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Abstract: The see-saw mechanism is perhaps the most attractive scenario to explain
the small neutrino masses. However, at high energies it is defined by more parameters
than it is possible to measure at low energies, resulting in a lack of predictability. In this
talk we will review some frameworks where, using some well motivated hypotheses about
the high energy physics, the see-saw mechanism does give predictions for some low energy
observables. In particular, we will derive a leptonic version of the Gatto-Sartori-Tonin
relation, and we will discuss the scenario with two right-handed neutrinos.

1. Introduction
The origin of the structure observed in the quark and lepton masses and mixing angles is one
of the most intriguing features of the Standard Model of particle physics. Despite the large
amount of data available, there is no compelling explanation for this structure. However,
in the quark sector there are interesting ideas that could shed some light on the origin of
flavour. Particularly attractive and robust is the postulate of texture zeros in the quark
mass matrices. Assuming that the up and down quark mass matrices have a simultaneous
texture zero in the (1,1) position1 and that the magnitude of the matrix elements are
symmetric for the first two generations, yields a quantitatively accurate prediction for the
CKM ). This is the so-called Gatto-Sartori-Tonin
Cabbibo angle (strictly speaking, for V12
(GST) relation [1]. The measured masses and mixing angles are consistent with additional
texture zeros [2], although this may require a departure from the symmetric form of the
mass matrices [3]. These texture zeros could indicate the presence of an underlying family
symmetry which require some matrix elements be anomalously small.
∗

Speaker.
A texture zero does not imply a matrix element is absolutely zero, but only that it is small enough so
that it does not significantly affect the masses and mixing angles.
1
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In this work we extend the analysis of texture zeros to the lepton sector, for the case
in which the small neutrino masses are generated by the see-saw mechanism [4]. Motivated
by the success of the Gatto-Sartori-Tonin relation in the quark sector, we will consider the
predictions from texture zeros in the neutrino Yukawa coupling.
We will also study the model with two right-handed neutrinos proposed by Frampton,
Glashow and Yanagida [5]. This model provides a framework that can accommodate all
the neutrino observations, but with less parameters than the complete model with three
right handed neutrinos.

2. From low to high energies
We consider the case of three generations of left-handed SU (2) doublet neutrinos, νL,i, and
three generations of right-handed Standard Model singlet neutrinos, νR,i . The Lagrangian
responsible for lepton masses has the form
1 cT
0
cT
cT
c
LlM ass = νR
Yν νL hH 0 i + lR
Yl lL hH i − νR
Mν νR
2

(2.1)

where Yν , Yl are the matrices of Yukawa couplings which give rise to the neutrino and
charged lepton Dirac mass matrices respectively and Mν is the neutrino Majorana mass
matrix. We are interested in studying the implications of simultaneous zeros in Yν and
Yl for observable quantities, i.e. masses, mixing angles and CP violating phases. For the
case of quarks and charged leptons it is easy to do this because the Yukawa couplings
are directly related to the mass matrices. For neutrinos, however, the existence of the
Majorana masses complicates the connection between the Dirac Yukawa couplings and the
neutrino observables. The light neutrino mass matrix, M, is given by the see-saw form
M = YνT Mν−1 Yν

(2.2)

If one tries to reconstruct the complete theory from this effective operator, one finds that in
the decoupling process some information has been lost. The complete leptonic Lagrangian
depends on twenty one parameters. In an appropriate basis, these can be identified with the
three masses in the charged lepton sector, the three masses in the right-handed sector, and
fifteen elements in the neutrino Yukawa matrix (nine moduli and six phases). On the other
hand, the effective Lagrangian depends on only twelve parameters: three in the charged
lepton sector, and six moduli and three phases in the neutrino mass matrix. Therefore, in
the decoupling process six moduli and three phases have been lost.
To the end of reconstructing the complete theory it is sometimes convenient to use
an alternative form of the see-saw formula, expressing Yν in terms of the neutrino mass
eigenvalues, mixing angles and CP violating phases [6]. In the basis in which the Majorana
mass matrix and the charged lepton Yukawa matrix are diagonal, the parametrization has
the form
Yν = D√M RD√m U † /hH 0 i
(2.3)
where D√M is the diagonal matrix of the square roots of the eigenvalues of Mν , D√m is
the diagonal matrix of the roots of the physical masses, mi , of the light neutrinos, U is
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the Maki-Nakagawa-Sakata (MNS) matrix [7] and R is a 3 × 3 orthogonal matrix which
parametrizes the residual freedom in Yν once the other parameters are fixed. Notice that
we have included all the low energy phases in the definition of the matrix U , i.e. we
0
have written the MNS matrix in the form U = V diag (e−iφ/2 , e−iφ /2 , 1), where φ and φ0
are the CP violating phases and V has the form of the CKM matrix. In this particular
parametrization of the see-saw mechanism, the information lost in the decoupling process
is encoded in the right handed masses and the R matrix. Incidentally, M depends on
three real parameters, that together with the three complex parameters of the matrix R
make up the six real and the three complex parameters necessary to match the number of
parameters at high and low energies.
These nine unknown parameters prevent us from making predictions from the see-saw
mechanism. However, under some well motivated hypotheses on the high energy physics,
the number of unknown parameters is reduced, improving the predictability of the seesaw mechanism or even leading to relations among the low energy observables. Some
possibilities are:
• Texture zeros in Yν . The main motivation for this hypothesis comes from the
GST relation. However it is also motivated from the theoretical point of view. It
may be that an underlying symmetry forbids the appearance of one or more Yukawa
couplings, as in the case of family symmetries, where the different matrix elements
are associated to a certain power of an expansion parameter [8][9]. If the power is
large enough, the suppression of that matrix element will result in a texture zero.
Besides, in some supersymmetric scenarios, the holomorphicity of the superpotential
could forbid some matrix elements, resulting in a strict texture zero. In any case, it
can be checked from eq.(2.3) that one texture zero fixes one of the complex angles
in R in terms of the MNS matrix and the light neutrino masses. More texture zeros
will further reduce the number of unknown parameters.
• Relations among elements in Yν . It could occur that an underlying symmetry
restricts the fundamental Yukawa couplings to be symmetric, or hermitian, or to have
off-diagonal elements antisymmetric. This possibility is also motivated phenomenologically by the success of the GST relation, where symmetric textures were assumed.
Under this assumption, the requirement Yνij = Yνji yields three conditions that fix
R in terms of the ratio of right-handed masses, the light neutrino masses, and the
MNS matrix.
• Decoupling of νR,3 . The possibility that one of the right-handed neutrinos does not
contribute to the neutrino masses and mixing angles underlies many explicit models
that reproduce the observed large neutrino mixings [10]. In any case, assuming that
one of the right-handed neutrinos is much heavier than the other two is an interesting
physical possibility that furthermore reduces the number of unknown parameters in
the see-saw mechanism. This reduction of unknown parameters should be reflected
in the number of parameters of the matrix R. To be precise, in the limit in which
M3 is much heavier than M1 and M2 , the matrix R essentially depends on one single
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complex parameter. The reason is the following. From eq.(2.3) one finds that the
elements of the third row of R are given by
(Y U )3i
R3i = √
hH 0 i
M3 mi

(2.4)

Since the numerator is finite and m2 and m3 are different from zero, R32 and R33 get
smaller and smaller as M3 becomes larger and larger. On the other hand, m1 → 0
as M3 → ∞, so the limit for R31 is not well defined and might be non-zero. As a
matter of fact, the orthogonality of R requires R31 to be approximately equal to one.
Therefore, in the limit in which M3 becomes very heavy, the matrix R takes the form:
 q

∝ M13 cos z ± sin z
 q



R =  ∝ M13 − sin z ± cos z 
(2.5)


q
q
∼ 1 ∝ M13 ∝ M13
where z is a complex angle and the ± in the second column has been included to
account for the possible reflections in the orthogonal matrix R.
In some realistic scenarios, like the ones that we are going to discuss in the following
sections, several of these possibilities occur at the same time. This results in a reduction
of the number of unknown parameters that will give rise to predictions for the low energy
observables. In particular, we will study in detail the leptonic version of the GST relation
and the model with two right-handed neutrinos.

3. The GST relation for the leptonic sector
We first consider how the analysis proceeds for the case the texture zero is in the (1, 1)
position of the neutrino Yukawa coupling, in the basis where the charged-lepton Yukawa
coupling and the right-handed mass matrix are both diagonal, and when M1,2 /M3 
m2 /m3 . In this case a symmetric structure in the Dirac neutrino mass matrix and a
texture zero will lead to a relation between measurable parameters, in particular, for the
CHOOZ angle. Later on, we will discuss the effect of the charged lepton sector on the
prediction for the CHOOZ angle.
Following eq.(2.3), the condition (Yν )11 = 0 gives2
r
tan z = −

∗
m2 U12
∗
m3 U13

(3.1)

From the symmetric constraint (Yν )12 = (Yν )21 one obtains
r

√
∗ + √m U ∗
− tan z m2 U12
M1
3 13
= √
∗ + tan z √m U ∗ .
M2
m2 U22
3 23

2

(3.2)

Here and in what follows we do not include the ambiguity due to the square roots as they can be
absorbed in the unknown phases.
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Substituting for tan z leads to the relation
s
r
r
m2 2
M1 m2 ∗
iδ
U13 ≡ |U13 |e = ±i
U +
U det U
m3 12
M2 m3 31
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(3.3)

This equation is yielding a prediction for the CHOOZ angle in terms of the solar and
atmospheric mixing angles, the ratio of neutrino masses, the ratio of the right-handed
masses, and the Majorana phase φ0 . In Figure 1, left plot, we show the prediction for
the CHOOZ angle for different ratios of the right-handed masses. In the plot we have
chosen a random distribution for the unmeasured phase φ0 . One may see that there is a
clustering of values within a small range with the CHOOZ angle near the current bound,
sin θ13 < 0.24 at 3σ. This implies that, barring an unnatural cancellation between terms,
we expect a large CHOOZ angle, in the range that would make the long baseline neutrino
factory searches for CP violation feasible. To quantify this we have determined the range
of the CHOOZ angle which includes 95% of the points, giving sin θ13 > 0.1 over the whole
range of M1 /M2 .
More interesting than this case is the case where there is a simultaneous texture zero in
the (1,1) position in both Yν and Yl , which truly corresponds to the leptonic version of the
GST relation. In [11] it was shown that the effect from the charged-lepton sector can be
included in the analysis by replacing U → W = Ul P U in eq.(2.3). Here, W is the matrix
acting on the left-handed neutrino states needed to diagonalize the neutrino Yukawa matrix,
Ul is the corresponding one to diagonalize the charged lepton Yukawa matrix, and P is a
matrix that appears due to a phase ambiguity because the basis in which the MNS matrix
has the standard form can be different from the “symmetry” basis in which the texture
zero appears. For the case the charged-lepton Yukawa matrix has off-diagonal elements
whose magnitude is approximately symmetric and that, like the quarks, the hierarchy of
lepton masses is due to a hierarchical structure in the matrix elements and not due
q to
mµ
a cancellation between the different contributions, one has the bounds |Ul,23 | ≤
mτ ,
q
q
me
me
|Ul,12 | ≤
mµ , |Ul,13 | ≤
mτ . In practice, the magnitudes of |Ul,23 | and |Ul,13 | are so
small that they do not affect the mixing coming from the neutrino sector. However, |Ul,12 |
close to the upper bound does give a significant contribution to the CHOOZ angle. In
fact, this bound is saturated for a symmetric charged-lepton Yukawa matrix with a (1,1)
texture zero. Therefore, neglecting the contributions from the right-handed sector, the
leptonic version of the GST relation reads:
s
r
r
r
m
m2 2
M1 m2
e
iδ
i(α2 −α1 )
U13 ≡ |U13 |e = −e
U23 ± i
U +
U31 e−i(β+2α1 ) .
(3.4)
mµ
m3 12
M2 m3
In this formula, α1 , α2 and β are unknown phases. As in the previous case, we choose a
random distribution of these phases, and plot the distribution of the resulting points. This
is shown in Figure 1, right plot.
In Figure 2 we plot the distribution for the CP violating phase combination sin(δ −
φ0 /2). This is the CP violating phase relevant to neutrinoless double beta decay. We see
that sin(δ − φ0 /2) clusters near its maximal value. In this case the 95% cutoff implies
sin(δ − φ0 /2) > 0.4.
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Figure 1: Prediction for the CHOOZ angle from a symmetric neutrino Yukawa matrix with a zero
in the (1,1) position, assuming that there is no contribution from the charged lepton sector (left),
and that there is a simultaneous (1,1) texture zero in the charged lepton Yukawa coupling (right).

Figure 2: The ν0ββ CP violating phase, for the same cases as in Figure 1.

4. The two right-handed neutrino model
This model is able to accommodate all the neutrino observations, but depends at high
energies on less parameters than the conventional see-saw model. This model has attracted
a lot of attention recently and has been studied by several authors [5][12][13]. Since there
are only two mass scales, one of the light neutrinos is predicted to be exactly massless.
This implies in particular that there is only one Majorana phase difference between the
light neutrinos. Notice that the remaining two mass scales are enough to reproduce the
measured solar and atmospheric neutrino mass splittings. In an appropriate basis, the
two right-handed neutrino (2RHN) model is defined by three charged lepton masses, two
right-handed masses and six moduli and three phases in the neutrino Yukawa coupling.
Therefore, the model with two right-handed neutrinos depends at high energies on four
moduli and three phases less than the see-saw model with three right handed neutrinos
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(3RHN). This reduction of parameters should be translated into a simplification of the
matrix R. It is clear that the 2RHN model corresponds to the strict decoupling, M3 → ∞,
of the 3RHN model. Then, from eqs.(2.3) and (2.5) one obtains that the different elements
of the neutrino Yukawa coupling are:

Yν 2i

p

√
√
∗
∗
M1 ( m2 cos z Ui2
± m3 sin z Ui3
)/hH 0 i
p
√
√
∗
∗
= M2 (− m2 sin z Ui2
± m3 cos z Ui3
)/hH 0 i

Yν 1i =

(4.1)

where i = 1, 2, 3. The unknown complex parameter z encodes the real parameter and
the phase necessary to match the total number of parameters at high energies and at low
energies in the 2RHN model.
A word of caution is in order concerning the relation between the decoupling limit of
the 3RHN case and the 2RHN case. In the 3RHN case the Yukawa couplings Yν 3i are not
√
necessarily negligible due to the factor M3 appearing in eq.(2.3), and could produce some
effect at low energies through the radiative corrections. Whether or not they are depends
√
on the magnitude of the elements R3,j , j = 2, 3 which vanish like 1/ M3 . The decoupling
limit corresponds to the case that the third Majorana mass is at, or above, the cutoff scale
so that the third neutrino does not contribute, even via radiative corrections.
With this tools, it is straightforward to compute predictions at low energies from
texture zeros in the two right handed neutrino model. In what follows, we will assume that
the texture zeros appear in the basis where the charged lepton Yukawa couplings and the
right-handed mass matrix are diagonal. This is not the most general possibility, nor the
most attractive from the physical point of view. However, for simplicity we will show only
the results for this particular case, and we refer the reader to reference [13] for the details
of the most general case.
4.1 Predictions from models with one texture zero
One texture zero in the neutrino Yukawa coupling fixes the unknown parameter z. From
eq.(4.1), we obtain
r
∗
m2 Ui2
tan z = ∓
(4.2)
∗
m3 Wi3
when Y1iT Z = 0, and

r
tan z = ±

∗
m3 Ui3
∗
m2 Wi2

(4.3)

when Y2iT Z = 0. With only these hypotheses, there are no predictions for the low energy
parameters. However, it has implications for thermal leptogenesis [14], assuming that the
lightest Majorana state dominates [15]. In this case the asymmetry is given by
'−
=−

3 M1 Im(cos2 z m22 + sin2 z m23 )
8π hH 0 i2 m2 |cos2 z| + m3 sin2 z

(4.4)

3 M1 (m23 − m22 ) Im(sin2 z)
8π hH 0 i2 m2 |cos2 z| + m3 sin2 z

(4.5)
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[16], we have

|max |

'−

Im(sin2 z)
2
2
sin2 z + m
m3 |cos z|

(4.6)

Note that  depends only on tan z, which is in turn fixed by the texture zero. Whether
this asymmetry can lead to the observed baryon asymmetry depends on the subsequent
washout. This is characterized by the parameter m
e 1 [17]. It is given by
m
e 1 = m2 cos2 z + m3 sin2 z

(4.7)

Notice that m
e 1 ≥ m2 , so washout effects are expected to be very efficient, potentially in
conflict with the upper bound following from the condition that washout is acceptable.
Furthermore, the parameters that maximize the CP asymmetry could not necessarily correspond to those that minimize m
e 1 . It can be checked that if the washout effects are
minimal, the CP asymmetry vanishes. Physically, this scenario corresponds to the case in
which the heaviest light neutrino state is dominated by the heaviest right-handed neutrino
state (cos z ' 1). On the other hand, when the CP asymmetry is close to maximal, m
e1
must be very large and successful leptogenesis would require a large right-handed neutrino
mass, M1 ≥ 1011 GeV. In particular, this is the case for the limit in which the heaviest
light neutrino state is dominated by the heaviest right-handed neutrino state (cos z ' 0).
In a supersymmetric model with gravity mediated supersymmetry breaking, the reheat
temperature pointed by these large values of the right-handed mass could be in conflict
with the gravitino overproduction constraints. However, this problem can be circumvented
in other supersymmetry breaking mediation scenarios, such as gauge mediation, where the
gravitino can be much lighter.
An interesting issue that has been discussed extensively in the literature concerns the
connection of leptogenesis and low energy observables [18]. This connection is clear only
when Ue ' 1 and Vν ' 1, otherwise some unmeasurable parameters in the charged-lepton
sector or the right-handed sector enter into play. In particular, it has been discussed the
correlation between the sign of the baryon asymmetry and the CP violation at low energies.
We find that one texture zero is enough to establish such connection, since the sign of the
CP asymmetry is determined by minus the argument of tan2 z, which is in turn fixed just
with one texture zero. For instance, when the texture zero appear in the (1,2) or (1,3)
position,
1
|max |

'−

cos2 θ12
sin φ0
'
−
sin φ0
2θ
i3 2
1
+
cos
1 + |U
|
12
Ui2

m
e 1 ' m2 (1 + |

Ui2 2
| ) ' m2 (1 + cos2 θ12 ),
Ui3

(4.8)

where i = 2, 3. On the other hand, when it appears in the (2,2) or (2,3) position,
1

m2
m2 Ui2 2
|
| sin φ0 '
cos2 θ12 sin φ0
|max |
m3 Ui3
m3
m
e 1 ' m3
'
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where we have used a maximal value for the atmospheric angle. Finally, the case when
the texture zero appears in the first column deserves some more careful analysis, since
it involves the CHOOZ angle which has not been measured. The expressions are rather
complicated, but can be readily computed from eqs.(4.6, 4.7) and eqs.(4.2, 4.3). We just
show the numerical results in Figure 3, where we plot the CP asymmetry divided by
sin(2δ − φ0 ), to show better the connection between the sign of the CP asymmetry and
the low energy CP violation. The lepton asymmetry and sin(2δ − φ0 ) have the same sign
for the (1,1) texture zero and opposite for the (2,1) texture zero (the sign of the baryon
asymmetry is opposite to the sign of the lepton asymmetry).

2

εmax

ε1

_
 

−1

sin (2δ−φ′)

1.5
Y11=0

1
0.5
0
−0.5
−1

Y21=0

−1.5
−2
0

0.05

0.1
|U13|

0.15

0.2

Figure 3: Connection between the sign of the CP asymmetry and the sign of the low energy CP
violation, for the scenario with two right-handed neutrinos and a (1,1) or (2,1) texture zero.

4.2 Predictions from models with two texture zeros
We can write now the predictions from two texture zeros in the neutrino Yukawa matrix.
When the two texture zeros appear in the same row, Y1iT Z = 0, Y1jT Z = 0 or Y2iT Z = 0,
Y2jT Z = 0, then
ijk Uk1 = 0.
(4.11)
On the other hand, when the texture zeros appear in different rows, Y1iT Z = 0, Y2jT Z = 0,
the following relation holds:
m2
Ui3 Uj3 +
Ui2 Uj2 = 0
(4.12)
m3
In Table 1 we show the predictions at low energies for all the fifteen possible Yukawa
matrices with two texture zeros. Only five of them are allowed by present experiments,
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namely textures IV, VII, and VIII. The matrix with
q texture zeros in the same column leads
m2
to the prediction for the CHOOZ angle s13 '
m3 sin θsol ' 0.22, which is marginally

allowed, and a CP violating phase δ ' φ0 /2. On the other hand, the other four possibilities
m2
yield s13 ' 2m
sin 2θsol ' 0.08 and a phase δ ' φ0 , for the textures with zeros in the
3
first and third columns, or δ ' φ0 + π, for the textures with zeros in the first and second
columns.

I
II
III

0
×
0
×
×
×

IV
V
VI
VII
VIII
IX



0
×

0
×

×
×

Texture
 for Yν
0 ×
× ×
,
× ×  0 0
× 0
× ×
,
× ×  0 ×
0 0
× ×
,
× ×
×0
0 × ×
0 × ×
× 0 ×
× 0 ×
× × 0
×  × 0
× ×
× 0
,
0 ×  0 ×
× ×
× ×
,
× 0 0 ×
0 ×
× ×
,
× 0
× 0


×
×
×
0
×
0


×
×
0
×
0
×

Predictions
U31 = 0
U21 = 0
U11 = 0
q
−iφ0 /2
2
U13 ' ±i m
m3 sin θsol e
q
0
m2
U23 ' ± 2m
cos θsol e−iφ /2
3
q
0
m2
U33 ' ± 2m
cos θsol e−iφ /2
3
m2
U13 ' − 2m
sin 2θsol e−iφ
3

U13 '
U23 '

m2
2m3

sin 2θsol e−iφ

√1 m2
2 m3

0

0

cos2 θsol e−iφ

0

Table 1: Predictions following from the various two texture zero structures.

5. Conclusions
The analysis of the neutrino phenomenology coming from the see-saw mechanism is always
limited by the lack of predictability of this otherwise interesting scenario. However, under
some well motivated hypotheses on the high energy physics, the see-saw mechanism can
become predictive. In this work, we have explored two scenarios where it is indeed possible
to make predictions from the see-saw mechanism, namely, the scenario with symmetric
textures and a simultaneous (1,1) zero in the Yukawa matrices, and the scenario with only
two right-handed neutrinos and one or two texture zeros.
In the first case, we have derived a leptonic version of the Gatto-Sartori-Tonin relation.
We have obtained a lower bound on the CHOOZ angle s13 ≥ 0.1 at 95% c.l., that should
make feasible the search for CP violation at the long baseline neutrino factory. We have
also shown that the phase combination relevant for neutrinoless double beta decay is close
to the maximal value.
Concerning the model with two right-handed neutrinos, we have found a connection
between leptogenesis and low energy CP violation with just one texture zero, and we have
shown the predictions for all the fifteen Yukawa matrices with two texture zeros, in the case
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when these zeros appear in the basis where the charged lepton Yukawa coupling and the
right-handed mass matrix are diagonal. Among those, there are only five neutrino Yukawa
matrices that yield predictions allowed by experiments, namely s13 ' 0.22 or s13 ' 0.08,
depending on the positions of the texture zeros.
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