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Controllability for Reaction-Diffusion systems Assia Benabdallah

1. Introduction

We consider a general reaction-diffusion system which arises in mathematical biology :

ψt = ∆ψ+ f1(ψ,w), in QT = Ω× (0,T )
wt = ∆w + f2(ψ,w) +χω g, in QT

(1.1)

ψ = w = 0 on ΣT = ∂Ω× (0,T)
ψ(x,0) = ψ0, w(x,0) = w0, x∈Ω

(1.2)

whereΩ is a bounded domain ofRnwith smooth boundary∂Ω, fi (i = 1,2) are smooth real func-
tions (let us sayC2 functions) andg is a control inL2(QT). Letg∗ in L2(QT) (with QT = Ω×]0,T[),
and(ψ∗0,w∗0)∈L2(Ω)2 . Suppose that there exists a(ψ∗,w∗) satisfying (1.1) in C

(
]0,T]×L2(Ω)

)2
with

(ψ(0),w(0)) = (ψ∗0,w∗0). Therefore, by setting:

ψ = ψ−ψ∗

w = w−w∗

where(ψ,w,g) satisfies (1.1), one gets:

ψt = ∆ψ+ f1(ψ,w)− f1(ψ∗,w∗) in QT

wt = ∆w + f2(ψ,w)− f2(ψ∗,w∗) +χωg in QT

ψ = w = 0 onΣT

ψ(x,0) = ψ0,w(x,0) = w0, x∈Ω

whereg = g−g∗. We write this last system in the following form:

ψt = ∆ψ+a(ψ,w)ψ+b(ψ,w)w inQT

wt = ∆w +c(ψ,w)ψ+d(ψ,w)w +χωg inQT
(1.3)

ψ = w = 0 onΣT

ψ(x,0) = ψ0,w(x,0) = w0, x∈Ω
(1.4)

where:

a(ψ,w) =
Z 1

0

∂ f1
∂ψ

(sψ+ψ∗,sw+w∗)ds,

b(ψ,w) =
Z 1

0

∂ f1
∂w

(sψ+ψ∗,sw+w∗)ds,

c (ψ,w) =
Z 1

0

∂ f2
∂ψ

(sψ+ψ∗,sw+w∗)ds,

d (ψ,w) =
Z 1

0

∂ f2
∂w

(sψ+ψ∗,sw+w∗)ds.

Our aim is, for any(ψ0,w0) belonging to a suitable space, to find a controlg∈ L2(QT) such
that the associated solution of (1.3)-(1.2) satisfies

ψ(T) = w(T) = 0onΩ
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This is thenull-controllability or thecontrollability to the trajectoriesproperty.
For reaction-diffusion systems, this question has been considered in Anita-Barbu [4] with par-

ticular nonlinearitiesfi . The authors proved a local exact controllability withtwo localized (in
space) control functions (one for each equation). Another connected question is tackled by
Barbu-Wang [6]. In their paper, these last authors prove, by way of direct techniques, the stabi-
lization of system (1.1). As they pointed out, local null-controllability implies (local) stabilization
but the first property is still an open problem. Our work is just concerned by this problem (null-
controllability). We prove in this paper that, under an assumption (which does not seem very
restrictive (see (4.1) below in Theorem4), this property holds for system (1.1). Our approach
is based on earlier works on the local and global null-controllability of phase-field systems and
abstract parabolic-like systems (see [2], [3]).

This contribution is in keeping with the idea of controlling or stabilizing systems using the
least control forces possible: works in this direction dealing with various systems governed by
partial differential equations or equations in an abstract framework can be found in [1], [7].

The paper is organized as follows: We set and prove the local null-controllability of system
(1.1) in the fourth section. Before this, we first prove in Section 2 a crucial observability estimate
for the linearized problem(see Theorem1 below). In the third section, we use this estimate to prove
the null-controllability of a linearized system derived from (1.3).

2. Observability estimate

We consider in this section the problem:

ut = ∆u+au+bv in QT

vt = ∆v +cu+dv +χω g in QT
(2.1)

u = v = 0 onΣT

u(x,0) = u0,v(x,0) = v0, x∈Ω
(2.2)

and its adjoint problem:

−ϕt = ∆ϕ+aϕ+cw in QT

−wt = ∆w +bϕ+dw in QT
(2.3)

ϕ = w = 0 onΣT

ϕ(x,T) = ϕ0,w(x,T) = w0, x∈Ω
(2.4)

wherea,b,c,d ∈ L∞(QT)
Following [9], let us introduce some notations. Letω′ b ω be a subdomain ofω and letβ be a

C2(Ω) function such that

min
{
|∇β(x)| , x∈Ω\ω′

}
> 0 and

∂β
∂n
≤ 0 on ∂Ω, (2.5)

wheren denotes the outward unit normal to∂Ω. Moreover, we can always assume thatβ satisfies

min
{

β(x), x∈Ω
}≥max

(
3
4
‖β‖L∞(Ω) , ln(3)

)
. (2.6)
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Finally, we introduce the following functions with parametersλ > 0 andτ > 0:

ρ(t,x) : = eλβ(x)t(T− t), (t,x) ∈QT , (2.7)

α(t,x) : = τe
4
3λ‖β‖L∞(Ω) −eλβ(x)t(T− t), (t,x) ∈QT . (2.8)

Note in particular thatρ > 4
T2 .

Then the following global Carleman estimate holds ([9, Theorem 7.1, p.288]): There exist
λ0 > 0, τ0 > 0 and a positive constantC such that∀λ≥ λ0, ∀τ≥ τ0 and∀s≥−3 the inequality

Z

QT

(
1
λ
|zt |2 +

1
λ

∣∣D2
xz

∣∣2 +λτ2ρ2 |∇z|2 +λ4τ4ρ4z2
)

ρ2s−1e−2αdxdt

≤ C

(
τ
Z

QT

|zt ±∆z|2 ρ2se−2αdxdt+λ4τ4
Z T

0

Z

ω′
z2ρ2s+3e−2αdxdt

)
, (2.9)

holds for any functionz satisfying homogeneous Dirichlet condition and such that the right-hand-
side of (2.9) is finite. Moreover, the constantsC andλ0 depend only onΩ andω′. The constantτ0

is of the form

τ0 = c0(Ω,ω′)(T +T2).

The explicit dependence in time of the constants is not given in [9]. We refer to [10] where the
above formula forτ0 is obtained.

In the sequel, the symbolC will stand for various constants independent ofT anda,b,c,d.

Let us introduce the following notation: for givenλ andτ, we setδ = τρ and consider the
functional:

I(s,z) =
Z

QT

(
1
λ
|zt |2 +

1
λ
|∆z|2 +λδ2 |∇z|2 +λ4δ4z2

)
δ2s−1e−2αdxdt.

On the other hand, we set:

‖a,b,c,d‖∞ =
(
‖a‖2

∞ +‖b‖2
∞ +‖c‖2

∞ +‖d‖2
∞

)1/2
.

Our crucial result is the following:

Theorem 1. Let λ0 > 1, C being the constant given in (2.9). Assume moreover that there exists a
constantb0 > 0 and a domainωb such that

ωb b ω (2.10)

|b| ≥ b0 ωb× (0,T0) (2.11)

for someT0 > 0. Then∀λ ≥ λ0, ∀τ ≥ τ1 = T2

4

(
4C
λ4

)1/3‖a,b,c,d‖2/3
∞ , ∀s≥ −3, ∀r ∈ [0,2) there

exists a constantC = Cr,T such that:

I(−3/2,ϕ)+ I(−3/2,w)≤C
Z T

0

Z

ω
e−rαw2dxdt, (2.12)
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PROOF. We will only sketch it. In a first step, we prove the following estimate using (2.9):
∀λ≥ λ0, ∀τ≥ τ1 = T2

4

(
4C
λ4

)1/3‖a,b,c,d‖2/3
∞ and∀s≥−3, the solution(ϕ,w) of (2.3)-(2.4):

I(−3
2
,ϕ)+ I(−3

2
,w)≤Cλ4

Z T

0

Z

ω′

(
ϕ2 +w2)e−2αdxdt. (2.13)

for all ω′ ⊂⊂ ωb ⊂ ω.

This estimate already implies the null-controllability of (2.1) by two control forces (i. e. in the
case where a second forceχω f occurs in the first equation of (2.1)).

So, in a second step, we get rid of the term
R T

0

R
ω′ ϕ2e−2αdxdt in the right-hand-side of

(2.13). Actually, we introduce a suitable functional in order to estimate
R T

0

R
ω′ ϕ2 e−2α dxdt byR T

0

R
ω e−rαw2dxdt and this will be possible for anyr ∈ [0,2). This is the main contribution of this

work.

3. Null controllability of ( 2.1)

For ε > 0 andr ∈ (0,2), we define:

Jε(g) =
1
2

Z

QT

erαg2dxdt+
1
2ε
‖(u,v)(T)‖2

L2(Ω) ,

whereg∈ L2(QT) and(u,v) is the associated solution of (2.1) with givenX0 = (u0,v0) ∈H1
0(Ω)×

H1
0(Ω). Introduce also the dual functional (see [8]):

J∗ε (Y0) =
1
2

Z T

0

Z

ω
e−rαw2dxdt+

ε
2
‖Y0‖2

L2(Ω) +
Z

Ω
Y(0).X0dx,

whereY = (ϕ,w) is the solution of the backward linear system (2.3) with dataY0 = (ϕ0,w0) ∈
L2(Ω)×L2(Ω).

By classical arguments, the minimization problems

min
g

Jε(g) and min
Y0

J∗ε (Y0),

have both exactly one solutiongε andY0ε respectively. Moreover by the maximum principle (or see
for instance [8]) :

gε = χωe−rαwεonQT ; Y0ε =−1
ε
(uε,vε)(T)onΩ (3.1)

where(uε,vε) (resp. (ϕε,wε)) is the solution of (2.1) (resp. (2.3)) associated withgε (resp.Y0ε).
SinceJ∗ε (Y0ε)≤ 0, we get

1
2

Z T

0

Z

ω
e−rαw2

εdxdt +
1
2ε
‖(uε,vε)(T)‖2

L2(Ω)

≤ ‖(ϕε,wε)(0)‖L2(Ω) .‖X0‖L2(Ω) . (3.2)

To obtain an uniform estimate, we will need the following results:
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Lemma 2. With the hypotheses of Theorem1, for r ∈ (0,2), any solution pair of (2.3) satisfies the
estimate

‖(ϕ,w)(0)‖2
L2(Ω) ≤CT

Z T

0

Z

ω
e−rα w2dxdt, (3.3)

with

CT = exp

(
C

(
1+

1
T

+(1+‖(a,b,c,d)‖∞)T +‖(a,b,c,d)‖4/3
∞

))

where‖(a,b,c,d)‖∞ =
(
‖a‖2

∞ +‖b‖2
∞ +‖c‖2

∞ +‖d‖2
∞

)1/2
.

PROOF. The proof of this lemma is by now classical and very similar to the equivalent lemma
in [2]: it is essentially based on (2.12). ¥

ForN≥ 1, let qN such that

N+2
2

< qN < 2
N+2
N−2

i f N ≥ 3,

qN ∈ (2,+∞) i f N = 1,2 (3.4)

Lemma 3. With the hypotheses of Lemma2, for anyX0 = (u0,v0) ∈
(

H1
0(Ω)∩W2(1− 1

qN
),qN(Ω)

)2
,

there exists((u,v),g) ∈
(

L2(0,T;H1
0(Ω))∩W2,1

qN (QT)
)2
×LqN(QT,ω) satisfying (2.1) and:

(u,v)(T) = 0 on Ω

‖χωg‖2
LqN (QT) ≤ CT ‖X0‖2

L2(Ω)

whereCT is defined in lemma2.

PROOF. From (3.2) and (3.3), we get for allε > 0 :

1
2

Z T

0

Z

ω
e−rαw2

εdxdt+
1
2ε
‖(uε,vε)(T)‖2

L2(Ω) ≤CT ‖X0‖2
L2(Ω)

We should obtain from this last estimate a control inL2(QT) just by passing to the limit inε.
But we will prove that our control is inLqN(QT) because we will need this property in the following
section. So let us introduceζε = e−rαwε. It satisfies by (2.3):





(ζε)t +∆ζε = fε in (0,T)×Ω = QT

ζε = 0 on(0,T)×∂Ω = ΣT

ζε(T) = 0 in Ω,

with

fε =−2r∇α.
(
e−rα∇wε

)
+

(
∆

(
e−r α)

+
(
e−r α)

t −de−r α)
wε−be−r αϕε

By parabolic regularity, we have:

‖ζε‖W2,1
2 (QT) ≤C‖ fε‖L2(QT)
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On the other hand, we get easily, using (2.12) in Theorem1 and assuming thatr ≥ 1

‖ζε‖2
W2,1

2 (QT) ≤CT

Z T

0

Z

ω
e−rαw2

εdxdt

Now, by the embeddingW2,1
2 (QT) ↪→ LqN(QT) (see for instance [11, Lemma 3.2, p. 80]):

‖ζε‖2
LqN (QT) ≤CT

Z T

0

Z

ω
e−rαw2

εdxdt.

Going back to our control we get

‖gε‖2
LqN (QT) = ‖χωζε‖2

LqN (QT)

≤ C
Z T

0

Z

ω
e−rαw2

εdxdt

≤ CT ‖X0‖2
L2(Ω) . (3.5)

From (3.5) and [11, Theorem 10.4, p. 621], it follows, at least for a subsequence, that for
ε→ 0:

gε ⇀ g weakly in LqN(QT)

(uε,vε) ⇀ (u,v) weakly in L2(0,T;H1
0(Ω))∩W2,1

qN
(QT),

and((u,v),g) satisfy (2.1) with (u,v)(T) = 0 and‖χωg‖2
LqN (QT) ≤CT ‖X0‖2

L2(Ω). ¥

4. Local null controllability of ( 1.1)

Our main result is the following:

Theorem 4. Local controllability to the trajectories:Assume thatfi ∈C2(R2,R) for i = 1,2, and
let T > 0, 1≤ N < 6. Assume also that there exists a global trajectory(ψ∗,w∗,g∗) of (1.1) such
that

∂ f1
∂w

(ψ∗,w∗)≥ µ> 0 a.e. on ωb× (0,T0).

for some0< T0 < T andωb b ω. Then there isρ > 0such that ifψ0 ,w0 ∈H1
0(Ω)∩W2(1− 1

qN
),qN(Ω)

(qN is defined in (3.4)) with‖(ψ0 ,w0 )‖L∞(Ω)≤ ρ, one can findg ∈ LqN(QT) such that there exists

(ψg,wg) solution of (1.3) with ψg ,wg ∈W2,1
qN (QT) and satisfying:

ψg (T) = 0, wg (T) = 0.

Remark 5. It should be said thatωb andT0 are arbitrary in the assumption (4.1) and, so, it seems
not to be a real restriction on the trajectory(ψ∗,w∗,g∗) of (1.1). For example, this hypothesis is
satisfied by steady-state solutions of (1.1) if the nonlinearitiesf1 and f2 are sufficiently smooth.
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PROOF. ForR> 0, set

KR =
{

(ψ,w) ∈ (L∞(QT))2 ;‖(ψ,w)‖L∞(QT) < R
}

and consider the problem (2.1) with a fixed(ψ,w) ∈ KR in a,b,c andd. Since fi ∈C1(R2,R) and
thanks to (4.1), b will satisfy the assumptions of Theorem1 for a sufficiently smallR> 0.

For each(ψ,w) ∈ KR, thanks to (4.1), we apply Lemma3 and consider the setz(ψ,w) ⊂
L2(QT) of all the solutionsug,vg ∈ L2(0,T;H1

0(Ω))∩W2,1
qN (QT) associated with any controlg ∈

LqN(QT) such that(ug,vg)(T) = 0 a.e. Ω and‖χωg‖2
LqN (QT) ≤CT ‖X0‖2

L2(Ω). The setz(ψ,w) is
a nonempty closed convex subset ofL2(QT). On the other hand,z(KR) is relatively compact in
L2(QT) and exactly as in [5], z is semicontinuous using [11, Theorem 10.4]. To prove thatz has
a fixed point (clearly, a fixed point ofz is a solution of (1.3)), it remains to show that there exists
R> 0 such thatz(KR)⊂ KR.

To do this, we first prove that:

‖(ug,vg)‖2
L∞(QT) ≤CT ‖X0‖2

L∞(Ω) . (4.1)

Exactly as in [2], we get:

‖(ug,vg)(t)‖L∞(Ω) ≤ C
(
‖X0‖L∞(Ω) +T−

N+2
2qN

+1‖χωg‖LqN (QT)

+
(

1+‖(a,b,c,d)‖L∞(QT)

)Z t

0
‖(ug,vg)g(τ)‖L∞(Ω) dτ

)

and from Gronwall’s inequality:

‖(ug,vg)‖L∞(QT) ≤Ce
C

(
1+‖(a,b,c,d)‖L∞(QT )

)
T
(
‖X0‖L∞(Ω) +T−

N+2
2qN

+1‖χωg‖LqN (QT)

)
, (4.2)

and (4.1) follows from (4.2) and Lemma3.
The local controllability follows from (4.1) by taking the initial data sufficiently small.¥
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