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good description of HERA measurements. An extension of the saturation ansatz by the
evolution effects improves sizably the agreement with data.

1. The total and diffractive γ ∗ p cross section
Let us first recall that at HERA the electrons collide with protons by emitting highly
energetic photons which then hit the proton. Hence, by studying electron-proton collisions,
in fact, we investigate photon-proton scattering processes at high energies (in short: γ ∗ p)
where the photon is highly virtual. The energies of these photons, in the proton rest system,
can go up to 50000 GeV.
One of the most important measurements at HERA is the determination of the total
∗
γ p cross section as a function of the photon virtuality, Q2 , and of the
p energy of the
∗
γ p system, W . Results are shown in Fig. 1(LH) [1]. The variable
Q2 determines
−14 cm
the transverse distance inside the proton that the photon can “resolve”, d ≈ 2·10
Q(GeV ) .
Beginning at the top of our plot with small Q2 -values (large transverse sizes) the photon
resembles a hadron, e.g. a ρ-meson. As the Q2 -values increase the photon shrinks and
becomes more and more point-like. Following the rise of the total cross section in W as a
function of Q2 , we observe a striking change. At small Q2 the behavior is still very much the
same as in hadron-hadron scattering. With increasing Q2 , the rise in W becomes stronger
(at the same time the overall magnitude of the cross section decreases). If we parameterize
γ∗p
the W -dependence by a power law, σtot
∼ (W 2 )λtot , this behavior is translated into the
Q2 dependence of the exponent λtot , Fig. 1(RH). For small Q2 we find ourselves close to
the hadronic value λtot = 0.08, whereas for larger values of Q2 the exponent λtot increases
∗
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Abstract: We discuss HERA data on the high energy behavior of the total γ ∗ p cross
section and on diffraction in DIS. A natural link between inclusive and diffractive γ ∗ p
processes is provided by the dipole description of DIS. In the dipole picture the hard and
soft interaction regions can be connected by the saturation hypothesis which leads to a
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substantially. In this plot the l.h.s. belongs to the hadronic world, the r.h.s. to the smalldistance world where pQCD is expected to apply. QCD calculations allow the results of
the small-distance part (large Q2 values) to be interpreted in terms of QCD radiation [4].
Another important observation of HERA is the measurement of the diffractive γ ∗ p
cross section. Before HERA it was not expected that diffractive final states in deep inelastic
scattering would play a significant role: the energetic virtual photon smashes the proton
into pieces, the final state contains large numbers of particles or jets, and it was expected
that the q q̄-pair created by the photon could hardly be separated from the rest of the final
state. In contrast to this expectation, a sizable and approximately constant fraction of
diffractive events was observed as a function of W , Fig. 2(LH).

2. Dipole description of DIS
The observation of diffractive processes at HERA leads to a dipole picture of DIS. In the
dipole description the probability for the incoming virtual photon to fluctuate into quarkantiquark pair is given by the transversely (t) and longitudinally (l) polarized photon
wave-functions ψ(Q2 , z, ~r)t,l (z denotes here the momentum fraction of the photon carried
by the quark and ~r the transverse size of the quark-antiquark pair). The wave functions
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Figure 1: (LH) γ ∗ p cross section as a function of W 2 at various Q2 . The values of Q2 are shown
on the left side together with the scale factor applied to the data for a better visibility. The full
line shows a fit by a saturation model with evolution [2], the dashed line shows a fit by the original
model [3]. The fits are performed for x < 0.01. (RH) The exponent λtot in the parameterization
γ∗p
∼ (W 2 )λtot , plotted as a function of Q2 .
σtot
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Figure 2: (LH) Ratio of diffractive and total cross sections at fixed values of Q2 , for different
regions of the invariant diffractive mass MX . The lines belong to a model [2] described in the text.
(RH) Comparisons of unintegrated gluon distributions f (x, l2 ) with (full line) and without (dotted
line) evolution effects for different x values.

are solely determined by the coupling of the photon to the quark pair, and in the present
computations they are mostly assumed to be the same as in QED. The emission of the
gluon cloud and its interaction with the proton is described by the dipole cross section,
σqq̄p (x, ~r), which is closely related to the (unintegrated) gluon distribution (see below). All
interesting dynamics is encoded in the ~r and x dependence of σqq̄p .
In the proton rest frame the total cross section can be written in the following form:
Z
Z
γ∗ p
2
2
σt,l (x, Q ) = d ~r dz ψ(Q2 , z, ~r)∗t,l σqq̄p (x, ~r)ψ(Q2 , z, ~r)t,l .
(2.1)
The Optical Theorem applied in the framework of the dipole picture allows to express
the cross section of diffractive q q̄ production in which proton remains intact as:
Z
Z
γ∗p
dσDif
1
f
2
(2.2)
|t=0 =
d ~r dz ψ(Q2 , z, ~r)∗ σq2q̄p (x, r 2 ) ψ(Q2 , z, ~r)
dt
16π
The total and diffractive cross sections are expressed by the same elements. This shows
the general property that the structure functions related to these cross sections, F2 and
D(4)
F2 , are of the same fundamental importance. Hence simultaneous observation of the
inclusive and diffractive DIS processes allows us to get a better insight into the proton
structure.
The equations 2.1 and 2.2 should allow direct determination of σqq̄p , i.e. the gluon
structure of the proton, from data. Today, however, the precision of the data is not
sufficient to invert these equations in a straightforward way. In order to describe the
data it is necessary to make specific assumptions about the dipole cross section. A good
description of the HERA data has recently been obtained by a model built on the idea of
saturation.
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3. Saturation Model
The idea of saturation [6] emerges from the study of the rise of the total γ ∗ p cross section
with energy. This rise can be explained in QCD by the emission of a single gluon cascade.
Since the increase of the total γ ∗ p cross section with energy cannot continue forever, there
must be some corrections which slow down the rise. The one-cascade picture can be
valid only if the system of gluons is sufficiently dilute. When at very small x the gluon
density of the single cascade becomes too high, interactions with other cascades will become
important. This process, called saturation, leads to a damping of the growth of cross
sections with energy. It can be modeled by a simple ansatz for the dipole cross section [3]:
σqq̄p (x, ~r) = σ0 (1 − exp[−

r2
]),
4R02

(3.1)

4. DGLAP evolution in the dipole models
The unintegrated gluon distribution gives the ordinary gluon distribution g(x, Q2 ) through
2

Z

Q2

xg(x, Q ) =
0

dl2
f (x, l2 ) ,
l2

(4.1)

provided we have a model for f (x, l2 ) in the nonperturbative region of small l2 . The
unintegrated gluon distribution can can be expressed by the dipole cross section as
Z
αs f (x, l2 )
3
d2 r
=
exp{il · r} {σ0 − σqq̄p (x, r)} .
(4.2)
l4
4π
(2π)2
For small enough r we find
σ̂(x, r) '

π2 2
r αs xg(x, C/r 2 ) .
3
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where R0 denotes the (x-dependent) dipole size where saturation sets in (”saturation ra λGBW
dius”: R02 = R02 (x) = Q12 xx0
with Q0 = 1 GeV). The parameters of the model, σ0 ,
0
x0 , and λGBW , were determined from the fit to the total cross section data.
The model describes the damping of the rise of the cross sections at high energies for
higher Q2 (outside of the energy range accessible to HERA) as an effect of the diminishing
saturation radius. At low Q2 the dipole sizes are large compared to the saturation radius
which leads to the typical hadronic rate of rise, λtot = 0.08. The dashed curves in Fig. 1
show that the energy dependence of the total cross section is well described by the original
model for Q2 region up to around 20 GeV2 .
The model has also been used for diffraction: inserting the formula for the dipole cross
section into eq.( 2.2), a good description of the diffractive cross section for q q̄ production is
obtained. In particular, as a result of a subtle interplay between the photon wave function
and the dipole cross section, it succeeds in reproducing the energy dependence shown in
Fig. 2(LH).
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Expanding the exponential in the saturation model (3.1), for r  2R0 (x), and by comparing
with expression (4.3) we find the following gluon distribution
xg(x, Q2 ) =

σ0
3
2
4π αs R02 (x)

(4.4)

where the scale µ2 is takes the form
µ2 =

C
+ µ20 ,
r2

(4.6)

and the parameters C and µ20 could be determined from best fits to the DIS data. The
initial gluon distribution is taken at the initial scale Q20 = 1 GeV2 in the form
xg(x, Q20 ) = Ag xλg (1 − x)5.6

(4.7)

where Ag is fitted to the data. Thus, in the present approach, we still have only few
parameters, σ0 , C, µ20 , λg and/or Ag to fit to the data.
The comparison of the data with predictions of the saturation model from Fig. 1
shows a clear improvement of the agreement at larger Q2 due to evolution effects. At the
same time the important property of the original saturation model, the constant ratio of
diffractive and inclusive cross sections as a function of W , is preserved, see Fig. 2(LH). The
effects of evolution on the unintegrated gluon distribution is shown in Fig. 2(RH).
The excellent description of the HERA data presented here shows that saturation and
evolution effects can cooperate successfully.
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which is independent of Q2 . This is in contradiction to the fact that, according to the
DGLAP evolution equations, the ordinary gluon distribution depends logarithmically on
Q2 . Thus we need to modify the saturation model to take into account the DGALP
evolution at small values of r. The physics of saturation however, which reflects unitarity,
should not be altered.
Therefore, we propose the following modification of the model (3.1)

 2 2

π r αs (µ2 ) xg(x, µ2 )
σqq̄p (x, r) = σ0 1 − exp −
,
(4.5)
3 σ0

