
P
o
S
(
W
C
2
0
0
4
)
0
2
0

Perspectives of TFD on String Theory

M. C. B. Abdalla
�
, A. L. Gadelha and Daniel L. Nedel †

InstitutodeFísicaTeórica,Unesp,Pamplona145,SãoPaulo,SP, 01405-900,Brazil
E-mail: mabdalla@ift.unesp.br,gadelha@ift.unesp.br,
daniel@ift.unesp.br

ConsideringthetypeIIB superstringin appwavebackgroundsomerecentideasandperspectives

of ThermoFieldDynamicsonstringtheoryarepresented.ThethermalFockspaceis constructed

attemptingto considera possiblefinite temperatureversionof the BMN correspondencein this

framework. Also, thethermalvacuumis identifiedasastringboundarystaterealizingthethermal

torusinterpretationin theambit of ThermoField Dynamics.Sucha interpretationconsistsof a

generalizationof somerecentanalysisfor theclosedbosonicstring.

Fourth InternationalWinter ConferenceonMathematicalMethodsin Physics
09 - 13August2004
Centro Brasileiro dePesquisasFisicas(CBPF/MCT),RiodeJaneiro, Brazil�

Speaker.
†M. C. B. A. waspartially supportedby theCNPqGrant302019/2003-0,A. L. G. andD. L. N. aresupportedby a

FAPESPpost-docfellowship.

Publishedby SISSA http://pos.sissa.it/



P
o
S
(
W
C
2
0
0
4
)
0
2
0

Perspectivesof TFD on StringTheory M. C. B. Abdalla

For the last 20 years,string theoryhasbeenconsideredthe bestcandidatefor a theory that
quantizesgravity. Theperturbative sectorof the theorywasexploredin orderto placetheYang-
Mills andgravitationtheoryatthesamefooting. Themostimpressivecharacteristicof stringtheory
comesfrom the fact that the structureof the pertubative string theoryis muchmoreconstrained
thantheoneof field theory. This constrainedstructuregivesthedimensionof thespacetime, the
gaugegroupanddemandssupersymmetry. Also, theformulationof theperturbative stringatfinite
temperatureis constrained.Thereis a temperatureat above which thestatisticalpartitionfunction
diverges(Hagedorntemperature)[1]. Thevery existenceof theHagedorntemperatureshows that
the fundamentaldegreesof freedomof thestring theorycouldnot be theonesof theperturbative
string. In thisdirection,theperturbative stringtheoryatfinite temperaturemayprovidesimportant
piecesof evidenceof thetruedegreesof freedomof thetheoryat non-perturbative regime(higher
temperatures).However, an understandingof the Hagedorntemperature,andthe implicationsof
this constrainin thespace-timephysicsis still lacking. This lack of understandingmotivatesthe
study of new methodsto introducetemperaturein string theory. For example,it is known that
theHagedorntemperaturecomesfrom theexponentialgrowth of statesasfunctionof energy. In
this casethe passageof the microcanonicalensembleto gran-canonicalensembleof statistical
mechanicsis absolutelynon-trivial andit is hardto seewheretheresultsof oneformalismis valid
in the other. In this sensea more generalformalism to deal with systemsat finite temperature
could be very useful. It is the caseof the formalismthat is going to be presentedhere,named
ThermoField Dynamics(TFD). TheTFD wasdevelopedby TakahashiandUmezawa in orderto
handlefinite temperaturewith a realtime operatorformalism[2]. Themainideais to interpretthe
statisticalaverageof anoperatorQ,

�
Q� astheexpectationvaluein a thermalvacuum�

Q��� � 0 � β �	�Q � 0 � β �
��� (1)

for β � 1 T whereT is thetemperature.
Thethermalvacuumis constructedby meansof a Bogoliubov transformation.Also, thecre-

ationandannihilationoperatorsaretransformedin orderto constructa thermalFockspace.All the
thermodynamicsquantitiescanbedefinedasmatrixelementsof anoperatorin thethermalvacuum.
Thethermaleffectsareconsequenceof thecondensedstatestructureof thatthermalvacuum.

Concerningstring theory, the ideaof building a thermalFock spacecanbevery fruitful. For
example,the“coherentstate”descriptionof Dp-branesin theperturbative limit of thetheory, where
they areviewedasaboundarystateconstructedin theFockspaceof theclosedstring[3], madesuch
kind of approachparticularlytempting.In fact,in this context, theTFD hasbeenusedin orderto
studythermalpropertiesof bosonicDp-branes[4, 5, 6, 7,8, 9]. Anotherimportantexamplerestsin
theADS/CFTcorrespondence.Morespecificallywhenonewantsto studythermodynamicsof type
IIB superstringpropagatingin a pp wave background.In this case,the operatorialcharacteristic
of TFD is suitable[10], sincethesocalledBerenstein-Maldacena-Nastase (BMN) correspondence
[11] canbeexploredatfinite temperaturedirectly in theFockspace.

In this work, somerecentideasandperspectives of the TFD approachon string theoryare
presentedconcentratingon the study of type IIB superstringin a pp-wave backgroundat finite
temperature.Thissystemis workedonin orderto presentsomeperspectiveontheunderstandingof
a thermalBMN correspondenceandat theendaninterpretationfor thethermalvacuumis madein
termsof a particularboundarystatefor thesystemunderconsideration.This interpretationallows
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oneto understandtherelationshipbetweenimaginarytime[12] andTFD whenbothformalismsare
usedto studytype IIB superstringat finite temperature.It consistsof a generalization,to include
fermionicdegreesof freedomin a recentanalysisfor theclosedbosonicstring[13].

In thelastyearstheBMN conjecture[11], wasexploredto give someinsightsinto thestrings
thermodynamicsin termsof YangMills thermodynamics[14, 15]. In this conjecturethe string
propagatesin appwavebackground.Suchabackgroundis obtainedasthePenroselimit of ADS5 �
S5 [16], wherethe only surviving componentsof the Ramond-Ramondfive form are: F� 1234 �
F� 5678 � µ. On thegaugetheorysidethelimit focuseson a setof operatorswhich have R charges
J andtheconformaldimension∆ satisfyingJ ��� N and∆ � J, for fixedYang-Millscouplingand
N going to infinity. This setup providesa completedictionarybetweenself-statesof the string
hamiltonianandYang-Mills operatorswith ∆ � J charge. For example,the vacuumin the string
sidehaszeroenergy andit is relatedto anoperatorin thegaugesidewith zerovaluefor ∆ � J�� 0 � p����� OJ � 0�	� vac��� O � x��� 1� JNJ

TrZJ � (2)

where � vac� is the Yang-Mills vacuumand OJ is composedof two out of the six scalarfields
of the ��� 4 superYangMills multiplet: Z � 1

2 � φ5 � iφ6 � . The traceis taken over the SU � N �
index. Lately therehave beensomeinterestingworks studyingfinite temperatureeffectsof type
IIB superstringin thepp wavesbackground[17, 18, 19]. In a generalway theseworks usedthe
imaginarytime formalism, to computethe superstringpartition function and the free energy on
a torus. However, usingthis formalismis difficult to take into accountin the statisticalaverage,
only sectorsthat survive to the Penroselimit. As a consequenceit is hard to seeif the BMN
correspondenceworksatfinite temperature.Ontheorderhand,with theTFDapproachit ispossible
to constructa thermalFock spacefor bothsidesof theconjectureandverify directly in this Fock
spaceif thedictionary � 2� works.

The solutionsof the equationsof motion with periodicboundaryconditionsfor the type II
superstringin ppwave backgroundare[20]

XI � xI
0cos� mτ � � α �

m
pI

0 sin� mτ � �! α �
2 ∑

n " 0

1� ωn #%$ aI
ne& i ' ωnτ & knσ ( � a†I

n ei ' ωnτ & knσ (*)� $ āI
ne& i ' ωnτ � knσ ( � ā†I

n ei ' ωnτ � knσ ( ),+ � (3)

and

Sa � cos� mτ � Sa
0
� sin� mτ � ΠabS̄

b
0
� ∑

n " 0

cn # Sa
ne& i ' ωnτ & knσ ( � S†a

n ei ' ωnτ & knσ (� i
ωn � kn

m
Πab $ S̄b

ne& i ' ωnτ � knσ ( � S̄†b
n ei ' ωnτ � knσ (*).- � (4)

S̄a � cos� mτ � S̄a
0 � sin� mτ � ΠabS

b
0
� ∑

n " 0

cn # S̄a
ne& i ' ωnτ � knσ ( � S̄†a

n ei ' ωnτ � knσ (� i
ωn � kn

m
Πab $ Sb

ne& i ' ωnτ & knσ ( � S†b
n ei ' ωnτ & knσ ( ) - � (5)
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wherewe setm � µ α � p� and

ωn �0/ m2 � k2
n � cn � 1/ 1 � � ωn & kn

m � 2 � kn � 2πn 1 (6)

The canonicalquantizationgivesthestandardcommutatorandanti-commutatorrelationsof har-
monicoscillatorandthezeromodepartis writtenasfollows

aI
0 � 1� 2m

� pI
0 � imxI

0 �2� a†I
0 � 1� 2m

� pI
0
� imxI

0 �2�
Sa3 � 1

2
� 1 4 Π � ab

1� 2m $ Sb
0 4 iS̄b

0
) � S†a3 � 1

2
� 1 4 Π � ab

1� 2m $ Sb
0 5 iS̄b

0
) 1 (7)

Thevacuum � 0 � p� � is definedby

Sn

�� 0 � p� � � S̄n

�� 0 � p� � � 0 � n 6 0 �
aI

n

�� 0 � p��� � āI
n

�� 0 � p��� � 0 � n 6 0 �
S3 �� 0 � p��� � aI

0

�� 0 � p��� � 0 1 (8)

Let us to introducethe temperaturein this systemusingTFD. The TFD algorithmstartsby
duplicatingthedegreesof freedom.To this enda copy of theoriginal Hilbert spaceis introduced
anddenotedby 7H. The tilde Hilbert spaceis built with a setof oscillators:ã0, S̃3 , ãn, ˜̄an, S̃n, ˜̄Sn

that have the same(anti-) commutationpropertiesastheoriginal ones.Theoperatorsof the two
systems(anti-) commuteamongthemselvesandthetotal Hilbert spaceis thetensorproductof the
two spaces.Themapbetweenthetilde andnon-tildeoperatorsis definedby thefollowing tilde (or
dual)conjugationrules[2, 21]� AiA j � 7 � 7Ai 7A j � � A†

i � 7 �8� σ � 7Ai � † � � 7Ai � 7 � Ai �� cAi
� A j � 7 � c

�
σ 7Ai

� σ 7A j � 9 7Ai � A j : � 0 � (9)

whereσ � 1 for bosons,σ �;� 1 for fermionsandc <>= . Fromtheserules,thetilde systemcanbe
describeby astringthatpropagatesbackwardsin imaginarytime [13]. So,theTFD startsdefining
two independentfreestrings,definingtwo cylinders.

We cannow constructthe thermalvacuum.This is achieved by implementinga Bogoliubov
transformationin thetotalHilbert space.Thetransformationgeneratoris givenby

G � GB � GF � (10)

GB � GB
0
� ∑

n? 1
� GB

n
� ḠB

n
� � (11)

GF � GF� � GF& � ∑
n? 1

� GF
n
� ḠF

n
� � (12)

where

GB
0 �@� iθB

0 $ a0 A ã0 � ã†
0 A a†

0
) � (13)
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GB
n �@� iθB

n � an A ãn � ã†
n A a†

n
� � (14)

ḠB
n �@� iθ̄B

n $ ān A ˜̄an � ˜̄a†
n A ā†

n
) � (15)

GF3 �@� iθF3 $ 7S3 A S3 � S†3 A 7S†3�) � (16)

GF
n �@� iθF

n $ 7Sn A Sn � S†
n A 7S†

n
) � (17)

GF
n �@� iθ̄F

n B 7S̄n A S̄n � S̄†
n A 7S̄†

n C 1 (18)

Here,the B andF labelsspecifyfermionsandbosons,the dotsrepresentthe inner productsand
θ, θ̄ areparametersthatdependon temperature.The thermalvacuumis definedby the following
relation � 0 � θ �D��� e& iG � 0�E� (19)

The effect of the Bogoliubov transformationis to entanglethe elementsof the two Hilbert
spaces.After thetransformation,theimageof thetwo independentstringsis lost. Thecreationand
annihilationoperatorsatT F� 0 aregivenby theBogoliubov transformationasfollows

aI
n � θn �G� e& iGaI

neiG � cosh� θn � aI
n � sinh � θ � 7a†I

n � (20)

Sa
n � θn �G� e& iGSa

neiG � cos� θn � Sa
n � sin � θn � 7S†a

n � (21)

andthesamefor theotheroperators.Theseoperatorsannihilatethestatewritten in � 19� definingit
asthevacuum.ThethermalFock spaceis constructedby applyingthethermalcreationoperators
to thevacuum� 19� . As theBogoliubov transformationis canonical,thethermaloperatorsobey the
samecommutationrelationsastheoperatorsatT � 0.

Next, we show how the thermodynamicalquantitiescanbe derived introducingfirst a free
energy like potentialdefinedby H �JIK� 1

β L � (22)

where I is relatedwith thethermalenergy andL with theentropy of thestring. In TFD thethermal
energy is givenby computingthematrixelementsof theT � 0 hamiltonianin thethermalvacuum.
In orderto take into accountthelevel matchingcondition,theshiftedhamiltonianis usedIM� � 0 � θ �	�Hs � 0 � θ �
�N�PO 0 � θ � ����H � iλ

β
P

���� 0 � θ �RQS1 (23)

Hereλ is a lagrangemultiplier thatfixestheS1 isometryof theclosedstringandP is theworldsheet
momentum.The entropy of thesuperstringis calculatedby evaluatingtheexpectedvalueof the
entropy operatordefinedin [10] in thethermalvacuum.By minimizingthepotential

H
with respect

to θ we find theexplicit dependenceof theseparametersin relationto ωn, β andλ. In thisway we
have

sinh2 � θB
0
� � 1

e
βm
p T � 1

� sin2 � θF3 � � 1

e
βm
pT � 1

� (24)

for thezeromodes,and

sinh2 � θB
n
� � 1

e
βωn
pT � iλkn � 1

� sinh2 $ θB
n
) � 1

e
βωn
p T & iλkn � 1

�
sin2 � θF

n
� � 1

e
βωn
pT � iλkn � 1

� sin2 $ θF
n
) � 1

e
βωn
p T & iλkn � 1

� (25)
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for theothermodes.With theseresults,onecanwrite thefreeenergy like potentialas[10]H � λ � β  p
� � �0� 1

β
ln ∏

n?	U>V 1 � e& βωn
pT � iλkn

1 � e& βωn
pT � iλkn W 8 �X� 1

β
ln � zlc � β  p

� � λ � � � (26)

wherezlc � β  p� � λ � is thetorustransversepartitionfunctioncalculatedin [17].
So, the thermalvacuumreproducesthesameresultsof the imaginarytime formalism,when

the worldsheetis definedon a toruswith moduli spaceparametersτ � λ � iτ β
2π . The next step

would be to constructa thermalvacuumfor the YangMills sideandverify the BNM dictionary
directly in thethermalFock space.However, beforegoingon with this programa questionneeds
to beanswered;How did thetorusdefinedby themoduli spaceparameterτ � λ � iτ β

2π appearsin
theTFD approach?

TheTFD approachstartswith atreelevel stringandanauxiliarystring(tilde system).Suppose
wewantto constructa toruswith thetwo cylindersdefinedby thestrings.As thepartitionfunction
for thetorusis definedafterWick rotation,weneedto goto Euclideantime � τ �X� it � . In addiction,
thetilde stringis a mirror of thestringandpropagatesbackwardsin imaginarytime. So,whenthe
string propagatesfrom zeroto a euclidiantime β  2 for example,the tilde stringpropagatesfrom
zeroto � β  2 in euclidiantime. Then,a toruscanbe constructedby gluing togetherthe endof
theoriginal cylinder with theorigin of the tilde one,andvice-versa[13]. Also, beforegluing, the
identificationσ̃ � σ � πλ, mustbedonein orderto take into accounttheDehntwist in onecycle.
The two parametersof the resultingtorus moduli spacewill be relatedto β and λ. The above
considerationscanbewrittenasfollows

X � t � σ �Y�K7X B � t � β
2
� σ � λπ C � 0 � XI B � t̃ � β

2
� σ̃ � λπ C �K7XI � t̃ � σ̃ �N� 0 �

Sa � t � σ �Y� 7Sa B � t � β
2
� σ � λπ C � 0 � Sa B � t̃ � β

2
� σ̃ � λπ C � 7Sa � t̃ � σ̃ ��� 0 1 (27)

ExpandingX � t � σ � , S � t � σ � and 7X � 7t � 7σ � , 7S � t � σ � in modes,the above identificationturns out to
be a setof operatorialequationsfor a boundarystate �Φ ���Z� φ � 7φ � . Resolvingtheboundarystate
equationswegetthefollowing normalizedsolution�Φ �[� B 1

cosh� θB
0 � C 8 � cos� θF� � � 4 � cos� θF& � � 4etanh� θB

0 �\� a†
0 ] ã†

0 � etan� θFT �%� S†T ] Ŝ†T � � tan� θFT �\� S†_ ] Ŝ†_ �
� ∏

n? 1 V B 1
cosh� θB

n � C 8 B 1

cosh� θ̄B
n � C 8

etanh� θB
n �%� a†

n ] ã†
n � � tanh� θ̄B

n �%� ā†
n ] ˜̄a†

n �
� � cos� θF

n � � 8 � cos� θ̄F
n � � 8 e

tan� θF
n �%� S†

n ] Ŝ†
n � � tan� θ̄F

n �a` S̄†
n ] ^S̄†

n b W � 0�E�c1 (28)

This is preciselythethermalstate� 19� whentherelations � 25� areusedandtheBogoliubov gener-
atorsareexpanded.

Finally, wecanconcludethattheeffectof theBogoliubov transformationis to entanglethetwo
stringsin orderto make a torusin suchaway thattheworldsheetfieldsareconfinedin a restricted
region β of the time axis. Sucha confinementwaspointedout in the scopeof field theoryand
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Casimireffect [22]. Thethermalstateis a boundarystateresponsiblefor this confinement.This is
a very suggestive result,sinceit opensthepossibilityof otherkindsof boundarystates(D-branes
for example)to appearat somehighertemperature.It will be interestingto relatethis topological
interpretationfor thethermalvacuumconstructedfor thistypeII superstring,to athermalboundary
statein theYangMills sideof theBMN conjecture.This work is in progress.In otherdirection,
we canusetheoperatorialmethoddevelopedin [23] to studystringat finite temperatureon higher
genussurfaces.
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