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ABSTRACT: In this contribution we exhibit a compactification of D = 11 supergravity on S* x S® to
two space-time dimensions. The resulting theory is a maximal gauged supergravity in two dimensions

with gauge group U(1) x SO(9) and some unusual features. In particular, the theory’s ground state

is not fully supersymmetric but only invariant under a “chiral” N = 16 supersymmetry.

1. Introduction

Numerous compactifications of D = 11 super-
gravity [:1.'] are known and have been extensively
studied over the past years (see e.g. [2] for a com-
prehensive survey and many references). How-
ever, for the most part these describe the com-
pactification of D = 11 supergravity to dimen-
sions four and higher, whereas relatively few re-
sults exist for low dimensional compactifications.
In this contribution we study a solution corre-
sponding to a compactification on S! x S8 to two
space-time dimensions; for special values of the
parameters, this solution has already appeared
in the literature [§]. While that work is chiefly
concerned with domain wall solutions and their
interpretation in the context of D—branes, we are
here motivated by the question whether there ex-
ists a maximal gauged supergravity in two di-
mensions. It is clear that such a gauged super-
gravity would be quite different from maximal
gauged supergravity in four dimensions [:_4], al-
ready for the simple reason that in two dimen-
sions there are a priori no vector fields that could
be used to gauge the theory. Such vector fields
exist in supergravities for D > 4, but are “dual-
ized away” into scalar fields in three dimensions
and below.

Our results provide further evidence for the
existence of a maximal gauged N = 16 theory in
two dimensions, albeit of an unusual type, with
gauge group U(1) x SO(9).
features is the fact that it does not appear to ad-
mit a ground state preserving the full N = 16 su-
persymmetry of the ungauged theory (for the lat-
ter, see [:;5.'] and references therein). Rather, this
symmetry is broken down to a kind of “chiral”

One of its unusual

(16,0) supersymmetry. It remains to be worked
out if this symmetry breaking is an intrinsic fea-
ture of the D = 2 gauged supergravity or merely
a property of its ground states.

2. The metric and field equations

Let us first set up our notation and conventions.
As already indicated we will study a special com-
pactification of D = 11 supergravity to two di-
mensions on an internal manifold S! x S8, with
the eleven coordinates ™ split as follows:

oM = (a2 ™) (2.1)
Here, the coordinates 20 = t, 2! = r parametrize
the two-dimensional space-time and z? is asso-
ciated with the circle S'; the remaining coordi-
nates {2°%,...,21%} = {y!,...,4®} describe the
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internal eight-sphere. We assume the metric to
have signature {—++...+}.

We start from the following ansatz for the
vielbein Ep4:

B, = F(r)e,*(x) (2.2)
E,? = G(r) Au(z)
Ey® = G(r)

with all other components set to zero. The zwei-
bein part in (2-_-2) is proportional to the zweibein

Of AdSQ
0 4 r 0
e, = (0 r1> (2.3)

The associated AdS,; has unit radius; different
values of the radius may be absorbed into the
pre-factor F'. The spin connection and curvature
scalar are easily computed

0
0?1001 =-1, 0?1101 =0 = Rap ="7Nap- (2.4)

The lower block gma(y) of (2.2) contains the met-
ric on the sphere S$® with unit radius.
The full D = 11 metric thus becomes

ds? = F? [—r?dt® + dr?/r?] + H?dO3
+G? [da? + A, dat)? (2.5)

Apart from the S® line element dQ2 (again nor-
malized to unit radius for H = 1) the metric
ansatz depends only on the coordinate r. An
unusual feature is the “warp factor” multiplying
the internal part of the metric. For previous
compactified solutions of D = 11 supergravity
with warp factor ['6, 7_7., ;_‘i], the latter depended
on the internal coordinates and multiplied the
space-time part of the metric.

To compute the spin connection and Rie-
mann tensor for the full metric we make use of
the general formulas

wapc = 3 (QaBc — Upca + Qcap)
Qupc = 2EA™E" Enc (2.6)

In this way we derive from (2.2) the following
nonvanishing components

-10 -2 2
Wapy = F'7 Wapy +2F "naip 04 F

0
Wap2 = %GF_2Aozﬂ
= —1GF %4
W2aB8 = D) Aaﬁ
war, = F-1G715.G
22y = O
0
Waby = 6 F'H 9, H

Wabe = H™! U(‘)jabc (27)
where
(%a = ga“ Ou
o 0 0,
Aaﬁ = ea"eﬁ A'uy (28)

denote the flat derivative and the Maxwell field
strength A, := 0,4, — 0,A,. From the Rie-
mann tensor (with flat indices)

Rap®? = 2wu“Fuwpp” + 20405 "

+2u)[AB]EwECD (2.9)

we obtain the nonvanishing components of the
Ricci tensor
1 ) 0 0
Rop = 3Map F(R+20InF)
-~ o 0
o %F 4G2A0"YA5’Y
91,0 0 0 0
- F°G (8aaﬁ + waﬁ'ya‘y)G
3 1 0 0 [0] [0]
+ FPG™ (0o F0pG + 95F 0.G)
—Nag F3G 5, FG
91,0 0 0 2.
—8F °H (8&8,8 + waﬂ’ya )H
0 0 0 0
+8F3H 1 (9o FOsH + 05 F 0o H)
— 8nag FSH 1 5, FO'H

0 0
Ror = L F'G2H 9 (F2G°H® Aury)

—2~—1/2 2y 0 o 2y
R22 = —F°G (878 + Wq 78 )G
—8F2G'HY(9,GHTH)
0 0
+ 1F1G? Aoy A™

_9 0
Rab =H Rab
0 0
~ 78 F2H2(9,HO " H)
0 0 0 0
- 5ab F_2H_1 (8787 + waa'y 37)H
S F2GTIHT 9,GOYH  (2.10)
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Unlike the well known Freund Rubin solu-
tions [i_l'], our ansatz has no source terms involv-
ing the three-form potential of D = 11 super-
gravity, and therefore the equations of motion
simply read

Rap=0 (2.11)

The field equation for (AB) = (0a) and a par-
ticular combination of the other ones may be di-
rectly integrated and yield

y 2 ~—3 8
Aag = Co€ag F*G °H™ (2.12)

0.(rGF) = Cyr *FH™® (2.13)

with integration constants Cy and C;. Here we
recognize that the Kaluza Klein vector A, plays
a role analogous to the three-form potential in
the standard Freund Rubin ansatz. There it is
the vacuum expectation value of the four-index
field strength which leads to preferential com-
pactification to four dimensions, whereas here it
is the vacuum expectation value of A,, which
now leads to a two-dimensional vacuum.

The remaining field equations take the form

0, (r*H®9,G) = —LC3F*G2H %(2.14)

o-(r*GH"0,H) = TF*GH® (2.15)

HO.(F20,G) = —8G9,(F~20,H)(2.16)

and will be further analyzed below.

3. Killing spinors

Before proceeding with the Einstein equations
we discuss the Killing spinor equations resulting
from our metric ansatz. The main advantage is,
of course, that the first order Killing spinor equa-
tions are easier to analyze than the second order
field equations, especially if one insists on max-
imal supersymmetry, just as for the AdSs x S7
compactification of D = 11 supergravity [10]. Tt
remains to verify afterwards that the solution in
addition solves the Einstein equations. Since the
three-form potential is assumed to vanish, the
Killing spinor equations reduce to

(8,4-1—%(4},4301130)6:0. (3.1)
Here we represent the 11d I'-matrices as

*=~*@"? I*=1I"? (3.2)

for « =0,1,2 and a = 3, ..., 10, where the v ma-
trices on the r.h.s. are 2 x 2 and 16 x 16, respec-
tively (for simplicity of notation we do not in-
troduce new symbols for the SO(9) I'-matrices).
For A =0 (3.1) yields

(F_2 O (rF)v* +1CoG?H® 70>e =0 (3.3)

with the elfbein (2.2) and connection coefficients
(2.6). The condition (3.3) shows already that
for nonvanishing Cy we need to impose a non-
trivial projection onto €. Representing the 32-
component spinor of D = 11 supergravity as di-
rect product of a 2-component space-time spinor
and an internal 16-component spinor (transform-
ing as an SO(9) spinor as expected), we employ
the following ansatz:

o) = (00 ) ou. e

For flat space the two components of the first fac-
tor would be independent constants they here are
related. The solution thus necessarily preserves
only half of the maximal supersymmetries, but
rather than an N = 8 supergravity, it yields a
(16,0) theory. However, this is not the usual chi-
rality (defined w.r.t. to v2) but rather a “chiral-
ity” defined w.r.t. to y! as is obvious from (3_3)
Substituting this ansatz into (3_3) we arrive at

O, (rF) =% CoF?°G*H® (3.5)
For A =1, equation (3.1) yields
(TF_lar + % CoG2H8 'yl>e =0
which determines the prefactor a to be
a(r) = const - (rF(r))/? (3.6)
For A = 2, equation (3.1) yields
( —1CyGTtH B rF_lé‘TG'yO) =0
implying
rG10,G = -1 CoF*G *H™® (3.7)
whereas for A = a we obtain

(f)a +1rF 0, H A Far9) e=0
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whence
rF10.H = m (3.8)
0 m 9
(Da +mT,T ) n(y) = 0 (3.9)

The second equation shows that n(y) is a lin-
ear combination of Killing spinors on the sphere
S8; there are 16 independent such spinors whose
explicit form will be worked out below. The pa-
rameter m here is proportional to the inverse S®
radius and may be absorbed into H; we will set
it to unity below.

In summary, the Killing spinor equations for
the functions F, G, H are given by

8,(rFG) = 0 (3.10)
rOrH = mF (3.11)
or(rF) = £ CoF’GH™®  (3.12)

These equations may be shown to be compatible
with the Einstein field equations, i.e. every solu-
tion of (8.1(1)—(8.12) automatically solves (2.12)-
(2.16). In the following section, we derive the
most general solution of (8.10)(8.12).
4. Killing spinor equations
Equation (3.1(]) may be integrated to
F=Cyr gt (4.1)

This leaves two equations for G and H:

20, H = mCy G™* (4.2)

r?9,G = -1 CoCo G ?H B (4.3)

In order not to make the formulas too cumber-
some, we will take m = 1 from now on and elim-
inate Csy by rescaling G — C2G, Cy — C5Cp.

Multiplying (4.2) and (&.3), we obtain (now
with m = 1)

6H 1'0,G = CoGto.(H™®) (4.4)
which may be integrated to
GP=SLH "+ (4.5)

At this point we are left with only one differential
equation which is written out in (4.12) below.

4.1 Nontriviality of the solution

The most general solution of the Killing spinor
equations (4.2), (4.3), has the nonvanishing com-
ponents of the Riemann tensor

4C
Roi01 = Ro121 = — —GQJSQ (4.6)
4C
CVO 5ab
Roaop = Roazs = Raa2p = Yl

with the functions G and H related as above. It
is now straightforward to verify that the associ-
ated Ricci tensor vanishes, and hence the met-
ric satisfies the Einstein field equations (2.11),
provided the equations derived above are also
obeyed.

In particular, (4.6) shows that every solution
with vanishing Cy (i.e. with vanishing vector field
A,,) is flat space. In other words, every nontrivial
solution of this type has a non-vanishing vacuum
expectation value for A, and it is charged with
respect to the 11d — 10d Kaluza-Klein vector
field.

For the higher dimensional situation one usu-
ally analyzes the content of Killing spinor equa-
tions in terms of their compatibility conditions
[:_1-(_]'] In our setting the compatibility conditions

are very simple, viz.!

RapcpTPe=0 (4.7)
For instance, the special case
(Ro1017"" + Ro1127'%) e = 0 (4.8)

illustrates once more why our solution has a “chi-
ral” residual supersymmetry only: substituting
the relevant values of the Riemann tensor, we see
that this equation becomes a projection condi-
tion condition. This feature may be traced back
to the separate S! factor, which is absent from
the higher dimensional Freund Rubin-type solu-
tions.

1 As already mentioned this equation by itself does not
imply Rap = 0, but only Rapéf = 0, where £4 is
the associated Killing vector which can be expressed as a
fermionic bilinear of Killing spinors.
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4.2 Two extremal cases

Let us first discuss two special “extremal” solu-
tions. For Cy = 0 we have

1

(4.9)

N9
3

1
C3T

T Qo
[
o

|

which is just the flat space solution as already
mentioned (to recover the flat Minkowski metric,
we have to redefine r — 1/7).

For C5 = 0 we obtain (after rescaling Cy —
7Ch)

F

_ —=7/5
(%Co YT ,.—2/7 HZ5/? 08/14 75/7)

7/5
G = (ST SR

H= (%00‘1/2 + H;j’”) e (4.10)
which has no smooth limit to flat space since we
cannot scale out the factor Cy in such a way that
the limit Cy — 0 exists. Its curvature diverges
at zero and tends to a constant at infinity. At
H,, = 00, this solution simplifies to

(57 bl

)7/5 00_1/5 FT/5

oot

F
G =
=

This is the metric derived in [3] (in the 10d dual
frame). Its curvature vanishes at infinity but di-

)*2/5 03/5 r2/5

oot

(4.11)

verges at zero.

4.3 The general case

Starting from (4.3) and (4.2), the remaining dif-
ferential equation for H is

r?0,H\/LH7+C5 = 1

Upon rescaling the function H — |C'3|*1/2 H,
and the constant Coy — 7 |C3|/2 Cy, we get

P20, H\/CoH "+¢ = 1

(4.12)

(4.13)

with g = £1 = sgnCs. The negative branch
of the square root corresponds to the solution
H— —H, Co — —Cp.

It follows directly that the asymptotics near
r ~ 0 must be of one of the following forms:

- (14 0()
H(r) = (4.14)

(2)*° 725 (14 Or))

where the first case is possible only for ¢; = +1.
Moreover, 7 = 0 is the only value of r where
H can diverge or take the value 0 (since in ei-
ther case one of the term under the square root
dominates such that (:‘4:1:3) may be integrated
and leads to (4.14)). In particular, in the limit

(g

r — 00, H remains regular:

7~ 00 1 — — —
H(r) "=" Hoo = — (CoH [ + 1) /2+ O(r™?)
(4.15)
The differential equation (4.13) further re-

quires

CoH™™ > —¢ (4.16)

Since H(r) # 0 for r # 0 there are hence two
different types of solutions:

H,, > 0: In this case, (4.16) requires C > 0.
Since 9, H is positive, (4.16) is satisfied for all r
iff it is valid for H.
true, for e = —1 this condition gives the upper
bound Hy, < Col/ 7. All these solutions have reg-
ular behavior (4.15) at infinity and r2/5 behavior
(4.14) at zero. The computation of the Riemann

tensor (4.6) shows that they have constant cur-

For ¢; = 1 this is always

vature at infinity and a singularity at the origin.
In the limit Cy — 0 they tend to

for r < H!

0
H(r) — (4.17)
Hy —1/r for r> H!

and thus have no smooth limit to the flat space.

H,, < 0: In this case, (_-'4_1:1:6) requires €; = 1.
Then, (El: 1:6) is satisfied automatically for Cy < 0,
whereas for Cy > 0 it further requires the upper
bound H,, < _001/ " on the asymptotic value.
All these solutions have regular behavior (4.15)
at infinity and 7! behavior (4.14) at zero. The
computation of the Riemann tensor (4.6) shows
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that they have constant curvature at infinity and
vanishing curvature at the origin. In the limit
Co — 0 they smoothly tend to the flat space.

4.4 Killing spinors on S8

We here summarize some properties of S8 Killing
spinors. For this purpose we need explicit expres-
sions for the S® spin connection. With a conve-
nient (and standard, see [L1]) choice of coordi-
nates the achtbein on $® is given by

0 yrw(y)

en” = oy —

Ym¥y®

L+y2w(y) y? (4.18)

In terms of these coordinates the S® spin connec-
tion and Ricci tensor become

Gape = 2(Y)0alp Ye] (4.19)

Raby = 76(11)

where

wly) = (1= VI= )

Y

The Killing spinor equation now reads
(Oa+ 2 kw(y) Y’ Tap + 2Ta) n(y) = 0 (4.20)

with

O Puly)nan 2

0o = Oy oyb

(4.21)

where n® = % and the SO(9) T matrices obey
the standard Dirac algebra

Fan = 5ab +Fab
such that
Fowley = 0bel'a — da@ple)

The solution can be written in the form

n(y) = (Ally) + Bllyhnal ) (4.22)
with
Al = ™
() = s
B(lyl) = —/ A2 by

2

To see how these Killing spinors are related
to the Killing vectors on S8, we consider the bi-
linear expressions

KX (y) = 0¥ @) Tmon” ()

I J I J
= 77([) | RS 770] - wymyan([) Tao 770]
a, [l J
) 77([) Fam 770] (423)
or
K{(y) =TT —wy™ya T —ya Ty (4.24)

Thus there are as many Killing vectors as there
are independent matrices I'?, i.e. 36 Killing vec-
tors as expected. The presence of the extra factor
I'g in the above equation is the reason that there
are not 120 independent bilinear combinations as
naive counting would have suggested; there is no
such extra factor in the corresponding expression
for the 28 S7 Killing vectors in terms of bilinears
of the eight S” Killing spinors [:_1-9:}

4.5 Properties of the solution

Among the noteworthy features of the compact-
ification described here is its breaking of super-
symmetry. As discussed above, this implies that
either the induced gauged theory is not fully su-
persymmetric but only invariant under a “chiral”
N = 16 supersymmetry or at least its ground
state breaks half of the supersymmetry.

We further note, that there is no nontriv-
ial solution of the Killing spinor equations with
constant functions F' or H. The two-dimensional
geometry hence is not AdS, but only conformally
equivalent (of course, all metrics are conformally
equivalent in two dimensions).

The fact that the solution requires a non-
trivial “warp factor” in the internal part of the
metric seems to indicate that the potential of the
gauged theory in fact does not admit stationary
points for any constant values of the scalar fields.
Rather, it suggests that this potential can be
minimized only with r-dependent scalar fields,
a feature which has no analogue in the known
higher dimensional gauged theories.

5. Remarks on the D = 2 theory

Finally, we sketch the complementary approach
to the construction of the two-dimensional gauged
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theory, which is by deformation of the ungauged
i.e. toroidally compactified theory. The latter is
described by a field theory coupled to gravity in
conformal gauge

e, = X3, . (5.1)

The scalar sector is given by a dilaton field p
and an Fg(g) valued matrix V which defines the
currents

Vv1o,v = PAYA+ QXY (52)

where Y4 and X!“ denote the 128 noncompact

and 120 compact generators of Eg(g), respectively.

The theory thus has a manifest global Egg) sym-
metry
V= AtV (5.3)

if by t* we denote all 248 generators of the alge-
bra eg: t* = {Y4, X7/}, On the fermionic side,
the theory comprises the 2d gravitino wl{ and the
dilatino 1 transforming in the 16 of SO(16), as
well as the fermionic matter denoted by XA and
transforming in the 128. The Lagrangian of the
ungauged theory is given by E’)']

0 1 2)p(2) 4 1 2) puA pA
0 — _ZPE( IR 1 ZpE( ) pr P
_ PE(Q)GWE;DHW:
— L pE@XA DA

— 3 PEOX Y T 4 Py

— S pECIXA T P (5.4)

Gauging this theory corresponds to promoting a
subgroup of the global symmetry ('é-_f’):) in a lo-
cal symmetry. As discussed above, one of the
peculiarities of the two-dimensional theory with
respect to its higher dimensional relatives is the
a priori absence of vector fields which are du-
alized away in the process of compactification.
More precisely, the vector fields which are present
in the toroidal compactification of the eleven-
dimensional theory have been dualized into the
The corre-
sponding D = 3 dualization equation takes the
form

scalar sector in three dimensions.

P 9,B,* = E®ye, pAe  (55)

where p,v.... now run over 0, 1, 2. It explic-
itly exhibits the duality between the scalar fields

contained in the Fgg) matrix )V and a set of 248
vector fields combined into an eg valued matrix
B,“tq. There are hence different equivalent for-
mulations of the D = 3 theory, depending on
the choice of particular complementary subsets
of scalars and vector fields, cf. [:_1-?] For our pur-
pose we consider the reduction of (5.5) back to
two dimensions with the following ansatz

N N0,> pA
e(S)H — ( Oﬂ pH ) (56)
BY) = (B, — AyB;, B,) (5.7)

for vielbein and vector fields. Equation (5.5) then
splits into two equations

0uB2™ = pe, V™ aPAY (5.8)

Bu™ = =By A, (5.9)

i.e. into a two-dimensional dualization equation
between scalars V and B§ and a relation between
the 2d field strength B,,,, and the field strength of
the Kaluza-Klein vector field A,,. We emphasize
here, that the construction of the gauged theory
will require explicit appearance of both, the orig-
inal scalar fields V as well as their duals B>™. In
toroidal compactification, one uses the equations
of motion for the Kaluza-Klein vector field 4, to
show that

A =Cop 3 e (5.10)

with constant Cy. Asymptotically flat solutions
require Cy = 0 and hence, via (5.9), vanishing
field strength of the two dimensional vector fields.
In other words, under the reduction, the three-
dimensional vector fields split into dual scalars
B> and nonpropagating vector fields which are
usually dropped from the theory. However, as
it turns out, once the two-dimensional theory
is gauged with these vector fields, the relations
(5.9) also get modifications in order of the cou-
pling constant.

We can now follow the standard recipe [4] by
first covariantizing the derivatives (5.2) w.r.t. a
subgroup of Egg)

VDY =V 9V + g BiO,V Y

=PlyA+ 40X (511)
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The constant tensor ©,; here encodes the embed-
ding of the gauged subgroup into Eg(g). Contin-
uing the standard procedure, the fermionic su-
persymmetry transformations rules get modified

(5%{ = 'Duel +igAi17 Y el

Sy = pOupyt e
+ig (As 10 + A2 1)7°) €’

oxt = gy T, Pl

+ig (Ag 4+ Ay i) €8 (5.12)
with tensors Ay, ..., A4 to be determined as func-
tions of the scalar fields. The original Lagrangian
(5.4) is changed by adding a general fermionic
bilinear term in order g of the coupling constant
and a potential term in order g2. These terms
are determined by requiring maximal supersym-
metry of the gauged theory. Moreover, super-
symmetry imposes strong consistency conditions
which eventually select the possible gauged sub-
groups.

A detailed discussion of the construction for
the two-dimensional case shall be reported else-
where [13]. Here, we just state the result, which
is that the consistency conditions for the exis-
tence of a gauged deformation of toroidally com-
pactified D = 2 supergravity may be given in
closed form as a set of linear algebraic equations
for the embedding matrix O4,. Group theoret-
ical arguments then allow to find explicit non-
trivial solutions O, to these equations and thus
to construct a class of two-dimensional gauged
supergravities.

Some of their common features may already
be observed from (5.12). Since the tensor A, (1J)
turns out to have a nonvanishing constant trace
part, the variation of the dilatino v{ in (5: 1:2) e.g.
already shows that no solution of the gauged the-
ory can preserve the full supersymmetry. Rather,
we find the same type of chiral symmetry break-
ing as was exhibited in the compactification dis-
cussed above. Moreover, since also A, turns
out to be nonvanishing, the variation of the mat-
ter fermions XA shows the necessity to invoke
nonconstant scalar fields in a supersymmetric so-
lution as was likewise predicted by our compact-
ification scenario.

Finally, we note, that the equation for the
Kaluza-Klein field strength in the gauged theory
is modified by a contribution quadratic in the
dual scalar fields By®

Auu = C(O P73 €uv
—Lgp7 e (B2"Oup B2Y) (5.13)

This shows that unlike in the toroidal compact-
ification, the Kaluza-Klein vector field A, and
hence also the vector fields B, can no longer be
dropped. Rather, the solutions appear nontriv-
ially charged under the U(1), as was also explic-
itly found in our compactification.
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