Neutrino propagation and quantum states in matter
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We briefly review the matter effects in case of Dirac and Majorana neutrino propagation in
medium. We develop the quantum treatment of neutrinos in matter: using the generalized Dirac
equations for Dirac and Majorana neutrinos wave functions in matter we get the explicit expressions for the corresponding Green functions.
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1. Neutrino propagation in matter

2. Neutrino Green function in matter
Let us consider the electron neutrino propagating through the background matter. For moving and unpolarized matter composed of only electrons (the electron gas) we obtain [10, 11] the
following modified Dirac equation for the neutrino wave function:
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2
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(2.1)
Here n is the number density of the background electrons and v is the speed of the reference frame
in which the mean momenta of the matter electrons is zero, the parameter a = 0 for the case of
Majorana neutrinos and a = 1 for the Dirac neutrinos. The exact solutions of this equation for
Dirac neutrinos were found in [10], the Majorana case was considered in [11].
The equation for the neutrino Green function is the same as Eq.(2.1) with the only difference that −δ (x) function stays on the right hand side. In the momentum representation it has the
following form:


1ˆ
p̂ − m − f (a + γ5 ) G(p) = −1, where fˆ = f µ γµ , p̂ = pµ γµ .
(2.2)
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The presence of matter induce many new effects in neutrino interactions and oscillations.
In addition to the famous MSW effect [1, 2] of the resonance amplification of neutrino flavor
oscillations in matter, the matter can also resonantly increase neutrino spin flavor oscillations [3, 4]
in case neutrino has non-zero magnetic or transitional moment. It was also discussed [5] that
the presence of matter can induce neutrino-majoron interactions. In particular, neutrino decay to
majoron (ν → ν̃ + φ ) and decay of majoron into the couple of neutrinos (φ → 2ν ) could proceed in
matter. Some interesting features of neutrino oscillations that are due to the motion and polarization
of background matter were also discussed in [6]. In [7, 8] it was shown that the relativistic matter
motion can significantly shift the neutrino oscillations resonance conditions if compared with the
case of non-moving matter.
Recently within the developed quasi-classical approach to the neutrino spin evolution in the
background matter [9] a new type of electromagnetic radiation produced by the Dirac neutrino in
matter was considered. We has termed this radiation the "spin light of neutrino"(SLν ). In the last
paper of [9] SLν was considered in gravitational fields of rotating astrophysical objects. In these
papers several astrophysical and cosmological environments in which SLν can give noticeable
consequences were discussed. The quantum approach to the SLν in matter on the basis of solutions
of the modified Dirac equation for a neutrino was developed in [10].
The quantum treatment of Majorana neutrino moving in the background matter was discussed
in [11]. Note that the neutrino wave functions and spectra in matter were also discussed before in
[12].
In this paper we further develop the quantum treatment of neutrino motion in the background
matter and for the first time obtain explicit Green functions for generalized Dirac equation for the
Dirac and Majorana neutrinos.
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Squaring the left hand side operator, it is possible to obtain the following expression for the neutrino
Green function in matter:


− q2 − m2 (q̂ + m) + fˆ (q̂ − m) PL (q̂ + m) − f 2 q̂ PL + 2 ( f q) PR (q̂ + m)
,
(2.3)
Gmatt (q) =
(q2 − m2 )2 − 2 ( f q) (q2 − m2 ) + f 2 q2
where
1
q = p − (a − 1) f ,
2

q2 = qµ qµ ,

( f q) = f µ qµ ,

1
PL = (1 + γ5 ),
2

1
PR = (1 − γ5 ).
2

(2.4)

In some special cases Eq.(2.5) can be solved analytically. One of such cases is that of uniform
medium, moving at constant speed v parallel to the neutrino momentum p. In this case we can
solve Eq.(2.5) for q0 , and thus for p0 find


1
1
(2.6)
p0 =
a f0 + s | f | + ε 4m2 + (2| p − (a − 1)f | − s( f0 + s| f |))2 .
2
2
There are four solutions of Eq.(2.6) with s = ±1 and ε = ±1. The value of s specifies the
neutrino helicity states:

Σ̂p
σ̂ 0
,
(2.7)
Ψ(r,t) = s Ψ(r,t), Σ̂ =
p
0 σ̂
whereas ε splits the solutions into the two branches that in the limit of the vanishing matter density
reproduce the positive and negative frequency solutions, respectively. Here σ̂ = (σ1 , σ2 , σ3 ) are the
Pauli matrixes. From Eq.(2.6) one can find, that all solutions except one are of definite sign for any
|p|. The sign of p0 for ε = −1 and s = 1 however can be both positive and negative for different
|p|. One can also note, that in case of
a f0 + | f | < 2m,

(2.8)

the sign of this p0 is always negative.

3. Discussion
In case condition Eq.(2.8) holds, the solution of Eq.(2.1) can be expressed in the form of
the superposition of plane waves each with definite sign of energy. Note that if the condition
Eq.(2.8) is violated then there exists a plane wave that has positive energy for some |p| and negative
for others. Stated in other words, Eq.(2.8) means that Green function Eq.(2.3) can be chosen
causal by imposing special rules of poles bypassing (negative poles should be bypassed from below
and positive poles should be bypassed from above). Once we got the causal Green function the
perturbation technique can be developed for the description of the neutrino propagation in matter.
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Now let us consider the denominator of Eq.(2.3). The poles of the Green function determine
the neutrino dispersion relation. Equating the denominator to zero, we obtain quartic equation
relative to q0 :

2

 2
(2.5)
q − m2 − 2 ( f q) q2 − m2 + f 2 q2 = 0.
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Another way to interpret Eq.(2.8) is to turn attention to [11] where it was shown, that for
the matter at rest, the spontaneous ν ν̃ pair creation can take place only when f0 > 2m. From
the analysis of the allowed energy zones for neutrino in matter it follows that ν ν̃ pair creation in
moving matter can take place only when a f0 + |f| > 2m. So that the possibility of using the neutrino
Green function Eq.(2.3) is limited by the particular value of matter density when ν ν̃ pair creation
processes become available.
For the Majorana neutrino moving through uniform matter at rest the condition Eq.(2.8) is
always valid for any matter densities f0 because a = 0 and f = 0 in this case.
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