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On the optimality of bang-singular extremals Laura Poggiolini

1. Introduction

The paper describes a work in progress aiming to give sufficient conditions for a bang-singular
Pontryagin extremal to be a strong local optimizer for the Mayer Problem

minimize o(&(0))+ B(&(Ty))
subject to

&(t) = fo(E(1)) +ufa(§(t)) te[0,Tr]
§(0) e Np, &(Ts) €Ng,
uel-1,1].

The state space is a smooth n—dimensional manifold M, and fq, f;: M — TM are smooth vector
fields, by smooth we mean C.
Suppose to have a Pontryagin normal extremal, i.e. a couple (E, U), with associated adjoint
covector
Ate 0, T = A(t) € T*M,

satisfying Pontryagin Maximum Principle (PMP). Recall that
m(t) =&(t), Vtelo,Tq,

where 1i: T*M — M is the canonical projection, and A is a solution of the Hamiltonian system
associated to the reference Hamiltonian - with appropriate transversality conditions - and it satisfies
the maximization property. To be more precise, if we denote by H;, i = 0,1, the Hamiltonian
function associated to the vector field f, that is

Hi: (eT"M — (¢, fi(T¥)), i=0,1,
then A satisfies the Hamiltonian system associated to
He = Ho +G(t)Hy,

and

A(0) = da(&(0)) on Ty No,  A(Tr) = —dB(E(Tr)) on Ty N,

~ ~

GOH(A®) = max uHi(A(1) ae. te (0T

o~

Therefore if Hi(A(t)) # 0, then

a(t) = sgn (Hl()\(t))) .
An arc of an extremal is called "bang", if the associated control is either 1 or —1 and it is called
singular if Hy is zero on the associated adjoint covector.

This paper is part of a general research program aiming to extend the use of Hamiltonian
methods in the study of second order sufficient conditions for¢ to be a strong local minimizer for
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the problem. Here strong local optimizer means optimal with respect to a neighborhood of f in
C([0,T¢],M), independently on the value of the control.

IfE is bang-bang with a finite number of switching times, say t,...,t;, then it is possible to
define a second variation J’ associated to the finite-dimensional problem obtained by moving the

switching times. In this case PMP implies

~

Hi(A(t)) =0 i=1,...r,

and, under the strict bang-bang Legendre condition

~

), [fo, f)E®))) #£0 i=1,....r,

J” > 0 is a sufficient condition for the strong local optimality of the trajectory, see [2] and the
reference therein.

IfE is totally singular, then it is possible to define an extended second variation, whose coer-
civity is again a sufficient condition for the strong local optimality of the trajectory, see [8].

Here we study the case when E is the concatenation of a bang and a singular arc, namely we
suppose that there is Tp € (0, Ts) such that

1 vVt e (0,Ty),
ait) e (-1,1) vt e (Tp, Tt).

Nothing changes if the bang control is identically equal to —1.

Generally speaking, the Hamiltonian approach to sufficient conditions to strong optimality
consists in using the coercivity of a suitable second variation to construct a field of non-intersecting
state extremals (super-extremals) covering a neighborhood of the given trajectory. Such a field is
obtained by projecting on the state manifold the flow associated to the maximized Hamiltonian
H™* (of a Hamiltonian H > H™) emanating from a suitable horizontal Lagrangean sub-manifold.
The sub-manifold can be obtained, if the second variation is coercive, adding a suitable penalty
which allows to reduce the problem to another one without constraints on the initial point. Moreover
the field of extremals can be constructed via the coercivity of the second variation of the free-fixed
problem. In the case of variable final point, the existence of a field of non-intersecting extremals
reduces the problem to a finite dimensional one and further conditions, coming from the coercivity
of the second variation, give the result.

The described above Hamiltonian methods suggest to analyze, as a first step, the case when
the initial point is free, therefore in this paper we study the problem

minimize a(&(0))+B(&(T¢)) (1.2)
subject to

E(t) = fo(E(t) +ut) fu(E(t)) telo,T],
€0)eM, &(Tr) €Ny, (1.2)
S
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A consequence of PMP is that

HiA () = (ML), (&) =0 vt e [To, Tl (1.3)
Hot(A\(1)) = (A1), [fo, ) (1)) =0 vt e [Ty, Te], (1.4)

where equation ([L.4) is obtained from ([L.3) differentiating with respect to t.
We state the following regularity assumptions

Assumption 1. The bang arc is regular in the interval [0, Tp), i.e

~

Hi(A (1) = (A(t), f1(E()) >0 Vte[0,Ty). (1.5)

Differentiating with respect to time at t = T, and using and (L.4), we obtain

~

(A(To), ([fo, [fo, fa]] + [f1, [fo, Ta]]) (&(To))) > 0,
and we strengthen the condition requiring

Assumption 2.

~

(A(To), ([fo, [fo, f1)] + [fo, [fo, Fa]]) (E(Tb))) > 0.

The optimality of the reference trajectory implies that the singular arc is optimal for the following
problem
minimize aoexp (—Tof ") (§(To)) + B(E(T+)) (1.6)

subject to

E(t) = fo(E(t) +ut) fu(E(t)) te [To, T
GM, E(Tf)GNf, (1.7)
[

Remark that the extended second variation of this problem, defined in [§], has to be non-negative if
the adjoint covector is unique up to a positive constant. Therefore a natural assumption is to require
that it is coercive. This last condition ensures that the singular arc is optimal for the problem ([L.6)
- @D.
Allowing the trajectory to vary only on [0, Tp], we obtain that the bang arc is optimal for the
free-fixed sub-problem
minimize a(&(0)) (1.8)

subject to

€0)eM, &(Th) =%, (1.9)
€
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Remark that the strict version of the above inequality is a consequence of the coercivity of the
extended second variation of problem (fL.6) - (fL.7), see Condition 1 in Section B. Moreover As-
sumptions fl - Pland L+, L,a5(Xp) > 0 are sufficient conditions for the local optimality of the bang
arc with respect to problem ({L.8) - (L.9), see Proposition P

Our sufficient conditions for problem (L.1) - (1.2) include an extra regularity assumption:

Assumption 3. There is a neighborhood V of E(Tb) in M such that, ify € V and
Lt,(aoexp—TofT)(y) =0, then

Lito, 1 (0o exp—Tof)(y) <0
The main result of the paper is the following:

~

Theorem 1. Assume (&(-),U(-)) is a bang-singular Pontryagin extremal of the optimal control
problem (LL.1) - (L.2). Let Assumptions [, B and B be satisfied. If the extended second variation
of the restricted problem (IL.) - (L.7), defined in (B-3) - (B-4), is coercive along the singular arc,
then (E(.), U(+)) is a strict strong local minimizer.

2. Notation and preliminary remarks

We denote the reference vector field by fA, i.e.

 (fr=fo+f ifte[0T
f:{ ot fi L[0Ty @.1)

fo+U(t)fy ift € [Ty, Tt]

and its flow from time 0 by
S:(x,t) — St(x).

We denote the iterated Lie brackets of the vector fields § and f; by
fisioiw = [fins [+ [fi0s fil -] 1j€{0,1}, j=1,....k,
and the associated Hamiltonian functions by
Hiji, i - 0— (€, fiji, i (W), j=1,....k.

The reference time-dependent Hamiltonian function is

|:|\ _ Ho—I—Hl te [O,Tb]
Ho+G(t)Hy te[Tp, Ts]

while the maximized Hamiltonian
H: ¢ — max{Ho(¢)+uHy(¢), ue[-1,1]}

is given by
(Ho+H1)(®) Hi(¢)>0
H:l— S Ho(f) = () Hi(f)=0
(Ho—Hi1)(¢) Hi(¢) <0
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For each, possibly time-dependent, Hamiltonian function H;, we denote the associated Hamiltonian
vector field by

N

Hi:T"M = TT*M.
With this notation A : [0,Tt] — T*M is solution of

—

A(t) = H(A(t)) on [0, T¢]

and the transversality conditions are

~

A0) = da(%), A(Tf) = —dB(Xs) on Tg Ny,

where Xp = E(O) and Xy = /E\(Tf). Without loss of generality we may assume

~

A(T¢) = —dB(Xt) on Tg, M. (2.2)
Let us also define
lo=N0), bo=A(To), I =A(Ty) , %o = &(To) = TWp.

Since the assumptions of Theorem [l imply the strict generalized Legendre condition (SGLC):

Hio1(A(t)) >0, Vt € [Ty, T1], (2.3)
see Remark fl] in Section B, then we can describe the following geometric picture near the adjoint
covector. Define

S {0eT'M: Hi(0) =0},
S={leT*M: Hy(¢f) =Ho1(¢) =0, Hyp1(£) > 0},

then /X([Tb,Tf]) CcScCz, Hyis tangent to X and transversal to S and Hoq is transversal to 3.
Moreover, differentiating ([L.4), we get

~ ~

Hoo1 (A(t)) + U(t)H101(A(t)) =0, Vt € [Tp, T¢],

hence

) = HA). Ve e [T T

3. Thesingular arc

We now consider sub-problem ([L.6) - (L.7), namely we consider only the admissible couples
(€,u) such that u(t) = G(t) = 1 for any t € [0, Tp]. For this problem we use the results of [f].
Shifting time, denote

Ts=T¢ —Tp,

Us: t€[0,Tg) = U(t+Ts),
& te[0, T = Et+Ty),
as: =exp—Tpf™,
Asit€[0,Td = A(t+Ty)
Bs: =PoST, oSt

Ys: = Os+PBs.
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By the properties of the adjoint covector, using (£.2), we get dys(X,) = 0, so that
Ve = d?ys(%p)

is a well defined quadratic form on | M.
With the above stated notations, the sub-problem (L.6)) - (L.7) is equivalent to

minimize ag(&(0)) + B(&(Ts)) (3.1)
subject to

§(t) = fo(§(t) +u) (&) te (0T
&(0) free, &(Ts) € Ng, (3.2)
u(t) € [-1,1]

with reference couple (Es, Us) and adjoint covectorXS. Moreover letting

1/~ -1 ~
h(x) = (epTof ) * (Sum)  BiBumoexp(-Tof)(x)  te[0Td,

the second variation of problem B.3)), (B.2), as defined in [3], is given by the quadratic form on
Ty, M x L2([0, Tg]) defined below.

Proposition 1. For any & = (8x,v) € Tg,M x L?([0,Tg]) the second order approximation of the
cost is

1 Ts S e
3 [06]? = W18 + | u(E)Lo L Be(Re) o
where n satisfies

n(t) =v(t)he (%),
n(0) =23, n(T)e TgNs.

Remark that JZ does not depend on the choice of B with the property (2.2).
After the transformation

D velL?([0,Tg) — (wWo,w) = </OT\S/(S) ds, t — /tT\S/(s)ds>e R x L%([0,Tg])

we obtain an equivalent formulation for the second variation. Since ® is dense and continuous,
we consider its extension to all the space Tg,M x R x L2([0,Tg], which we call extended second
variation JZ, and which is given by

1, . w2 ~ ~
Il [Bese]® = V4 (Rp) [8%)? + 2L, L1, Bs(Xb) + Wo LsxL 1, Bs(Xb)
2 2 (3.3)

1 rTs ~ Ts ~
+3 /O W2 (t)Hao1 (As(t)) dt + /O Lt Ly Bl
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where ¢ satisfies

C(O) =O0Xx+wpfy (X\b)
G(t) =w(t)hi (%) te[0,Td (3.4)

Remark that

b= (expTof "), (Sm)  [fo, floStimoexp(-Tof*) e[0Ty,

*

It is not difficult to prove, see also [§], that the Assumption “J is coercive” is equivalent to the
following two conditions:

Condition 1. L¢,Lt,04(Xp) > 0.

Condition 2. The coercivity of the quadratic form

1, . w2 ~ ~
J [6y7W0>W] = EVSI(XIJ) [6)/]2 + %LflLflﬁS(Xb) +W0L5ny185(Xb)
1T - . R (3.5)
+5 [ WO Rs0) ot + [ Lo L Bel)
where dy and ¢ satisfy
Léyl-flas(ib) =0
0) =0y +wpf1(Xp),
¢(0) = &y +wo f1(Xb) (3.6)

¢(t) =w(t)h(%p) te([0,Ty
¢(Ts) € Tg, N .

Remark 1. Condition 1 implies that J” is an accessory linear-quadratic problem on Tg, M. More-
over the coercivity of J” implies SGLG

~

Hio1(As(t)) >0 WVt €0, Tgl.

Remark 2. Since the initial point of our problem is free, then the normalized adjoint covector is
unique, hence the conditions

L, Lf,05(Xp) >0 and J'>0
are necessary for the optimality of ES in problem (B-1) - (B-2), and hence in the original problem.

If we define
Ms= {x € M: Ly,as(x) =0}

it is clear that X, € Mg and, by Condition 1, that f; is transversal to Mg in X,,. Therefore there exist
a neighborhood O(Xp) of X in M, a positive number b and a neighborhood Os(Xp) of Xy in Ms such
that the functions

b:O(Xp) — (—=b,b) and y:O(Xp) — Os(%b)
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are well defined by
X =expb(x) f1(y(X)) Vxe& O(Xp).
In [B] it is proved that definingds: O(X) — R by
Os(x) = as(y(x)),
then J” turns out to be the standard second variation of the following problem
minimize ds(§(0)) +B(&(Ts))
subject to

_ R 2
(1) = Fry ot (D) +-W(O) [ o, F2) E(1)) + 2V

€(0) free, &(Ts) €Ny,
u(t) € [-1,1],

[flv [an fl“(a(t)) te [OaTS]

with reference couple (w,&) = (O,ES).
From the results in [B], the coercivity of J” implies, for any solution of system (B.7) belonging
to a suitable neighborhood of the reference trajectory,

0s(&(0)) +B(E(Ts)) = ds(Xp) +B(Xt) = as(Xp) +B(Xt),
moreover equality holds if and only if § = Es.

Remark 3. Since J” is associated to a linear quadratic non singular control problem, then its co-
ercivity can be checked via the non existence of conjugate times or through an appropriate Riccati
equation, see for example [H], [[l, [A] and the references therein.

Rewriting the result with respect to Problem (L.T)) - (L.7), possibly restricting the neighborhood
O(Xp) we can state the following

Lemma 1. Let the extended second variation defined in (B.5) - (B.) be coercive. There is a neigh-
borhood 4 of the graph of &, 7, such that 7N {Tp} x M = O(%o) and for any solution € of (fL.7)
such that the graph of &, 1, is contained in 4’ the following inequality holds

As(&(Tb)) +B(E(Tr)) = 0ts(Xp) +B(Xt) -
Moreover the equality holds if and only if & = E on [Tp, Ts].

4. Thebangarc

In this section we consider the geometric picture near the bang arc and its IiftXHova} to the cotangent
bundle.
If for any t € [0, Tp] we define the vector field

g =St 105,
then a straightforward calculation gives

g =SuM[fo, f]oSt, G =Sut[fo+ fu,[fo, fu]] oS Vte[0,Ty.
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Remark 4. Since
LgTb LgTba(io) = LflLflas(X\b) >0, (4.1)

g, is transversal in X to
Mo =exp (—Tpf ™) (Ms) = {z €M: Lg 0a(2) = O} :
Moreover Assumption P is equivalent to
Lgr, a(Xo) > 0. 4.2)

As we pointed out in the introduction, Loy, LgTba(io) > 0is a necessary condition for the optimality
of the bang arc for Problem ([L.8) - ([L.9). This can be easily seen calculating the second variation
of the free-fixed problem on the bang arc constrained to controls u such that

u(t) = 1 te[0,Tp— ¢
-1 teTy—g Ty

In the following proposition we show that Assumptions [l and P}, together with (f.1) are sufficient
conditions for o 1, to be a locally optimal trajectory for the free-fixed problem restricted to the
bang arc.

Proposition 2. If Assumptions [, Pl and inequality (B.1) are verified, then E\[O,Tb] is a strict strong
local optimizer for Problem (L.§) - (L.9).

Proof: From (f.1) and (B.2), by continuity, there exist € > 0 and a neighborhood ¥ of Xy in M
such that the flow (t,x) — exptf*(x) is defined on [0,T] x U, for all (t,x) € [To —€,Ty] x U the
following inequalities hold

L

Lo Lga(x) > 5 Loy, Loy, (%) (4.3)
Lg o (x) > %LgTb(X(S(\o) (4.4)
delg L ga(x) < Lg Lgp a(X0), (4.5)
and .
Lg0(x) = Hi(exptH "(da(x))) >0 V(t,x) €[0,Thb—¢€) x U. (4.6)
We denote

K =max{|LgLga(x)|: (t,x) € [Th—&,Tp] x U} .

We want to prove that a(&(0)) — a(Xp) > 0 for any couple (&, u) such that E(Tb) =Xp and &(s) €
expsf™(U) forany s € [0, Tp). For such a couple let us define
t
()= [ (@-us)ds, qlt)=ep(~ti)EW).

Th—€

hence
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and we can evaluate
0 T
a(€(0)) (i) = | Lysp(a(s)ds= [ 7(1-u(s)Loa(a(s))ds

. 4.7)

- [ @) HuerpsH (dala(s))ds > [ (1-u(s)Laala(s) s
Integrating by parts and recalling that q(Tp) = Xo we get
To
a(&(0)) —a(Xo) = — / Ve(s) [Lga(q(s)) — Ve(s)LgLg.a(q(s))] ds

Tp—¢

Tb Tb
> [ vs(s)\'/e(s)%LgTbLgTb(x(Yo)ds— |7 vels)Lgaats))ds

Tp—¢ Tp—¢
2 . X T s
Ve (To) . Lga(Xo) (T
> A LgTbLgTba(XO)—'_Z/rbg /Tbsvs(t)dt ds
Tp
_K (
Th—€
For the last addendum, we have

K T:; ( /T :_8v£(t)dt> Ve(s)ds = K T::ve(t) ( /t " e(s) ds) dt

To
<K Ve(t)Ve(Tp) dt < Kevg(Tp),

Tp—€

/T ) vg(t)dt) Ve(s) ds

b—E

so that X

N ve (T
a(E(0)) (%) > £
because of our choice of €. To prove that the minimum is strict let us assume a(§(0)) = a(Xo).
If this equality holds, then from (£.8) we get ve(To) = 0, i.e. u(s) = 1 for any s € [Ty — &, Ty, 50
that &(s) = &(s) for any s € [T, — €, Tp). Since Hl(exptﬁ}ﬂda(q(s)))) > 0 forany s € [0, T, — €],
equation (.7) implies u(s) = 1 also for any s € [0, T — €]. O

(L@,Tb Ly, 01(%0) — 4Ke> >0 (4.8)

Let us now go back to problem (L.7) - (L.3). Without loss of generality we can assume
that exp(—Tpf™) is well defined on Oy), therefore, defining OK&o) = exp(—Tpf)(O(Xp)) and
Os(Xo) =exp(—Tpf1)(0s(Xp)) we have that for any x € O(Xp) there exists one and only one couple
(a,2) € (—b,b) x 0s(Xp) such that

X = expagr, (2).

Remark 5. Possibly restricting Os(Xp), Assumption {3 is equivalent to
Lg 0(z) <0 Vze Os(Xo)-

The map

a: O(Xp) — OsoexpTpf™.

is constant along the integral lines of g, so that

Lgr, 0(x) =0 for any x € O(Xo).
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Moreover it is not difficult to see that L,a(z) = L,0(z) for any z € Os(Xp) and for any v € T,M.
Without loss of generality we can assume that O(Xp) is contained in the neighborhood U, defined
in the proof of Proposition J; therefore from now on we assume that equations (g.3) - ((.4) - (£.5)
and (4.6) hold. Moreover, possibly restricting € > 0 and O(Xp) we assume

1. a(x) > a(x) for any x in O(Xp);

N

- Lgy Loy, 0(2) — €Lexp(—agr, ). groexpagy, Loy, 4(2) > 0 V(t,X) € [To —£,Tp) x O(%0);

w

. Lga(x) >0 VY(t,x) € [To—¢,Tp) x O(Xo);
4, L[gTb,-qb]&(x) >0 Vxe O(X).
With such a choice of € and O(Xp), let us define
M: (t,a,2) € [0, Tp] x (—b,b) x Os(Ro) — Hi (exptH " (da(expagr, (2)))) € R,
M: (t,a,2) € [0,To] x (—b,b) x Os(Ro) — Ha(exptH " (ddi(expagr,(2)))) € R.
Assumption [ is crucial in the proofs of the following two “twin” Lemmata.
Lemma 2. If Assumption [ holds, then
M(t,a,z) >0 forany (t,a,z) € (To—¢€,Tp) x [0,b] x Os(Xo).
Proof: Let us write the Taylor expansion of M in a neighborhood of (t,a,z) = (Tp,0,%p).
M(t,a,z) = Lg0(expagr,(z)) = Lg; a(expagr,(z))

+(t=To)L g, alexpagy(z) + 2

Lga(expagr,(z)) (forsome®e (t,Tp))

= Lgy, 0(2) +aLgy Loy 0(eXpPrgr,(2)) + (t — To)L 5, O (eXpagr,(z))

(t— Tb)2
2

—a [Lay, Loy, 0 (eXPBagT, (2)) + (t — To) Loy, L 5, 0 (X B0, (2)) |

+

Lg,a(expagr,(z)) (for some By intermediate between 0 and a )

HE-To) Lo, 0(0)+ 1 PLaa(epag (o)

( for some [3, intermediate between 0 and a ).

Hence Assumption [§ and equation (B.5) give the result. 0

Lemma 3. If Assumption J holds, then

M(t,a,z) >0 forany (t,a,z) € (To—&,Tp) x [—b,0] x Os(%o).
Proof: Repeating the proof of Lemma f we get

~ — b

M(t,a,7) = (t—To) |2aLig, o 8(expBo0T,(2)) + —LgG(expagr,(2)) + 2L 5 8(2) | (49)

for some B € (Tp — €, Tp) and some (3, intermediate between 0 and a. Due to the restrictionon € >0
and O(Xp), we get the result. 0
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The following Lemma describes the behaviour of the trajectories of control system ([L.2) and its
proof does not require Assumption B

Lemma4. Let (,u) be an admissible couple such that &(t) € exptf*(O(Xp)) for any t € [0, Ty).
Define q(t) = exp(—tf*)(&(t)) € O(Xp) and let (a(t),z(t)) € (—b,b) x Os(Xo) be defined by q(t) =
expa(t)gr,(z(t)). Thena: t € [Ty — €, Ty] — a(t) € R is a monotone non-increasing function.

Proof: Differentiating the identity z(t) = exp(—a(t)gT,)(q(t)) we get
2(t) = —a(t)gm, (2(t)) — (L —u(t)) exp(—a(t)gr,)-g o expa(t)gm, (z(t))
Also differentiating the identity Lg, a(z(t)) = 0, we get L} g, a(z(t)) = 0. Hence we have
—a(t)Lgy, Ly, A(2(1)) — (1~ U(t)) Lexp(—att)gn, ) goexpattyor, Le, A(Z(1) =0

which gives

a(t) = —(1—u(t)) {1 | (t Ty TP gy cewatios, Ler, A (2(1)) }

Lar, L, 1 (2(1)

which is non-positive due to the restrictions on € and O(Xo). O

5. Proof of Theorem 1

Let (&,u) be an admissible couple such that §(t) € exptf T (O(Xo)) for any t € [0, T,] and the graph
of &7, 7, belongs to the neighborhood ¥’ defined in Lemma[]. We want to show

a(&(0)) —a(Xo) = 0s(E(Th)) — Ais(%b) , (5.1)
or, equivalently with the notation of Lemma

a(q(0)) > a(q(Ty))-

Since
0

a(9(0) -~ a(a(T) = | ala(s)ds= (1 u(s)mis.a(0).2(6) .
then, if M(s,a(s),z(s)) >0, Vs € [0, Tp|, we get

a(q(0)) = a(a(Tp)) = a(a(Th))-
If there exists T € (T, — €, Tp) such that M(f,a(f), z(f)) = 0 then, from Lemma R, a(f) < O,
a(q(0)) = a(a(t)) + /Of(l —u(s))M(s,a(s),z(s)) ds > a(q(f)) > a(a(t))

so that .
6(q(D) —&(a(T) = [ (L—u(s)M(5,a(s),2(s))ds. 52
Since a(s) is decreasing by Lemma ] and a(f) < 0, applying Lemma B equation (p.T)) is proved.
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Considering also the result of Lemma [| we obtain
a(&(0)) +B(&(Tr)) — (a(%o) +B(Xt)) =
= [a(&(0)) — 0s(&(To))] + [As(&(To)) + B(&(Tr)) — 1s(%o) — B(Xr)] = 0.

To complete the proof we have to show that the minimum is strict. Assume equality holds in (b.3),
by equation (b.)) and Lemma ] we obtain

as(&(To)) +B(&(Tr)) — ats(Xp) — B(X7) =0 (5.4)
a(&(0)) —as(&(Tp)) =0 (5.9)
From equation (5.4) and Lemma [I] we obtain

£ =€ on [Ty, Tr]

(5.3)

hence &(Tp) = Xp. Finally, from equation (5.5) and Proposition P we obtain

E:Eon [0,Tp).

6. Final remarks

The result of Theorem [J is not completely satisfactory because of Assumption §. Indeed it is
not clear if it is "almost necessary" like the other ones. Assumption [ allows us to prove that “near”
the singular pointX(Tb), the flow associated to the Hamiltonian H ™ starting from the union of two
suitable "half Lagrangean sub-manifolds" remains in the region where H™ = H™* for all t € [0, Ty],
see Lemmata ], B. Therefore the flow of the vector field f* starting from a neighborhood of E(O)
is a flow of non intersecting extremals covering a neighborhood of the bang arc.

So far we have not been able to find a flow with such properies without Assumption[3. More
investigation is in progress in order to understand the role of Assumption B. However, by means of
this result it is possible to prove sufficient conditions for a bang-singular arc in the minimum time
problem and in the Bolza problem with fixed end-points requiring the extended second variation
on the singular arc to be coercive on a larger space.
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