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The N=1 supergravity/super-Yang-Mills theory in D=10 has gauge and Lorentz anomalies which
can be cancelled by Green-Schwarz mechanism. Unfortunately, the new terms that this mecha-
nism introduces to the theory action break supersymmetry and until now it was not possible to find
their supersymmetrization. The covariant quantization of superstring in supergravity/super-Yang-
Mills background could resolve this problem. We use the Berkovits formulation of the heterotic
superstring in background fields to calculate the gauge and Lorentz anomalies of the theory in
terms of superfields at the 1 loop level and find explicit form of the counterterms and redefinitions
of the antisymmetric superfield that cancel the anomalies. These results can be used to construct
a supersymmetric generalization of the Green-Schwarz mechanism.
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Absence of local anomalies is an important restriction on any consistent physical theory (see
e.g. [1]). In the case of the superstrings and their low energy effective field theory approxima-
tions the cancellation of the gauge and gravitational anomalies [2] leads to existence of the five
perturbatively consistent models. The IIA theory does not contain chiral fermions and so is free of
anomalies, in the IIB theory the anomalies cancel due to a specific field content [1]. Another three
perturbative superstring models are Type I, Het SO

�
32 � and Het E8 � E8 and in the low energy limit

they are described by the N=1 D=10 supergravity coupled to D=10 super-Yang-Mills. Anomaly
cancellation in this theory is provided by the Green-Schwarz mechanism [2].

Let us remind some details of this mechanism. The physical fields of the D=10 SYM are the
gauge field AI

m and the Weyl gaugino λI
α. Bosonic part of the action is�

d10x tr
�
F2 ��� F � dA 	 A2 
 (1)

The fields of the D=10 N=1 supergravity are the graviton ea
m, the antisymmetric tensor bmn,

the dilaton φ, the right gravitino ψα
m and the left dilatino χα

m. The bosonic part of the action is�
d10 x � � Ge  2φ � R 	 4∂mφ∂mφ � 1

2
H2 ��� H � db 
 (2)

A subtle point is that in order to couple these two theories together in a supersymmetric way it is
necessary to include the terms like � α � AmFnkHmnk which break the gauge invariance δgaugeAI

m �
∂mεI . To restore the gauge invariance in the coupled theory one should make the b � field transform
as [3]:

δgaugebmn � α � AI�
m∂n � εI 
 (3)

The new (gauge invariant) field strength is

H̃ � db � α � ωYM
3 � ωY M

3 � tr
�
AdA 	 2

3
AAA � 
 (4)

As a result, the bosonic part of the action becomes�
d10 x � � Ge  2φ � R 	 4∂mφ∂mφ � 1

2
H̃2 	 α � tr � F2 ��� 
 (5)

The theory contains chiral fermions and so is potentially anomalous. The Green-Schwarz
mechanism [2] cancels both gauge and gravitational (Lorentz) anomalies and consists in the fol-
lowing steps:

1. choosing specific gauge groups SO
�
32 � or E8 � E8

2. introducing the Lorentz transformation for the b � field

δLorentzb � α � tr � Σdω1 ���
(ω1 � ωm

abdxm is the spin connection for the vielbein ea
m) and redefining its field strength by

the Lorentz-Chern-Simons form

H̃3 � db � α � ωYM
3 � α � ωL

3 � ωL
3 � tr � ω1dω1 	 2

3
ω3

1 ���
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3. adding to the action some other terms of higher orders in derivatives like, for example,�
d10x

�
α � � 3 b

�
trF4 	 trR4 	 trR2 trF2 ��	 
�
�


The problem is that all these new terms as well as the b � field redefinitions break supersym-
metry. From the other hand, the theory is believed to have a supersymmetric extension because
it is a low-energy limit of the supersymmetric string theories. So soon after the discovery of the
Green-Schwarz mechanism several groups started looking for its supersymmetric generalization.

The first group of these efforts (se e.g. [4]) concentrated on possible deformations of the clas-
sical action and the supersymmetry transformations in the component form. These deformations
were calculated up to the order � R4, � F4, for example, the bosonic part of the action was shown
to be

S � � � � Ge  2φ � R 	 4
�
∇φ � 2 � H̃2 	 α � � trF2 � trR2 �

	 � α � � 3t8
�
trF2 � trR2 � 2 � � (6)

where t8 is a numerical 8-rank tensor defined in [2]. However, the component calculations become
extremely difficult in higher orders and usually tell nothing about general structure of the deformed
theory. In particular, it is not clear from the component analysis whether it is possible to find a
finite set of extra terms to make the theory supersymemtric or supersymmetrization is possible
only perturbatively, order by order in α � .

Superfield approach is more suitable for such general questions. In the case of D=10 super-
symmetric theories superfield description is known only on-shell, in other words, we have only
superfields equations of motion without action principle.

D=10 N=1 curved superspace is parametrized by coordinates ZM � � xm � θµ � , m � 0 � 
�
�
 � 9, µ �
1 � 
�
�
 � 16. The superfields of the N=1 supergravity are the supervielbein 1-forms E A � dZMEM

A � Z � ,
the superconnection 1-forms ωA

B � dZMωMA
B � Z � , and the 2-form B � 1

2 ECEABAC. Their field
strengths are respectively the torsion T A � DEA � 1

2 ECEBTBC
A, the curvature RA

B � dωA
B 	

ωA
CωC

B � 1
2 EDECRCDA

B, and H � dB � 1
3! E

CEBEAHABC, with the corresponding Bianchi identi-
ties

DT A � EBRB
A � 0 � dH � 0 
 (7)

These superfields have too many components to accomodate the degrees of freedom of the
theory and one should impose some constraints to receive the physical content of SUGRA. One
possible choice is [5]

Tαβ
a � 2γa

αβ � Tαβ
γ � 0 � Tαa

b � 0 � Taα
β � � γaψ � αβ � Hαβγ � 0 
 (8)

Conditions of consistency of the constraints with the Bianchi identities define the on-shell theory.
The theory can be coupled consistently with the super-Yang-Mills by changing the Bianchi

identity

dH � c1trF2 � H � dB 	 c1ωYM
3 � (9)
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and leaving the constraints unchanged [6]. A problem arises when one tries to accomodate the
Green-Schwarz mechanism into this scheme. The Bianchi identity in this case should have become

dH � c1trF2 	 c2trR2 � H � dB 	 c1ωYM
3 	 c2ωL

3 �
but this is inconsistent with the constraints above [6]. It means that the constraints should also be
deformed but a full consistent form of this deformation has never been found (for a recent review
of this activity see [7] and the references therein).

From the string theory point of view the need of changing of the definition of b � field strength
can be seen as the condition of anomaly cancellation in the corresponding 2-dimensional σ � model
[8].

A simplified example is provided by the heterotic string in background gauge field:

S � � d2z � 1
2

ψ̄A∂ψ̄A 	 AI
m
�
x � ∂xm J̄I ��� (10)

where J̄I � 1
2 ψ̄T τIψ̄ is the current of the chiral fermions ψ̄A and � τI � τJ � � f IJK τK .

At the classical level the theory is invariant under the transformations

δψ̄A � ΛI � x � τI
ABψ̄B � δAI

m ��� ∂mΛI � x ��� f IJK AK
mΛJ � x � 
 (11)

Strictly speaking, they are not gauge transformations from the 2-dimensional point of view. They
act on the space of theories defined for different Am

�
x � and not on the fields of the given theory.

Integrating out the fermions
Γ � A � �! e #" A∂xJ̄ $ � (12)

one can see that the effective action is not invariant

δΓ � A � �%� � d2z∂mΛIAI
n∂xn∂̄xm 
 (13)

The symmetric part in
�
mn � can be cancelled by the local counterterm

δ � 1
2

�
d2zAI

nAI
m∂xn∂̄xm �&� � d2z∂ ' nΛIAI

m ( ∂xn∂̄xm � (14)

and so does not represent anomaly. To cancel the antisymmetric part we should consider the b � field
with the action �

d2 zbmn
�
x � ∂xm∂̄xn (15)

and define its gauge variation as
δbmn � ∂ �mΛIAI

n � 
 (16)

Then δΓ � A � � 0.
To see how the other ingredients of the GS mechanism appear from the string side one needs

to quantize the full superstring theory in SUGRA/SYM background. But until recently covariant
supersymmetric quantization of the superstring was not possible. The Ramond-Neveu-Schwarz
formulation of the superstring is covariant but space-time supersymemtry is not explicit in it, and
this leads to difficulties in the case of fermionic and RR background fields. The Green-Schwarz
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superstring has explicit supersymmetry but cannot be quantized covariantly, due to the problem of
separation of first/second class constraints.

Recently Berkovits [9] made an important step toward covariant quantization of the superstring
proposing that the theory ghosts should the structure of pure spinors. This cannot yet be seen
directly from the first principles but the proposal has already passed a number of consistency checks
and lead to some new results [10].

In the case of pure spinor formulation of the heterotic superstring the world-sheet variables
consist in the superspace coordinates

�
xm � θα � pα � , the left-moving pure spinor ghosts λα (λαλβγm

αβ �
0), their conjugate momenta wα, the gauge right-moving currents J̄I and the right-moving Virasoro
ghosts

�
b̄ � c̄ � .

The action is quadratic and so represents a free CFT:

S � 1
4πα � � d2z � 1

2
∂xm∂̄xm 	 pα∂̄θα 	 b̄∂c̄ ��	 Sλ 	 SJ � (17)

Sλ and SJ are the actions for λα and J̄I . Physical states of the superstring are defined by the
cohomology of the left- and right-moving BRST operators

Q �*) λαdα � Q̄ �*) � c̄T̄ 	 c̄∂̄c̄b̄ ��� (18)

where dα are the fermionic constraints of the GS formalism, and T is the Virasoro constraint.
The generalization of the theory for the curved SUGRA/SYM background is given by the

following action [11]:

S � 1
2πα � � d2z � 1

2
� GMN

�
Z ��	 BMN

�
Z ��� ∂ZM∂̄ZN 	 Eα

M
�
Z � dα∂̄ZM

	 ΩMα
β � Z � λαwβ∂̄ZM 	 AI

M
�
Z � ∂ZM J̄I 	 W αIdαJ̄I

	 1
2

U I
α

β � Z � λαwβJ̄I 	 1
2

α � Φ � Z � r 	 b̄∂c̄ � 	 Sλ 	 SJ

 (19)

Here M � � m � µ � are curved superspace indices, ZM � � xm � θµ � , A � � a � α � are tangent superspace
indices, and r is the world-sheet curvature.

It is already known that the requirement of classical BRST invariance of this theory leads to
the on-shell constraints of N � 1 SUGRA and SYM [11]. Quantum BRST invariance is expected
to modify these constraints by α � corrections and to lead to a supersymmetric version of the GS
mechanism.

Recently Chandia and Vallilo [12] constructed covariant background expansion in the theory
under consideration using the technique analogous to that used previously in the D=4 string cal-
culations [13]. They showed that the theory is UV-finite at 1-loop if the SUGRA/SYM superfields
are on-shell.

Having in mind possible supersymmetrization of the Green-Schwarz mechanism we con-
structed the 1-loop effective action and found counterterms and redefinitions of the superfield
transformations that cancel the gauge and Lorentz anomalies from the worldsheet point of view
[14].
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The 1-loop effective action has a non-local structure

Γ � � d2zd2w + f
�
z � w ��

z � w � 2 	 g
�
z̄ � w̄ ��

z̄ � w̄ � 2 , (20)

but to calculate anomalies one has to look only for local terms in its variation under the com-
bined gauge/Lorentz transformation. Such local terms in the variation appear when we apply the
derivatives from δAI

A �-� ∇AΛI , δΩAab �.� ∇AΣab to 1 / � z � w � 2, 1 / � z̄ � w̄ � 2 and use

∂̄w̄
1�

z � w � 2 � 2π∂zδ
' 2 ( � z � w ��� ∂w

1�
z̄ � w̄ � 2 � 2π∂̄z̄δ

' 2 ( � z � w � 
 (21)

The answer is [14]

δΓ � 1
2π

�
d2z � � 1

2
�
∂̄Ωab 	 ∂̄αab � Σab � � ∂̄AI 	 ∂̄βI � ΛI � � (22)

where

Ωab � ΠAΩAab � αab �-� 1
2
�
dαTab

α 	 λαwβRabα
β � ΠATAab ���

AI � ΠAAI
A � βI � dαW Iα 	 λαwβU I

α
β 
 (23)

By adding the counterterm

SC � 1
2π

�
d2z ĀI � 1

2
AI 	 βI ��	 Ω̄ab

� 1
4

Ωab � αab ��� (24)

we can eliminate the covariant part of δΓ.
The non-covariant (connections) terms are eliminated if we define

δBNM
�
Z �0� α � � ΛI∂ �NAI

M � 	 1
2

Σab∂ �NΩM � ab ��� (25)

which is a superfield generalization of the b � field redefinition.
Thus cancellation of gauge/Lorentz anomalies in the world-sheet σ � model corresponding to

heterotic superstring in SUGRA/SYM background is realized in a manifestly supersymmetric way.
The next step should be construction of 1-loop BRST transformations and then using the require-
ment of quantum BRST invariance should lead to supersymmetrization of the GS mechanism.
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