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1. Stringsand strong interactions

String theory was originally proposed to describe strong interactions. The motivation was the
experimental observation of hadron scattering. Considering the scattering of two particles into two
particles as in Fig. 1, one usually introduces Mandelstam variables:

s=—(p1+p2)? t=—(p2+ps)® u=—(pr+ps)?, (1.1)

satisfying(s+t+u= 3 m?), wherem are the particle masses.
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Fig. 1: Two-two scattering in terms of Mandelstam variables.

Taking into account the observed properties known at that time, Veneziano proposed an inge-
nious formula for the hadron scattering amplitude [1]

(—a(s)—a(t))
where a(s) =a(0)+a’s are the Regge'’s trajectories. This amplitude can be deduced from string
theory which also predicts a relation between mass and angular momentum

A(st) =

J—a(0)

(m? ===

, (1.3)

in agreement with experimental data for hadrons with shin

The Veneziano amplitude reproduces the high energy behavior of hadronic amplitudes in the so
called Regge regime correspondingge- o with t fixed (and vice-versa). However, considering
hadronic high energy scattering with fixed angles corresponding to — c with the ratio s/t
fixed, the Veneziano’s amplitude presents a soft behavior

Aveneziano ~ e°® ) (1-4)
while experiments show a hard behavior
Aexperimental ~ g condant, (1.5)

This experimental scaling is reproduced from QCD as shown by Brodsky and Farrar [2], Matveev
et. al.[3].

Another puzzle for string theory, regarding strong interactions, is the difficulty in reproducing
the results of deep inelastic lepton-hadron scattering (Fig. 2) as for instance the Bjorken scaling.
These experiments showed also that at high energy protons and neutrons are made of point-like
objects later identified with quarks.

016/2



Scattering of Glueballs and the ADS'CFT Correspondence Henrique Boschi Filho
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Fig. 2: Lepton-Hadron scattering.

Hadrons

Then, string theonyin flat spacetimaloes not describe correctly the strong interactions of
hadrons.

2. AAS/CFT correspondence and holographic map

In 1974 't Hooft studied in a remarkable work [4] the perturbative expansion of U(N) Gauge
theories in the limitN — oo, with g?N fixed. He showed that planar diagrams with quarks at the
edges dominate the perturbative series with parameftdr The topological structure of the/IN
series is identical to that of the dual model (strings) wifitNIas the coupling constant.

Recently, Maldacena 5, 6] proposed that compactifications of M/string theory on various Anti-
de Sitter spacetimes are dual to various conformal field theories. TheNdiget for A’ = 4 super-
Yang-Mills theory in four dimensions is equivalent to type IIB superstrings in five dimensional
Anti-de Sitter space times a 5 dimensional sphere @dS). This is known as the AdS/CFT
correspondence.

It was shown recently by Polchinski and Strassler that the hard scattering behavior of strong
interactions can be obtained from string theory based on the AdS/CFT correspondence[7]. They
have also studied deep inelastic scattering using this framework [8].

In order to obtain a map between AdS bulk and boundary let us consider type IIB string theory
approximated at low energy< < 1/1/a’) by supergravity action:

%/dlox\/é[aueMNannaNqn n } , 2.1)

whereGMN is the 10-d metricR_is the scalar curvature® is the dilaton and ~ g(a’)2. The 10-d
spacetime is identified with AdSx S

RZ 2 2 2
o5’ = = <dzz +(dR)2 —dt ) + RdOZ, 2.2)

whereR is the AdS radius anfs describe theés® sphere.
To set an energy scale we consider just a slice of the AdS space:

0<2< Znx- (2.3)

Assuming the dilaton to be in s-wave state (so tBatoordinates are irrelevant), the super-
gravity action in the slice is:

4K2 / d'x / &+ @072 o000+ .., (2.4)
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wheren™ is the Minkowiski 4-d metric. The corresponding solution assuming the field to vanish
atz= zmx is [9, 10]

d3k 2 J(up2) S i Rtk
Y Kk |Wp(k)t+|kx' h.c. )
D(z,%,t) Z/ P )Jg(upzmx){ap( )e +hel,  (25)

where wp(k) = /u2 + k2 and

such thatlx(x, ,) = 0. The creation and annihilation operators satisfy the algebra

UpZmax = X, p » (2.6)

— —

[ap(R), a;(rd)} = 2(2rPwy(K)Bpy B3 (K—K). 2.7)

On the AdS boundarg = 0 we consider massive composite operat®r&X,t) associated with
glueballs. The corresponding creation-annihilation operators for asymptotic states are assumed to
satisfy the algebra

[b(R), bl (K")] = 25 (2w (K) (K ~K'), (2.8)

where w;(K) = /K242 andy is the mass of the fiel@®;.

Now let us work out a one to one map between AdS bulk fieldnd boundary field®;, in
particular relating their creation annihilation operators [11]. Note that the dildttives in a 5-d
space whiled lives in a 4-d space, but the dilaton has a discrete spectrum associated with the
modes.

Let us impose that creation-annihilation operators of both theories be related by

kai(k) = Kbi(K),
ka (k) = Kb/ (K). (2.9)

To preserve the commutation relations of both theories we find an equation which solution reads

_U. E+/E2+ 12 K+\/K2+ (2.10)
- K+ /K2+ 2 £+\/£2+u, |

whereZ is an UV cuttoff for the boundary theory.

3. Glueball scattering amplitudes

The AJS/CFT prescriptions relate the bulk dilaton field to boundary scalar glueball operators.
Let us see how the bulk-boundary map of the previous section can be used to reproduce the high
energy scaling of scalar glueball amplitudes.
First we relate the magg = p of the lightest glueball with the size of the AdS slice:
1

ZmaXN_, 31
M (3.1)
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we see thatyak corresponds to an IR cutoff of the boundary theory. Siagax ~ 1 this implies
thatu; ~ W Also, as‘Z; is an UV cutoff then the high energy scattering momehtaof the
glueballs satisfyt < K < ‘E. This way, the relation between bukkand boundar momenta can
be approximated by
Eu
k¢%-§K.
Note that this relation combined with the conditiprg K <« E implies

(3.2)

Pk E.

Setting the string energy scale to the UV boundary cutgfi’ ~ 1/ , we find that bulk momenta
k satisfy u < k < 1/v/a’ which is consistent with the fact that we are taking the low energy
(supergravity) limit of string theory.

Let us consider the scattering of two particles imigarticles all in the bulk with axial mo-
mentumu; (see Fig. 3).

Ko, Uy ks, Uy
/
\

kl’ Uz I<’m—FZa Uz

Fig. 3: The scattering of 2 particlesinto m particles.
The Smatrix is

Sauk = (Ka,Us; .. Kme2,Un; out|kg, up ; ko, ug;in)
= (0|aou (Ks) - Bou (kms2) a5 (ki) & (k2) | O) (3.3

wherea = a; and thein andout states are defined #s, u;) = a* (k)|0).

Using the map between creation-annihilation operators of bulk and boundary theories and
considering fixed angle scattering, = yi k and K; = I'; K, wherey;, andTl; are constants
(i=12..m+2) we have

_ _ _ . K\ M2
Saukc ~ (01Boue (Ka) - Doue (Kims 2) i (R) 55 (R2)10) (7 )
_ _ Lo Ky M2
~ (Ka,...Kms2, out |[Kq,Ka,in) <E> K(m+2)(d-1) (3.4)

whered is the dimension of the boundary composite operatorskasdd, . The correspondinn
andout states ar¢K ) = K1-9p*(K)|0), sinceK > .
Using now the relation (3.2) between bulk and boundary momenta we find

Vol m+2
S3u|k ~ S30und. < M ) K(m+2)(1+d) . (3-5)
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The scattering amplitude® are related to th& matrix by

Sauk = Aguk ' (K] +K5 — kg — ... — k7o)
SBound. = ABound. 64(Kf + KS — K:f — e Kr$1+2) ) (3.6)

so we find

K\ 4
-qBound. ~ -unIk S30und. (S3u|k)71<F)

@)Zm'

" 3.7)

~ Ay K& (M(A+1) (

The bulk scattering amplitude can be estimated from supergravity action in the AdS slice (2.4)
using dimensional arguments. Note tHat/k? is dimensionless. The dimensionfull parameters
arezmax ~ 1/u and the Ricci scalaR ~ 1/R?. But u < k, so the relevant contribution to the
amplitude at high energy will not depend ap.«. Further, choosing the AdS radilssuch that
1/R < k (small curvature) we can disregard the contribution from the Ricci scalar to the amplitude.
So, the only relevant bulk dimensionfull parameter is the momerkum

Taking into account the normalization of statésu;) one finds that4g,x has dimension of
[Energy]", wheren = 2+ mis the total number of scattered particles. Then,

Aguk ~ kK™, (3.8)

Using again the relation (3.2) between bulk and boundary momenta and substituting the above
equation in (3.7), we find
ABound. ™~ K4_Aa (3-9)

whereA = (m+ 2)d is the total scaling dimension of the scattered particles associated with glue-
balls on the 4-d boundary.
Considering thaK ~ /swe find [12]

Agound. ~ SZ_A/Z, (3.10)

which is the QCD hard scattering result [2, 3] that was reproduced from AdS / CFT correspondence
in [7]. Other interesting related discussions can be found in [13, 14, 15, 16, 17].

This phenomenological approach of introducing a mass scale by taking an AdS slice can also
de used to calculate glueball mass ratios [18, 19]. This way we get a relation between the dilaton
axial modesi, and the glueball massgs:

Up

= condarnt . (3.11)
Hp

So the glueball masses can be related to the zeros of the Bessel functions by

Hp _ X2.p

W X21 (3.12)

These results are in good agreement with lattice and supergravity calculations as shown in [18, 19].
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