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1. Introduction

The formulation of physical models for the fundamental interactions in the framework of quan-
tum field theories for point-like objects is based on a number of principles, among which Lorentz
covariance and invariance under suitable gauge symmetries. However, mechanisms for the break-
down of these symmetries have been proposed and discussed in view of a number of phenomeno-
logical and experimental evidences [1, 2, 3, 4, 5]. Astrophysical observations indicate that Lorentz
symmetry may be slightly violated in order to account for anisotropies. Then, one may consider
a gauge theory where Lorentz symmetry breaking may be realized by means of a term in the ac-
tion. A Chern-Simons-type term may be considered that exhibits a constant background four-vector
which maintains the gauge invariance but breaks down the Lorentz space-time symmetry [1].

In the context of supersymmetry (SUSY), the issue of Lorentz violation hasbeen considered
in the literature in different formulations: in ref. [6], supersymmetry is presented by introducing
a suitable modification in its algebra; in ref. [7, 8], one achieves theN = 1−SUSY version of the
Chern-Simons term by means of the conventional superspace-superfield formalism; in ref. [9], the
authors adopt the idea of Lorentz breaking operators. More particularly, considering the importance
of extended supersymmetries in connection with gauge theories, we propose in this work anN = 2
and anN = 4 extended supersymmetric generalization of the Lorentz-breaking Chern-Simons term
in a 4-dimensional Minkowski background. We start off with the Chern-Simons term in(1+ 5)

and(1+9) space-time dimensions and adopt a particular dimensional reduction method, see [10],
to obtain the bosonic sector inD = (1+ 3) of the N = 2 andN = 4 supersymmetric models,
respectively. This is possible because inN = 1,D = 6- andN = 1,D = 10-supersymmetries, the
bosonic sector has the same number of degrees of freedom as the bosonic sector of anN = 2,D = 4
andN = 4,D = 4, respectively [11]. Once the bosonic sectors are identified, we adopt anN = 1,D =

4-superfield formulation to write down the gauge potential and the Lorentz-violating background
supermultiplets to finally set up their coupling in terms ofN = 2 andN = 4 actions realized in
N = 1-superspace. The result is projected out in component fields and we end up with the complete
actions that realize the extended supersymmetric version of the Abelian Chern-Simons Lorentz-
violating term.

2. N = 2-Lorentz-violating term

TheN = 2 supersymmetric generalization of the Abelian Chern-Simons Lorentz breaking term
can be built up using superfield formalism in anN = 1 superspace background, having coordinates
(xµ

,θa
, θ̄ȧ) [10]. Using the fact that the bosonic sector forN = 2 in D = 6 and make the dimensional

reduction forD = 4. TheD = 4 Chern-Simons term proposed originally by [1] is

Lbr = εµνκλAµ∂νAκTλ. (2.1)

We propose forD = 6 the Chern-Simons term in the form

Lbr = εµ̂ν̂κ̂λ̂ρ̂σ̂Aµ̂∂ν̂Aκ̂T̂λρ̂σ̂, (2.2)

whereµ̂ = µ,4,5. The gauge field has 6 components, then we redefine it asAµ̂ ≡ (Aµ;ϕ1;ϕ2). The
background tensorT̂λρ̂σ̂ has 20 components, but we can redefine it asT̂λρ̂σ̂ ≡ (Rρσ;Sρσ;∂µv;∂µu).
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The fieldsRρσ andSρσ has 6 components each one, and the other 8 components are redefined as2
vectors that we write as a gradient of the scalars fieldsv andu. Then, the number of components is
reduced to 14. The dimensional reduction is done considering that there are not dependence of the
fields in thex4

,x5 coordinates. It is clear thatεµ̂ν̂κ̂λ̂ρ̂σ̂Aµ̂Aκ̂∂ν̂T̂λρ̂σ̂ = 0, so we obtain, integrating by
parts, the reduced Lagrangian as follows:

Lbr = −1
4

εµνκλFµνAκ∂λv+
1
4

εµνκλFµνϕ1Rκλ +
1
4

εµνκλFµνϕ2Sκλ (2.3)

+
1
2

ϕ1∂νϕ2∂νu− 1
2

ϕ2∂νϕ1∂νu.

In order to make the supersymmetrization of the Lagrangian (2.3) using the superspace formalism,
we have to define some complex fields that can be found in superfields. We define these bosonic
fields as

Bµν = Sµν − iS̃µν,

Hµν = Rµν − iR̃µν

ϕ = ϕ1 + iϕ2, (2.4)

r = t + iu,

s = w+ iv,

Notice that we have introduced the new real scalar fieldst andw that are bosonic fields that do
not appear in the bosonic Lagrangian (2.3). These fields will be necessary in the supersymmetric
version to maintain the same number of degree of freedom between bosonic and fermionic sector
due the scalar superfields are defined with complex scalar fields. Each tensor field,Rµν andSµν,

appears as the real part of the complex tensor field whose imaginary partsare given in terms of their
dual fields, as we see in (2.4) and can be found in [14]. The vector superfieldV that accommodates
Aµ in the WZ-gauge is written as:

V = θσµθ̄Aµ+θ2θ̄λ̄+ θ̄2θλ+θ2θ̄2D, (2.5)

which fulfills the reality constraint,V = V†
. The scalar superfield that accommodatesϕ andϕ∗ is

written as

Φ = ϕ+ iθσµθ̄∂µϕ− 1
4

θ2θ̄2
�ϕ+

√
2θψ+

i√
2

θ2∂µψσµθ̄+θ2 f , (2.6)

and this complex conjugatēΦ. These superfields obey the chiral condition:D̄Φ = DΦ̄ = 0. The
scalar superfields that accommodates, r andr and their respective complex conjugate fields are:

S= s+ iθσµθ̄∂µs− 1
4

θ2θ̄2
�s+

√
2θξ+

i√
2

θ2∂µξσµθ̄+θ2h, (2.7)

R= r + iθσµθ̄∂µr − 1
4

θ2θ̄2
�r +

√
2θζ+

i√
2

θ2∂µζσµθ̄+θ2g, (2.8)

and their complex conjugate superfieldsS̄ andR̄ which satisfy the chiral condition:̄DS= DS̄=

D̄R= DR̄= 0. The spinor superfields that containRµν,Sµν and their corresponding dual fields are
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written as

Σa = τa +θb(εbaρ+σµν
baBµν)+θ2Fa + iθσµθ̄∂µτa (2.9)

+iθσµθ̄θb∂µ(εbaρ+σµν
baBµν)−

1
4

θ2θ̄2
�τa,

Ωa = χa +θb(εbaφ+σµν
baHµν)+θ2Ga + iθσµθ̄∂µχa (2.10)

+iθσµθ̄θb∂µ(εbaφ+σµν
baHµν)−

1
4

θ2θ̄2
�χa,

and their complex conjugate superfieldsΣ̄ and Ω̄ that are also chiral:D̄ḃΣa = DbΣ̄ȧ = D̄ḃΩa =

DbΩ̄ȧ = 0. We can notice that we have to introduce two extra background complex scalar fields,ρ
andφ, to match the bosonic and fermionic degrees of freedom.

Now, we are interested in building up the supersymmetric action. For that, we take into con-
sideration the canonical (mass) dimensions of the superfields; based on these dimensionalities, and
by analyzing the bosonic Lagrangian (2.3), we propose the following supersymmetric action,Sbr:

Sbr =
∫

d4xd2θd2θ̄[
1
4

Wa(DaV)S+
1
4

W̄ȧ(D̄
ȧV)S̄+

i
4

δ(θ̄)Wa(Φ+ Φ̄)Σa

− i
4

δ(θ)W̄ȧ(Φ+ Φ̄)Σ̄ȧ +
1
4

δ(θ̄)Wa(Φ− Φ̄)Ωa (2.11)

−1
4

δ(θ)W̄ȧ(Φ− Φ̄)Ω̄ȧ +
1
4

ΦΦ̄(R̄+R)],

We therefore observe that the action (2.11) is manifestly invariant underN = 1-supersymmetry.
The component-field content of theN = 2-supersymmetry is accommodated in theN = 1-superfields).
Indeed, the action (2.11) displays a larger supersymmetry,N = 2, realized in terms of anN = 1
-superspace formulation.

This Lagrangian in its component-field version reads as below:

Lbr = +
i
8

∂µ(s−s∗)εµκλνFκλAν −
1
8
(s+s∗)FµνFµν +D2(s+s∗)

−1
2

isλσµ∂µλ̄− 1
2

is∗λ̄σ̄µ∂µλ− 1

2
√

2
λσµνFµνξ+

1

2
√

2
λ̄σ̄µνFµνξ̄

+
1
4

λλh+
1
4

λ̄λ̄h∗− 1√
2

λξD− 1√
2

λ̄ξ̄D

1
16

εµνκλFµν(ϕ+ϕ∗)(Bκλ +B∗
κλ)+

i
8

Fµν(Bµν −B∗
µν)(ϕ+ϕ∗)

− i
√

2
8

τσµνψFµν −
i
√

2
8

τ̄σ̄µνψ̄Fµν +
1
4

τσµ∂µλ̄(ϕ+ϕ∗)

−1
4

τ̄σ̄µ∂µλ(ϕ+ϕ∗)+
i
√

2
4

ψσµνBµνλ+
i
√

2
4

ψ̄σ̄µνB∗
µνλ̄

− i
2

D(ϕ+ϕ∗)ρ+
i
2

D∗(ϕ+ϕ∗)ρ∗

+
i
√

2
8

λψρ− i
√

2
8

λ̄ψ̄ρ∗− i
√

2
4

Dψτ+
i
√

2
4

D∗ψ̄τ̄ (2.12)
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+
i
4

f λτ− i
4

f ∗λ̄τ̄+
i
4
(ϕ+ϕ∗)λF − i

4
(ϕ+ϕ∗)λ̄F̄

− i
16

εµνκλFµν(ϕ−ϕ∗)(Hκλ +H∗
κλ)+

1
8

Fµν(Hκλ −H∗
κλ)(ϕ−ϕ∗)

−
√

2
8

χσµνψFµν +

√
2

8
χ̄σ̄µνψ̄Fµν −

i
4

χσµ∂µλ̄(ϕ−ϕ∗)

+
i
4

χ̄σ̄µ∂µλ(ϕ−ϕ∗)+

√
2

4
ψσµνHµνλ−

√
2

4
ψ̄σ̄µνH∗

µνλ̄

−1
2

D(ϕ−ϕ∗)φ+
1
2

D∗(ϕ−ϕ∗)φ∗

+

√
2

8
λψφ+

√
2

8
λ̄ψ̄φ∗−

√
2

4
Dψχ−

√
2

4
D∗ψ̄χ̄

+
1
4

f λχ+
1
4

f ∗λ̄χ̄+
1
4
(ϕ−ϕ∗)λG− 1

4
(ϕ−ϕ∗)λ̄Ḡ

+
1
8

ϕ∂µϕ∗∂µ(r − r∗)− 1
8

ϕ∗∂µϕ∂µ(r − r∗)

+
1
4

∂µϕ∂µϕ∗(r + r∗)− 1
8

ϕϕ∗
�(r + r∗)− i

4
ψσµ∂µψ̄(r + r∗)

+
1
4

f f ∗(r + r∗)− i
4

ψσµψ̄∂µr∗

− i
4

ϕζσµ∂µψ̄− i
4

ϕ∗ψσµ∂µζ̄− i
4

ψσµζ̄∂µϕ∗

+
1
4

ϕ f ∗g+
1
4

f ϕ∗g∗− 1
4

f ∗ψζ− 1
4

f ψ̄ζ̄.

We point out the pieces corresponding to the bosonic action (2.3) in the complete component-field
action above:

i
8

∂µ(s−s∗)εµκλνFκλAν = −1
4

εµνκλFµνAκ∂λv,

1
16

εµνκλFµν(ϕ+ϕ∗)(Bκλ +B∗
κλ) =

1
4

εµνκλFµνϕ1Rκλ,

− i
16

εµνκλFµν(ϕ−ϕ∗)(Hκλ +H∗
κλ) =

1
4

εµνκλFµνϕ2Sκλ,

1
8

ϕ∂µϕ∗∂µ(r − r∗)− 1
8

ϕ∗∂µϕ∂µ(r − r∗) =
1
2

ϕ1∂νϕ2∂νu− 1
2

ϕ2∂νϕ1∂νu.

We can notice that this Lagrangian describes the bosonic sector (2.3) andits superpartners. We
find here theN = 1 supersymmetrization of the Chern-Simons term presented in [7], where the
first term is the same as proposed by [1], considering the constant vector as the gradient of a
scalar. Since the gradient vector is a constant, we have thats = α + βµxµ. We see in the La-
grangian the presence of the bosonic real scalar fields,t = s+ s∗ andu = r + r∗, and the complex
scalar fields,ρ andφ, that do not appear in the bosonic Lagrangian (2.3). These scalar fieldsap-
pear in the supersymmetric generalization in order to keep the bosonic and fermionic degrees of
freedom in equal number. We point out that the bosonic fieldsD,D∗

, f , f ∗,h,h∗,g and g∗ play
all the role of auxiliary fields. The bosonic fieldss,s∗,Rµν,Sµν,ρ,ρ∗

,φ,φ∗
, r, r∗ and the fermionic

fieldsξ, ξ̄,τ, τ̄,F, F̄,χ, χ̄,G,Ḡ,ζ, ζ̄ work as background fields also responsible for the breaking the
Lorentz invariance.
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3. N = 4-Lorentz-violating term

In a very close analogy to the procedure adopted in the previous section,we succeed in writing
down theN = 4 model by means of a reduction from 10 to 4 dimensions. We propose forD = 10
the Chern-Simons term in the form

Lbr = εµ̂ν̂κ̂λ̂ρ̂σ̂δ̂τ̂β̂γ̂Aµ̂∂ν̂Aκ̂T̂λρ̂σ̂δ̂τ̂β̂γ̂. (3.1)

The background tensorT̂λρ̂σ̂ has 120 components, and we can redefine it as

T̂λρ̂σ̂ ≡ (RI
ρσ;∂µv;∂µuIJ ),

whereµ̂ = µ,4,5,6,7,8,9 is the space-time index andI ,J = 1,2,3,4,5,6 is an internal index. We
consider that there is no dependence of the fields on thex4

,x5
,x6

,x7
,x8

,x9 coordinates. Then,
we have 6 anti-symmetric tensor fieldsRI

ρσ with 6 components each one and 15 vectors written
as gradients of 15 scalars represented by the anti-symmetric indexI ,J. Therefore, the number of
independent components is reduced to 52.

Next, we need to redefine the gauge field asAµ̂ ≡ (Aµ;ϕI
, I = 1,2,3,4,5,6) whereϕI is real

scalar fields. Observing thatεµ̂ν̂κ̂λ̂ρ̂σ̂δ̂τ̂β̂γ̂Aµ̂Aκ̂∂ν̂T̂λρ̂σ̂δ̂τ̂β̂γ̂ = 0, we obtain, integrating by parts, the
Lagrangian as follows:

Lbr = −1
4

εµνκλFµνAκ∂λv+
1
4

εµνκλFµνϕI RI
κλ +

1
2

ϕI ∂νϕJ∂νuIJ
. (3.2)

This is the bosonic sector of the action term to be supersymmetrized. In this way, is necessary
to define new fields to be partners inside the superfields. They are similar to the procedure of the
previous section, but now there are internal index. In terms of superfields, we have two sectors:

Gauge Sector: {V,ΦI}
Background Sector: {ΣI

a, Σ̄
ȧI

,S, S̄,RIJ
, R̄IJ},

and, in components these two sectors encompass the fields cast below:

Bosonic gauge Sector: {Aµ,ϕI
,ϕ∗I}

Fermionic gauge Sector: {λ, λ̄,ψI
, ψ̄I}

Bosonic background Sector: {s,s∗,RI
µν,ρ

I
,ρ∗I

, r IJ
, r∗IJ}

Fermionic background Sector: {ξ, ξ̄,τI
, τ̄I

,F I
, F̄ I

,ζIJ
, ζ̄IJ}.

Based on dimensional analysis arguments for the bosonic sector, as it hasbeen done for the
N = 2 case, and noticing that some superfields now have internal symmetry index, we propose the
following N = 4 supersymmetric action:

Sbr =
∫

d4xd2θd2θ̄[
1
4

Wa(DaV)S+
1
4

W̄ȧ(D̄
ȧV)S̄+

i
4

δ(θ̄)Wa(ΦI + Φ̄I )ΣI
a (3.3)

− i
4

δ(θ)W̄ȧ(ΦI + Φ̄I )Σ̄ȧI +
1
4

ΦI Φ̄J(RIJ − R̄IJ)],
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We can observe that the action (3.3) is invariant underN = 1-supersymmetry and there is a
larger symmetry, theN = 4-supersymmetry as well.

ThisN = 4 Lagrangian in its component-field version reads as follows:

Lbr = +
i
8

∂µ(s−s∗)εµκλνFκλAν −
1
8
(s+s∗)FµνFµν +D2(s+s∗)

−1
2

isλσµ∂µλ̄− 1
2

is∗λ̄σ̄µ∂µλ− 1

2
√

2
λσµνFµνξ+

1

2
√

2
λ̄σ̄µνFµνξ̄

+
1
4

λλh+
1
4

λ̄λ̄h∗− 1√
2

λξD− 1√
2

λ̄ξ̄D

1
16

εµνκλFµν(ϕI +ϕ∗I )(BI
κλ +B∗I

κλ)+
i
8

Fµν(BI
µν −B∗I

µν)(ϕ
I +ϕ∗I )

− i
√

2
8

τI σµνψI Fµν −
i
√

2
8

τ̄I σ̄µνψ̄I Fµν +
1
4

τI σµ∂µλ̄(ϕI +ϕ∗I )

−1
4

τ̄I σ̄µ∂µλ(ϕI +ϕ∗I )+
i
√

2
4

ψI σµνBI
µνλ+

i
√

2
4

ψ̄I σ̄µνB∗
µνλ̄I

− i
2

D(ϕI +ϕ∗I )ρI +
i
2

D∗(ϕI +ϕ∗I )ρ∗I

+
i
√

2
8

λψI ρI − i
√

2
8

λ̄ψ̄I ρ∗I − i
√

2
4

DψI τI +
i
√

2
4

D∗ψ̄I τ̄I (3.4)

+
i
4

f I λτI − i
4

f ∗I λ̄τ̄I +
i
4
(ϕI +ϕ∗I )λF I − i

4
(ϕI +ϕ∗I )λ̄F̄ I

+
1
8

ϕI ∂µϕ∗J∂µ(r IJ + r∗IJ)− 1
8

ϕ∗J∂µϕI ∂µ(r IJ + r∗IJ)

+
1
4

∂µϕI ∂µϕ∗J(r IJ − r∗IJ)− 1
8

ϕI ϕ∗J
�(r IJ − r∗IJ)− i

4
ψI σµ∂µψ̄J(r IJ − r∗IJ)

+
1
4

f I f ∗J(r IJ − r∗IJ)+
i
4

ψI σµψ̄J∂µr∗IJ

− i
4

ϕI ζIJσµ∂µψ̄J +
i
4

ϕ∗JψI σµ∂µζ̄IJ +
i
4

ψI σµζ̄IJ∂µϕ∗J

+
1
4

ϕI f ∗JgIJ − 1
4

f I ϕ∗Jg∗IJ − 1
4

f ∗JψI ζIJ +
1
4

f I ψ̄Jζ̄IJ
.

We can ascertain the presence of the bosonic sector (3.2) by means of theterms below:

i
8

∂µ(s−s∗)εµκλνFκλAν = −1
4

εµνκλFµνAκ∂λv,

1
16

εµνκλFµν(ϕI +ϕ∗I )(BI
κλ +B∗I

κλ) =
1
4

εµνκλFµνϕI RI
κλ,

1
8

ϕI ∂µϕ∗J∂µ(r IJ + r∗IJ)− 1
8

ϕ∗J∂µϕI ∂µ(r IJ + r∗IJ) =
1
2
(ϕI ∂νϕJ +βI ∂νβJ)∂νuIJ

.

We can notice that this Lagrangian fairly accommodates theN = 4 bosonic sector (3.2). We re-
obtain here theN = 1 andN = 2 supersymmetrization of the Chern-Simons term presented in ref.[7]
and in (2.12), respectively. We notice thatN = 4 Lagrangian is similar toN = 2 but now existing
an internal index in same fields. The fieldsβI

, t, uIJ and ρIJ
, that do not appear in the bosonic

Lagrangian (3.2), were introduced in order to keep the bosonic and fermionic degrees of freedom in
equal number. We can see that the bosonic fieldsD,D∗

, f I
, f ∗I

,h,h∗,gIJ andg∗IJ works as auxiliary
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fields. The bosonic fieldss,s∗,RI
µν,ρI

,ρ∗I
, r IJ

, r∗IJ and the fermionic fieldsξ, ξ̄,τI
, τ̄I

,F I
, F̄ I

,ζIJ
, ζ̄IJ

work as background fields breaking the Lorentz invariance.

4. Concluding remarks and comments

In the important context of studying the gauge invariant Lorentz-violating term formulated
as a Chern-Simons action term , we propose here itsN = 2 andN = 4 supersymmetric versions.
This program can be carry out in a simple way with the help of a dimensional reduction method;
here, we have chosen the method à la Scherk, but it would also be interesting to contemplate
other possibilities, such as the procedures à la Legendre or à la Kaluza-Klein. With our reduction
scheme, we could treat the extended supersymmetric version in terms of simpleN = 1 superspace to
supersymmetrize the Chern-Simons like term, as proposed by Jackiw, written interms of a constant
background vector here parametrized as the gradient of the scalar function α + βµxµ

, whereα and
βµ are constants.

Another interesting point we should consider is the possibility, once we havenow the full set
of SUSY partners of the Lorentz-breaking vector, to express the central charges of the extended
models whenever topologically non-trivial configurations are taken into account. This would allow
us to impose bounds on the central charges in terms of the phenomenologicalconstraints already
imposed on the vector responsible for the Lorentz covariance breakdown.
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