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We perform lattice calculationsof the spatial’ t Hooft
�
-string tensions,���� , in the deconfined

phaseof SU(� ) gaugetheoriesfor ���
	���������� . Theseequal(up to a factorof � ) thesurface

tensionsof the domainwalls betweenthe corresponding(Euclidean)deconfinedphases. For������� our resultsmatchon to the known perturbative result,which exhibits CasimirScaling,������ ��� ��� ��� . At lower � thecouplingbecomesstrongerand,notsurprisingly,ourcalculations
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Casimir Scaling of domain wall tensions. FrancisBursa

1. Intr oduction

In theEuclideanformulationof SU(( ) gaugetheoriesatfinite ) , deconfinementis associated
with thespontaneousbreakingof a *,+ centresymmetry. Theobviousorderparameteris thetrace
of thePolyakov loop, -/. . In thedeconfinedphasetheeffectivepotentialfor thePolyakov looptrace
averagedover thevolume, 0-/. , hasits minimumat 0-1.�2354 , sothesymmetryis spontaneouslybroken
andthereare ( possibledeconfinedphases.If 0-1.7698!: 39;!<>=!?�@A we label the phaseby B . When
two of thesephases,BDC and B < say, co-exist they will beseparatedby a domainwall whosesurface
tensionE :F will dependon B 3 B CHG B < , aswell ason ( and ) . Thetensionof thesedomainwalls
is equal,up to a factorof ) , to thespatial’ t Hooft string tension,which is in principlerelatedto
confinement.

At high ) onecancalculateE :F in perturbationtheory. To two loopsonefinds[2, 3]:

E :F 3 BJI( G B�K L�M <N�O N )7PQ R < I�)SKT( U�V G
WX < R < IY)SKZ(\[ (1.1)

where WX <�] 4�^_4a` .
The factor BJI( G B�K is the B dependenceof the Casimir, )Sbdce)Sfd)Sf , where g is the totally

antisymmetricrepresentationof aproductof B fundamentalsof SU(( ). It is thefactoroneobtains
whencalculatingthe Coulombinteractionbetweensourcesin sucha representation.In h =1+1
SU(( ) gaugetheories,thetensionof theconfiningB -stringthatconnectssuchsourceshasprecisely
this dependence.Thereareold speculations[5] that this ‘Casimir Scaling’holds in h =3+1 and
numericalcalculationsshow thatit is agood(but notexact)approximation[6]. A questionwewill
try to answerin thispaperis whethertheCasimirScalingin eqn(1.1)survivesat very muchlower) . This questionconnectsto therole of CasimirScalingin confinement,sincethesedomainwalls
arecloselyrelatedto thecentrevorticesthatprovideapossiblemechanismfor confinement[8,9].

2. Preliminaries

WediscretiseEuclideanspace-timeto aperiodichypercubiclattice.The i 3j4 directionis the
temperaturedirectionandthedomainwall spansthe klCnmok < torus.

Ourorderparameterwill bebasedon thePolyakov loop -1. . Above )Jp thereare ( degenerate
phasesin which qr-/.!s 3 8t: X IYunK whereX I�unK is areal-valuedrenormalisationfactor. They canco-exist
at any )wv$) p andwill beseparatedby domainwalls. If - . in thetwo phasesdiffersby a factor 8 :
we referto thedomainwall asa B -wall.

To studya B -wall weusea‘twisted’ plaquetteactiontoenforcethepresenceof asingledomain
wall. Thetwistedactionis definedby

x : 3"y .
z V G V

(9{l|!}n~ U 8HI1�HK��J.�[!�,� (2.1)

where 8HI1��K 3 V
for all plaquettesexcept

8HI1� 3 U iJ���r����[�K 3 8!: 3"; <�=t? @A iJ� 3�4 N�� ��� 3 ���d���J� P 3 � P �����CZ� < 3 V � ^�^�^ �rk�CZ� < ^ (2.2)
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That is to say, theplaquettesin theentire(0,3)-planeat ��� 3 �D� � and � P 3 � P � aremultiplied
by 8 :l� *�+ . ThePolyakov loopsoneithersideof theplanewill differ by afactorof 8 : . Periodicity
in � P thendemandsthatat some� P thePolyakov loop mustsuffer a compensatingfactorof 8t:!� –
a domainwall. Thusweensurethateachconfigurationpossessesat leastone B -wall.

Wecalculatetheaverageactionwith andwithouta B -twist asdefinedabove. Thedifferenceis

��x :���q x :ts G q x �ds 3��e��� *,�� u G �e��� *e:� u 3 �� u�� : G � �) 3 �� u E
:F¡ ) (2.3)

where E :F is thesurfacetensionof thedomainwall and   3�¢ < klC£k < is its area.
We seefrom eqn(1.1)thatweexpect

��x : 3 �� u E
:F  ) ¤¦¥5§3 ¨ I©k,�dK BJI( G B�KO (

L�M <N�O N k C k <k <� �� u
VR I�)SK (2.4)

whenleadingorderperturbationtheoryis accurate.Thefactorof ¨ Ik � K containsthe ª«I ¢ < ) < K 3ª«I Vt¬ k <� K latticecorrection,obtainedby a numericalevaluationof theexpressiongivenin [4].

3. Results

3.1 Surfacetension

Our mostextensive resultsare for SU(4) with k,� 3 L
. We show the valuesof

��x :®¯CF for
thesecalculationsin Fig. 1, comparedto thetwo-loopperturbativeexpectationsusingamean-field
improved couplingand the barecoupling. We also includea ‘good’ couplingevaluatedat low
energy scales:theSchrodingerfunctionalcouplingwhich hasbeencalculatednon-perturbatively
in [11]. We plot theratios

��x <° ¬ ��x C° in Fig. 3.
Weobtainedresultsatoneadditionalpoint,not includedin thegraphs,at u 3�±�4 , correspond-

ing to )j² V 4�4�4 ) p . Herewefoundexcellentagreementwith perturbationtheory, asexpected.
In Table1 welist ourresultsfor

��x :F for SU(4)with k�� 3j³ andfor SU(2),SU(3),andSU(6).
We includeour resultsfor SU(4)with k,� 3 L at thesametemperaturesfor comparison.

For SU(4)with k,� 3 L , as )µ´¶)Jp wefind
��x :F growsmuchmorerapidly thantheperturba-

tive prediction,reachinga factorof 18 at ) ] V ^_4�± )Jp . This tells usthat � E :F ¬ � ) becomesmuch
largerthanthelow-orderperturbativeexpectationas )$´·)¸p , implying that E :F I�)SK is increasingly
suppressedrelative to its perturbative valueaswe approach)¸p . The ratio of the

��x :F satisfies
CasimirScalingto goodaccuracy, thoughthereis someevidencefor adiscrepancy below

V ^_³ ) p .
To investigatethecontinuumlimit we compareto k,� 3"³ . Thediscrepancy with perturbation

theoryis the sameat ) ] V ^º¹�¹ )Jp andsimilar at ) ] V ^_4a± )Jp . It is clearthata largeandgrowing
mismatchwith perturbationtheoryas )$´¶)Jp is a featureof thecontinuumtheory. Theratioof the��x :F continuesto becloseto CasimirScaling,sothatis alsoapropertyof thecontinuumtheory.

For SU(6)we observe at bothvaluesof ) preciselythe samediscrepancy with perturbation
theoryaswesaw for SU(4)at thesamevalueof k�� . In additionthe

��x :F ratioscontinueto satisfy
CasimirScaling. Takentogetherthis tells us that the derivative of the domainwall tensionhas
no factorsof B and ( exceptfor the Casimirscalingfactor BJI©( G B�K andits dependenceon the
’t Hooft coupling,

R < ( . Our SU(2)andSU(3)calculationsshow a very similar discrepancy with
perturbationtheory. Thusthesuppressionof E :F I�)SK as )j´¶)Jp is largely independentof ( .
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To estimatethesuppressionof E :F we canin principlecalculateit by interpolating� E :F ¬ � u
in u andthenintegratingfrom large u down to thedesiredvalueof ) , but our calculationsarenot
denseenoughin u for this. We canobtaina qualitativepictureby assumingsomefunctionalform
for � E :F ¬ � u andfitting it to the calculatedvalues. Choosingthe k,� 3 L

SU(4) calculation,we
makeafit usinga simplemodificationof theone-loopformulafor the B -wall freeenergy:

�
:FklC£k < ) 3¼» V �1½�½�¾�¿!À ¢ |dÁ ¾ I G7Â Q u�Ã G u�ÃZpZK (3.1)

Usingthisfit weobtainthe ) -dependenceof E :F shown in Fig. 2. Wedisplaytheuncertaintyfrom
theerrorsin thefittedparameters,but it is clearthatwecannotreliablyestimatethesystematicerror
inherentin thechoiceof fitting function. Thequalitativepictureis that E :F is stronglysuppressed
at )¼Ä V ^_³ )Jp . This suggeststhat it may reachzeroat some )ÆÅÇ somewhat below )Jp , causinga
second-orderphasetransitiondueto thecondensationof spatial’ tHooft strings.

3.2 Profile

WecanaveragethePolyakov loopover thetransversecoordinatesto obtaintheprofile 0- . I©� P K .
Comparingwith the perturbative prediction[2, 4] we find goodagreementdown to ) ] V ^_¹�¹ )¸p .
However, at ) ] V ^_4�± )Jp theprofile is very far from theperturbativeexpectation.This observation
makesit all themoreremarkablethatwecontinueto seeCasimirScalingatsuchvery low ) .

3.3 Wetting

A B -wall caninterpolatebetweentwo deconfinedphasesby passingthroughtheorigin of the
complex - . ItÈÉ K plane,i.e. the confinedphase. Whetherthis will happenor not dependson the
relevantsurfacetensions.Weinvestigatedthisby aseriesof runsverynear)Jp in SU(4)andSU(6).
We foundthatall thewalls split into a pair of confined-deconfinedwalls (’wetting’) over a range
of ² 4�^_4 V )Jp in ) . This small rangeoccursbecausethelatentheatis muchlarger thanthedomain
wall tensions,which suppressesthebreakingupunless) is extremelycloseto )Jp .
4. Conclusions

We have shown thatsurfacetensionsof domainwalls seperatingdifferentdeconfinedphases
arecloseto CasimirScaling,i.e.

E :F 3 BJI( G B�KaÊËI R < I�)SKZ(Ì�) ¬ )JpK�) P � (4.1)

to agoodapproximation.Thesurfacetensionsarestronglysuppressedas)Í´�)Jp . Thedomainwall
profile is far from theperturbative predictionnear )Jp . We alsoobserved ’wetting’ of the domain
wallsvery nearto )Jp .
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Figure 1: Action perunit areaof the
� ��â domainwall in SU(4)with ã ���Ìä�åæ	!ç . MonteCarlovalues,è ,

comparedwith perturbationtheorybasedon variouscouplings: é�ê � ã � , solid line, é�êë � ã � , long dashedline,éìêítî � � � , shortdashedline.
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Figure 2: Surfacetensionin units of � , usingthe functional form in eqn(3.1) fitted to our results. For
comparisonwe show the1-loop(solid line) and2-loop(dot-dashedline) perturbative resultsusinga mean
field improvedcoupling.All for the

� �$â wall in SU(4).
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Figure 3: Ratio Ù5Ú êÓ  Ù5Ú ØÓ in SU(4).
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