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Abstract: In this talk we present the update of our combined analysis of the neutrino
oscillation solutions of both the solar and the atmospheric neutrino problem, in the framework of four-neutrino mixing [1].

We include in our analysis the most recent solar neutrino rates of Homestake , SAGE,
GALLEX and GNO [2], as well as the recent 1258-day Super-Kamiokande data sample [3],
including the recoil electron energy spectrum for both day and night periods and the recent
results from the CC even rates at SNO [4]. As for atmospheric neutrinos we include in our
analysis all the contained events from the latest 79.5 kton-yr Super-Kamiokande data set [3],
as well as the upward-going neutrino-induced muon fluxes from both Super-Kamiokande
and the MACRO detector [5]. The constraints arising from the relevant reactor (mainly
from Bugey [6]) and accelerator (CDHSW [7]) experiments are also imposed.
One of the most important issues in the context of 4-neutrino scenarios is the question
of the 4-neutrino mass spectrum. There are six possible four-neutrino schemes that can
accommodate the results from solar and atmospheric neutrino experiments as well as the
LSND evidence. They can be divided in two classes: (3+1) and (2+2) In the (3+1)
schemes there is a group of three neutrino masses separated from an isolated one by a gap
of the order of 1 eV2 , which is responsible for the short-baseline oscillations observed in
the LSND experiment. In (2+2) schemes there are two pairs of close masses separated by
the LSND gap. The main difference between these two classes is that, if a (2+2)-spectrum
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is realized in nature, the transition into the sterile neutrino is a solution of either the solar
or the atmospheric neutrino problem, or the sterile neutrino has to take part in both,
whereas with a (3+1)-spectrum it could be only slightly mixed with the active neutrinos
and mainly provide a description of the LSND result. The (3+1) schemes are disfavoured
by experimental data with respect to the (2+2) schemes [8, 9], but they are still marginally
allowed [13]. Therefore we concentrate on the 2 + 2 schemes.

For the phenomenology of neutrino oscillations in (2+2) schemes the mass spectrum can be taken as: ∆m2 = ∆m221 
∆m2atm = ∆m243  ∆m2LSND = ∆m241 '
∆m242 ' ∆m231 ' ∆m232 and neglecting possible CP phases, the matrix U can be writ- Figure 1: Results of the global analysis of solar
2
ten as a product of six rotations, U12 , U13 , neutrino data for the allowed regions in ∆m21
2
U14 , U23 , U24 and U34 where Uij represents and tan θ12 for the 2+2 four-neutrino oscillations. The different panels represent sections
a rotation of angle θij in the ij plane. The
at a given value of the active–sterile admixture
order of the product of the matrices corre|Us1 |2 + |Us2 |2 = c223 c224 of the three-dimensional
sponds to a specific parametrization of the allowed regions at 90%, 95% and 99% CL. The
mixing matrix U and in order to study oscil- best-fit point in the three-parameter space is
lations of the solar and atmospheric neutri- plotted as a star.
nos, which include the matter effects in the
Sun and/or in the Earth, it is convenient to use the parametrization: U = U24 U23 U14 U13 U34 U12 .
This general form can be further simplified by taking into account the negative results from
the reactor experiments, in particular the Bugey experiment, which in the range of ∆m241
relevant to the LSND experiment implies that |Ue3 |2 + |Ue4 |2 = c214 s213 + s214 . 10−2 so that
the two angles θ13 and θ14 give negligible contributions to solar and atmospheric neutrino
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The main characteristic of (2+2)-spectra
is that either solar or atmospheric oscillations must involve the sterile neutrino. Oscillation into sterile neutrinos are disfavoured
for both atmospheric and solar neutrinos
[2]. One expect then that these schemes
will be also disfavoured. However, as first
discussed by [10] , when considered in the
framework of (2+2) schemes, oscillations into
pure active or pure sterile states are only
limiting cases of the most general possibility of oscillations into an admixture of active
and sterile neutrinos. One can wonder then,
if some finite admixture of active-sterile oscillations is able to give a suitable description of both solar [11] and atmospheric data
[12].
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transitions for which the U matrix takes the effective form:


c12
s12
0
0
 −s c c

 12 23 24 c12 c23 c24 s23 c24 c34 − s24 s34 s23 c24 s34 + s24 c34 
U =
.
 s12 s23

−c12 s23
c23 c34
c23 s34
s12 c23 s24 −c12 c23 s24 −s23 s24 c34 − c24 s34 −s23 s24 s34 + c24 c34

(1)

νβ → νγ

with

νβ = s23 c24 νs + c23 νµ − s23 s24 ντ

and νγ = s24 νs + c24 ντ .

(2)

From the previous discussion we see that the mixing angles θ23 and θ24 determine two
projections corresponding to c223 c224 = 1 − |Ua1 |2 − |Ua2 |2 = |Us1 |2 + |Us2 |2 which gives the
size of the projection of the sterile neutrino onto the state in which the solar νe oscillates,
and s223 = |Uµ1 |2 + |Uµ2 |2 = 1 − |Uµ3 |2 − |Uµ4 |2 . 0.2 which determines the size of the
projection of the νµ over the “atmospheric” neutrino oscillating states. One expects s23
to be small in order to explain the atmospheric neutrino deficit and, as we will see this
is the case. Furthermore, the negative results from the CDHS and CCFR experiments on
searches for νµ -disappearance also constrain such a projection to be smaller than 0.2 at
90% CL for ∆m2LSND & 0.4 eV2 . We distinguish the following limiting cases:
• if c23 = 1 then Uµ1 = Uµ2 = 0. The atmospheric νµ = νβ state oscillates into a state
νγ = c24 ντ + s24 νs . We will denote this case as “restricted”. In particular:
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Concerning the range of variation of the mixing angles, the full parameter space relevant
to solar and atmospheric neutrino oscillation can be covered by choosing the mixing angles
in the ranges: 0 ≤ θ12 ≤ π2 , 0 ≤ θ23 ≤ π2 , 0 ≤ θ24 ≤ π2 , and − π2 ≤ θ34 ≤ π2 .
In this scheme solar neutrino oscillations are generated by the mass-square difference between ν2 and ν1 while atmospheric
neutrino oscillations are generated by the
mass-squared difference between ν3 and ν4 .
It is clear from Eq. (1) that the survival
of solar νe ’s mainly depends on the mixing
angle θ12 while atmospheric νe ’s are not affected by the four-neutrino oscillations in Figure 2: ∆χ2 as a function of the active–sterile
2
2
2 2
the approximation θ13 = θ14 = 0 and ne- admixture |Us1 | + |Us2 | = c23 c24 for the analysis
glecting the effect of ∆m221 in the range of solar and atmospheric data in 2+2 four–neutrino
schemes.
of atmospheric neutrino energies. Conversely, the survival probability of atmospheric νµ ’s mainly depends on the mixing angle θ34 . Thus
p solar neutrino oscillations occur between the states νe → να with να =
c23 c24 νs + 1 − c223 c224 νa with mixing angle θ12 . νa is a linear combination of νµ and ντ .
Let us remind the reader that νµ and ντ cannot be distinguished in solar neutrino experiments, because their matter potential and their interaction in the detectors are equal,
due only to NC weak interactions. Thus solar neutrino oscillations cannot depend on the
mixing angle θ34 and depend on θ23 and θ24 through the combination c223 c224 .
Atmospheric neutrino oscillations, i.e. oscillations with the mass difference ∆m234 and
mixing angle θ34 , occur between the states
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where PνSun+Earth
takes the standard two–
e →νe
neutrino oscillation form for ∆m221 and θ12 ,
found by numerically solving the evolution equation in the Sun and the Earth Figure 3: Results of the analysis of atmospheric
matter with the modified matter poten- neutrino data for the allowed regions in ∆m243 and
tial A ≡ ACC + c223 c224 AN C with ACC = θ34 for the 2+2 four-neutrino oscillations. The dif√
√
ferent panels represent sections at given values of
2 2GF ENe and AN C = − 2GF ENn .
2
2
2
For atmospheric νµ , the survival prob- the νµ projection |Uµ1 | + |Uµ2 | = s23 and the
active–sterile admixture |Us1 |2 + |Us2 |2 = c223 c224
ability including matter effects in the Earth
of the four-dimensional allowed regions at 90%,
can be calculated by numerically integrat95% and 99% CL. The best-fit point in the fouring the evolution equation in the Earth parameter space is plotted as a star. The last panel
with a modified matter potential includ- corresponds to the case in which χ2 has also been
ing the effect of the mixing angles θ23 and minimized with respect to s223 and c223 c224 .
θ24 . For example the diagonal piece of the
potential takes the form A ≡ (s224 − s223 c224 )AN C so that for pure atmospheric νµ → ντ
oscillations (s223 = s224 = 0) A = 0, while for νµ → νs (s223 = 0, s224 = 1) A = AN C , as
expected. It is this modification of the Earth matter potential that gives the atmospheric
neutrino data the capability to discriminate between the active and sterile oscillation solution. In particular, higher sensitivity to this potential effect is achievable for the higher
energy part of the atmospheric neutrino flux, which lead to the upward going muon data.
The main effect of the presence of this potential is that for pure active oscillations the
angular distribution of upgoing muons is expected to be steeper at larger arrival angles,
while a flattening is expected from the matter effects for sterile oscillations.
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– in the case c23 = c24 = 1, Ua1 = Ua2 = 0 (Us3 = Us4 = 0) and we have the limit of pure
two-generation solar νe → νs transitions and atmospheric νµ → ντ transitions
– in the case c24 = 0 then Us1 = Us2 = 0 and Uτ 3 = Uτ 4 = 0, corresponding to the limit
of pure two-generation solar νe → ντ transitions and atmospheric νµ → νs transitions.
• if c23 = 0, Us1 = Us2 = 0 corresponding to the limit of pure two-generation solar νe → νa
with a = µ and there are no atmospheric neutrino oscillations as the projection of νµ over
the relevant states cancels out (Uµ3 = Uµ4 = 0).
Notice that in the limiting case θ23 =
0, there is an additional symmetry in the
relevant probabilities so that the full parameter space can be spanned by 0 ≤ θ34 ≤
π
2 , as expected since in this case we have
the effective two–neutrino oscillations solar νe → να and atmospheric νµ → νγ .
With all this we find that the survival
probabilities for solar neutrinos take the
form

PνSun+Earth
= c223 c224 1 − PνSun+Earth
e →νs
e →νe


PνSun+Earth
= 1 − c223 c224 1 − PνSun+Earth
e →νa
e →νe
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|Us1 |2 + |Us2 |2 = c223 c224 < 0.45 (0.72)
2

2

|Us1 | + |Us2 | =

c223 c224

< 0.40 (0.99)

for LMA,

(3)

for LOW-QVO;

• at 99% CL both regions are allowed for maximal active–sterile mixing c223 c224 = 0.5.
For the analysis of the atmospheric data in Fig. 3 we plot the sections of such a volume
in the plane for different values of the projections |Uµ1 |2 + |Uµ2 |2 and |Us1 |2 + |Us2 |2 . The
global minimum used in the construction of the regions lies almost in the pure atmospheric
νµ –ντ oscillations. As shown in the figure the regions becomes considerably smaller for
increasing values of the mixing angle θ23 , which determines the size of the projection of
the νµ over the “atmospheric” neutrino oscillating states, and for increasing values of the
mixing angle θ24 , which determines the active–sterile admixture in which the “almost–νµ ”
oscillates. Therefore from the analysis of the atmospheric neutrino data we obtain an upper
bound on both mixings, which, in particular, implies a lower bound on the combination
c223 c224 = |Us1 |2 + |Us2 |2 limited from above by the solar neutrino data. Fig. 2 we show the
shift on the χ2 for the analysis of the atmospheric data in the framework of oscillations
between four neutrinos as a function of the active–sterile admixture |Us1 |2 + |Us2 |2 = c223 c224
for the general case (in which the analysis is optimized with respect to the parameter
s223 = |Uµ1 |2 + |Uµ2 |2 ) as well as the restricted case in which s223 = 0. The 90% (99%) CL
lower bounds on c223 c224 from the analysis of the atmospheric neutrino data are:
c223 c224 = |Us1 |2 + |Us2 |2 > 0.64 (0.52)
c224 = |Us1 |2 + |Us2 |2 > 0.83 (0.74)
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(4)
for the restricted case.

(5)

PrHEP hep2001

Summarizing solar neutrino oscillations depend only on the new mixing angles through
the product c23 c24 and therefore the analysis of the solar neutrino data in four-neutrino
mixing schemes is equivalent to the two-neutrino analysis but taking into account that
the parameter space is now three-dimensional (∆m221 , tan2 θ12 , c223 c224 ). Although originally
this derivation was performed in the framework of the (2+2) schemes , it is equally valid
for the (3+1) ones. On the contrary, the angles θ23 and θ24 enter independently in the
atmospheric oscillations and the analysis of the the analysis of the atmospheric neutrino
data in the four-neutrino mixing schemes is equivalent to the two-neutrino analysis, but
taking into account that the parameter space is now four-dimensional (∆m243 , θ34 , c223 , c224 ).
In Fig. 1 we show the allowed regions for the oscillation parameters ∆m21 and tan2 (θ12 )
from the global analysis of the solar neutrino data in the framework of four–neutrino
oscillations for different values of c223 c224 . The global minimum used in the construction of
the regions lies in the LMA region and for pure νe –active oscillations. As seen in the figure
as the sterile component increases the regions became smaller till they totally disappear.
This behaviour is also illustrated in Fig. 2 where we show the shift on the χ2 for the
analysis of the solar data in the framework of oscillations between four neutrinos as a
function of the active–sterile admixture |Us1 |2 + |Us2 |2 = c223 c224 . From the figure we find
that:
• solar neutrino data favour pure νe → νa oscillations but sizeable active–sterile admixtures
are still allowed.
• the three-dimensional regions are acceptable at 90% (99%) CL for
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In summary the analysis of the solar data favours the scenario in which the solar oscillations
in the plane 1–2 are νe oscillations into an active neutrino, and from that analysis one finds
an upper limit on the projection of the νs on the 1–2 states. On the other hand, the
atmospheric neutrino analysis prefers the oscillations of the 3–4 states to occur between a
close-to-pure νµ and an active (ντ ) neutrino, thus giving an upper bound on the projection
of the νs over the 3–4 states, or equivalently a lower bound on its projection over the 1–2
states. The open question is then what the best scenario is for the active–sterile admixture
once these two bounds are put together. The result from the combined analysis still
favours close-to-pure active and sterile oscillations (what gives either a bad description to
solar or to atmospheric data) and disfavours oscillations into a near-maximal active–sterile
admixture which could, in principle, lead to a compromise in the description of both data
samples. This can be interpreted as a hint of a incompatibility between the present solar,
atmospheric and LSND results even in the context of 2+2 four-neutrino mixing although,
at present, these schemes cannot be ruled out from the pure statistical point of view.
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