covariant with re-
spect to SU(2) and spatial rotations. The multi-
center solutions that we wish to construct have
the feature that, when the centers are made to
coincide, they lead to one-center solutions that
are invariant with respect to SU(2) and spatial
rotations. The latter satisfy condition (3.2).

In addition to (3.2), we impose that A, = 0
as well as F,, = 0.

We denote the magnetic and electric charges
associated to each center by (ph,qar). In the
geometry (;Zj:) the Bianchi identities and field
equations for the vector fields are solved by

thl _Ft—l'_I = —1 egifaiHI )
G —Gh = —iesJo,H | (3.3)

where H! and H; denote harmonic functions given
by

I
HI _ § (hI P4 )

Hy = XA: (Par + 7@%@10 (34

Here hf4 and h4; denote integration constants.
We now identify A with (£;;7%°%)? so that we are
dealing with black hole solutions in the presence
of R%-interactions.

4. Static multi-center solutions

It will be convenient [g] to use rescaled variables
Y1 =eK28XT and T = eX52A. Here T is taken
to have weights ¢ = 1 and w = 0 so that Y and
T have vanishing chiral and Weyl weights. Then,
from (2.1(1) and from (2.12), we obtain

S =iV R, T) - B )Y

A, = 19,1ogE — A, (4.1)
_ g —

A}: = % ‘2%'2 (YJ Ou F7—Fy 8MYJ)

Using (3.1), we find [1] that the vanishing of the
Q-supersymmetry variation (subject to (3.2)) of
the various S-invariant spinors yields a number of
restrictions on the N = 1 background, as follows.
In a Poincaré frame (where b, = 0 and £ =
const.) we find that

672g — €2f — eIC|E|2 ,
KPETS = 40if , T = —64(9:f)?
Bl = ~o|e (v + 7))
AY =0 . (4.2)

The symplectic vector (Y, Fr(Y,T)) is deter-
mined in terms of the symplectic vector (H!, Hr)
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as follows:

o (FAY,;_Z(Y&) - (Zj} |
(4.3)

Thus, we see that as one approaches the indivi-
dual centers (|# — 4| — 0) the scalar fields Y/
are entirely determined in terms of the charges
associated to these individual centers. This be-
haviour, namely that the values of the Y near
the centers are independent of the constants h
and h4; which determine the values of the Y/
far away from the centers, is the same that has
been observed without R*-interactions [].

In addition, we find that h = ¥/|3|, whereas
the field D is determined to be D = —%R. The
SU(2) curvature R(V),, *;, and hence B, van-
ishes. Since AY = 0, also the U(1) curvature
R(A),,, vanishes.

The solution given above describes a static
multi-center black hole with residual N =1 su-
persymmetry in the presence of R2-interactions.
It approaches flat Minkowski spacetime at spatial
infinity. Setting e*|%|% = 1 expresses its ADM
mass as Mapy = €€ ZA(p,{xFI(YOO) —qarYl).

In the case of one center, the solution in-
terpolates between two N = 2 supersymmet-
ric vacua E’/:] flat spacetime at spatial infinity
and Bertotti-Robinson spacetime at the horizon.
When switching off R2-interactions this solution
agrees with the one constructed in [§]. Its macro-
scopic entropy is given by [3}

S = mr? [|z|2 + 4Im(T Fe(Y, T))} (4.4)

r:O.
5. Outlook

The static multi-center solution (4.2) can now be
used as the starting point for computing the me-
tric on the moduli space of four-dimensional BPS
black holes in the presence of R%-interactions. In
the absence of RZ-interactions, it was found ['Q,
:_1-(_1] that the moduli metric of electrically charged
BPS black holes is determined in terms of a mod-
uli potential p given by p = [ d3x e*f. Tt was fur-
thermore established [g, :_1-(_5] that for small black
hole separations the associated one-dimensional
Lagrangian describing the slow-motion of these

BPS black holes exhibits an enhanced supercon-
formal symmetry. It was suggested [0 that it
should be possible to reproduce the macroscopic
entropy of BPS black holes by performing a state
counting in this superconformal quantum mecha-
nics model. This would imply that the degene-
racy of states of such a model is encoded in the
moduli potential u. In view of the formula (4.4)
for the macroscopic entropy one thus expects that
p will receive corrections steming from R2-inter-
actions. This is indeed likely to be the case, since
the one-dimensional Lagrangian describing the
slow-motion of the black holes will now be de-
rived from a four-dimensional action containing
RZ-interactions. Schematically, since the four-
dimensional Einstein-Maxwell action gives rise
to a moduli potential u = fd?’x e*f | the term
ImF; R|T|?, which appears in the four-dimen-
sional Lagrangian with R2-interactions, suggests
a correction to the moduli potential of the form
[ @3z e Tm(Y Fy). In view of (4.4), this suggests
that in the presence of R2-terms the moduli po-
tential p will be given by p = fd3ac le[le +
4Im(Y Fy(Y,T))]. This feature is currently un-
der investigation [11].
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