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The QCD equation of state is not often discussed in cosmology. However, the relic density of
weakly interacting massive particles (WIMPs) depends on the entropy and the expansion rate of
the Universe when they freeze out, at a temperature in the range 400 MeV – 40GeV, where QCD
corrections are still important. We use recent analytic and lattice calculations of the QCD pressure
to produce a new equation of state suitable for use in relic density calculations. As an example,
we show that relic densities calculated by the dark matter package DarkSUSY receive corrections
of several per cent, within the observational accuracy of the Planck CMB mission, due for launch
in 2007.
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1. Introduction

2. Equation of state of QCD
Work on the pressure of non-Abelian gauge theories has a long history [12, 13, 14, 15, 16].
Perturbative expansions in the coupling constant g of quantities such as the pressure p converge
badly, and particularly for a strongly-coupled theory like QCD. Strictly perturbative expansions,
even when expanded to O(g6 ln g) [2], seem to work only at very high temperatures, above about
105 Tc (where Tc is the critical temperature).
However, by constructing a sequence of effective theories for the scales 2π T , gT and g2 T ,
one can match the calculated pressure reasonably well to pure-glue lattice data near the critical
temperature by fitting for a non-perturbative and as yet unknown O(g6 ) term [2]. Below the phase
transition the hadronic resonance gas model, which models the plasma as an ideal gas of mesons,
baryons and their excited states, matches reasonably well to lattice data [3].
Near the transition, lattice calculations exist for the pressure and energy density for N f = 0, 2,
2+1, and 3, although only the pure glue case has been extrapolated to the continuum. The critical
temperatures (defined as the peak of the susceptibility) are currently given as Tc (0) = 271 ± 2 MeV,
Tc (2) = 173 ± 8 MeV and Tc (3) = 154 ± 8 MeV [17].

3. Relic density calculations
Consider a particle of mass m and number density n, undergoing annihilations X X → . . . with
total cross-section σ at temperature T . Then [18]
D
E
ṅ + 3Hn = − σ vMøl (n2 − n2eq ),
(3.1)
where neq is the equilibrium number density, H = ȧ/a is the Hubble parameter, and vMøl is the
Møller velocity. For two particles with velocities v1 and v2 ,
1
(3.2)
vMøl = (v1 − v2 )2 − (v1 × v2 )2 2 ,
2
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In the early Universe, Weakly Interacting Massive Particles (WIMPs, see e.g. [1]) of mass m
generically freeze out of equilibrium at a temperature of around T f ≃ m/25 GeV. For masses in the
range 10 – 1000 GeV, T f lies between 400 MeV and 40 GeV. The relic density depends on both
energy and entropy densities near T f , and so the WIMP relic density is sensitive to the equation of
state of the Universe in this temperature range.
We re-examine the equation of state for the Universe in this critical regime using recent work
in both the deconfined [2] and confined [3] phases, and investigate the consequences for the WIMP
relic density in one of the dark matter packages, DarkSUSY [4]. Replacing the standard-issue equation of state (used in both DarkSUSY and MicrOMEGAs [5]) which is based on Refs. [6, 7, 8],
with ours gives corrections to the relic densities calculated in the supplied test code of several percent. WMAP has already determined the matter density to better than 10% in single-field inflation
models [9] and Planck promises to do much better, with one estimate at less than 1% [10], although
other authors find that Sloan Digital Sky Survey (SDSS) data is required for this level of accuracy
[11].
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ρ=

π2
geff (T )T 4 ,
30

s=

2π 2
heff (T )T 3 ,
45

one finds that the relic density depends on the parameter


heff
T d ln heff
1/2
g∗ (T ) = 1/2 1 +
.
3 dT
g

(3.4)

(3.5)

eff

4. Effective degrees of freedom and their effect on relic densities
If the Standard Model at high temperature behaved as an ideal gas, the computation of geff and
heff proceeds straightforwardly. The contributions from a particle of mass mi to the energy density
ρ and the entropy density s = (ρ + p)/T are given by
1
Z ∞ 2
(u − x2i ) 2 2
u du,
u

gi,eff ≡

15
ρi
= 4
ρ0
π

hi,eff ≡

si
45
=
s0
12π 4

e ±1

xi

1
Z ∞ 2
(u − x2i ) 2

eu ± 1

xi

(4u2 − x2i )du,

(4.1)
(4.2)

where ρ0 and s0 are the ideal energy and entropy densities for a free boson. These contributions
are summed. In practice there would still be some uncertainty, as the masses of the quarks are not
accurately known (with the exception of the top quark).
Interactions in non-Abelian plasmas correct the ideal, with the dominant corrections coming
from the coloured degrees of freedom. Their contribution to the pressure is scaled by a function
f (T ), defined to be the ratio between the true QCD pressure p(T ) and the Stefan-Boltzmann result
pSB for the same theory, f (T ) = p(T )/pSB (T ). This correction factor is derived from lattice [19]
and perturbative [2] calculations for N f = 0, and uses an approximate universality in the pressure
curves for different N f observed by Karsch et al. [19]:
p/p0 = fQCD (T /Tc (N f )),

(4.3)

where Tc (N f ) is the critical temperature for the theory with N f light fermion flavours. Besides this,
there appears to be only negligible N f -dependence within the current numerical accuracy. We are
therefore motivated to neglect quark mass effects, take the N f = 0 lattice data (in the continuum
3
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It is convenient to convert the time variable to x = m/T , and to measure the relic abundance in
terms of Y = n/s, where s is the entropy density. If the total entropy S = sa3 is conserved, then we
can write [18]
E
dY
1 ds D
2
σ vMøl (Y 2 −Yeq
),
(3.3)
=
dx
3H dx
where Yeq is the equilibrium value of Y , H = ȧ/a is the Hubble parameter, a is the scalar factor of
the expanding background. The adiabaticity assumption is violated if the QCD transition is first
order, but it is most likely to be a cross-over transition at the low chemical potentials which are
relevant for the early Universe [14, 15].
Using the Friedmann equation H 2 = 8π Gρ /3, and defining effective numbers of degrees of
freedom for the energy and entropy densities through
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Figure 4.1: Degrees of freedom factors g∗ (T ) and heff (T ), defined in the text, for our equation of state
B (solid) compared with those currently used in DarkSUSY and MicrOMEGAs (dashed). The spike in the
upper panel is a numerical artefact, reflecting uncertainty in the true equation of state.

limit) and the N f = 0 DR formula of Kajantie et al. [2], and scale the temperature dependence
by Tc (3)/Tc (0). The correction factors are matched at 1.2 GeV using the undetermined O(g6 )
parameter, which we take to be 0.6755, close to the value 0.7 used in Ref. [2].
In the confined phase we label our model equations of state (EOS) A,B and C. EOS A ignores
hadrons completely, as the lattice shows that f (T ) very rapidly approaches zero below Tc . EOS
B and C model hadrons as a gas of free mesons and baryons. It was noted in Ref. [3] that such a
gas, including all resonances, gives a pressure which fits remarkably well to the N f = 2 + 1 lattice
results although, as the authors themselves point out, this result should be treated with caution as
the simulations are not at the continuum limit. We include all resonances listed in the Particle Data
Group’s table mass_width_02.mc [20].
We make a sharp switch to the hadronic gas at a temperature THG . For our EOS B we take
THG = Tc = 154 MeV, and for EOS C we take THG = 200 MeV and Tc = 185.5 MeV, values chosen
to give as smooth a curve for heff as possible. The effects of these equations of state on the relic
densities turn out to differ by less than 0.3% in the relevant temperature interval, so in the following
we concentrate on EOS B.
In Figs. 1 we plot for EOS B our calculated effective numbers of degrees of freedom heff (T )
1/2
and g∗ (T ) defined in Eqs. 3.4 and 3.5, compared with those used in DarkSUSY [4] and MicrOMEGAs [5], leading packages for calculating the properties of supersymmetric dark matter. We
see that there are differences, particularly near the QCD transition, which is perhaps not surprising
1/2
as the QCD equation of state used in DarkSUSY [8] is quite old [6, 7]. The spike in g∗ (T ) is
due to the sharp transition between the high and low temperature equations of state and is probably
exaggerated.
In Table 4.1 we exhibit the effect of the new equation of state on the density of relic neutralinos
χ , for the mSUGRA models used to test DarkSUSY in the standard distribution [21]. We find
changes of about 1.5–3.5%. In order to quantify the effect of uncertainty in the lattice data, we
introduce two new models B2 and B3, which are constructed by scaling the lattice curve by 0.9
4
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T f /GeV

Ωc h2 (DS)

242.83

9.8

0.0929

B’

94.88

4.1

0.1213

C’

158.09

6.5

0.1149

D’

212.42

8.6

0.0864

G’

147.98

6.2

0.1294

H’

388.38

16.0

0.1629

I’

138.08

5.8

0.1319

J’

309.17

12.6

0.0966

K’

554.19

22.9

0.0863

L’

180.99

7.5

0.0988

∆(%)

(54)
0.0948(42)
(56)
0.1242(31)
(83)
0.1174(65)
(88)
0.0882(76)
(33)
0.1323(13)
(71)
0.1662(53)
(62)
0.1351(40)
(90)
0.0984(79)
(88)
0.0883(78)
(18)
0.1011(03)

2.02.6
1.4
2.43.6
1.5
2.22.9
1.5
2.02.7
1.4
2.23.0
1.4
2.02.6
1.5
2.43.2
1.6
2.02.5
1.4
2.33.0
1.8
2.33.0
1.5

Table 4.1: Relic densities in benchmark models [23], calculated with DarkSUSY. Displayed: neutralino
mass mχ , freeze-out temperature T f , Ωc h2 computed using the current DarkSUSY equation of state, Ωc h2
(B2)

using our QCD-corrected Equations of State B(B3) , and percentage changes ∆.

and 1.1 respectively, and then adjusting the O(g6 ) parameter in the DR pressure curve so that it
meets the scaled lattice curve at T = 4.43Tc . Thus a 10% uncertainty in the lattice pressure curve
translates to an uncertainty in the relic density in the range 0.5 – 1%. Note that the lowest freezeout temperature in the table is about 4 GeV. This corresponds to more than 20Tc , where the QCD
corrections to g∗ are around 5%. Evidently, WIMPs with freeze-out temperatures closer to Tc would
be affected more strongly. The production of sterile neutrinos is also affected by the details of the
QCD transition [22].

5. Conclusions
By updating the equation of state of the Standard Model in the light of recent developments
in high temperature QCD, we have found differences in WIMP relic density calculations of a few
per cent for selected models in the DarkSUSY. Although the effect is small, it is not insignificant.
In single field inflation models, the 68% confidence limit on the matter density is already Ωh2 =
0.127 ± 0.017 from the WMAP First Year data [9], while Planck has been estimated to be able to
reach a level of ∆Ωh2 = 0.0011 in the most optimistic of circumstances [10].
Given a sufficiently accurate g∗, we speculate that with a combination of measurements of the
neutralino mass and cross-sections in direct detection experiments and at LHC and the ILC, the
effective number of degrees of freedom in the early Universe at a few GeV will become experimentally accessible, motivating attempts to improve further on this work.
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