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We discuss the nucleosynthesis and stochastic evolution of proto-galactic clouds in a model which
is motivated by cold dark matter simulations of hierarchical galaxy formation. We utilize SN-
induced star-formation within a model that follows the evolution of chemical enrichment and
energy input to the clouds by Type II and Type Ia supernovae. We include metallicity-dependent
yields for all elements at all times, and include effects of finite stellar lifetimes. We derive the
metallicity distribution functions for stars in the clouds, their age-metallicity relation, and relative
elemental abundances for a number of alpha- and Fe-group elements. More massive clouds are
only stable when one assumes an initial mass function that is not biased towards massive stars.
The observed dispersion in [α/Fe] at low [Fe/H] tends to be too large unless yields from the most
massive stars (M ∼ 35−40 M�) are suppressed. We also require mixing of protogalactic clouds
to reduce the dispersion to the observed values. We estimate that ∼ 50% of the proto-galactic
clouds were well mixed during the early star formation epoch. We also show that the observed
large dispersion in some (e.g. neutron-capture) elements can be attributed to the fact that the rare
events which produce these are prevented from adequate mixing.
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1. Introduction

The oldest and most metal-poor halo stars are believed to provide clues to the early epochs of
Galaxy formation and evolution. Accordingly, many studies have been performed to identify trends
in the chemical composition of halo stars and their connection to spatial and kinematic properties
[23, 24, 40, 19, 7, 36, 20, 2, 3, 9, 12, 13, 4, 10]

A dispersion in the abundances of heavy elements, varying from almost no dispersion for
some alpha and iron-group elements, to more than two orders of magnitude for neutron-capture
elements has been detected at very low metallicities. This has led to the suggestion that the lowest-
metallicity stars were the result of mixing of the ejecta from single, or at most a few, supernovae,
with a limited amount of gas in the parent clouds [5, 40, 25, 26, 31]. However, the small dispersion
observed for Mg/Fe [4] may indicate that more efficient mixing of different regions occurred for
ejecta containing this element and perhaps other alpha elements as well [9, 10, 13]. The present
work is an attempt to first establish the expected dispersion of various elemental ratios in the limit
of little mixing among various early star-formation regions. Then, we deduce the required mixing
timescale necessary to account for the lack of dispersion observed in some elements.

The most favored current theory for galaxy formation is based on a hierarchical clustering
scenario in which the Galaxy is assembled from cold dark matter sub-galactic halos (e.g., [34]).
These proto-galactic clumps originate from density fluctuations in the early universe that accreted
primordial gas from their surroundings. Merging processes lead to larger structures, and ultimately,
the Galaxy. Cold dark matter (CDM) models are consistent with the observed kinematics of the
halo of the Galaxy [11, 14] and with the suggested hybrid formation scenario in which the inner
halo may have formed by a coherent contraction, while the outer halo was formed by accretion of
metal- poor fragments from nearby systems (e.g., [11]).

Chemical evolution models that have treated these early stages still lack a complete picture that
includes all chemical and dynamical effects. They are not yet capable of providing a comprehensive
picture that reproduces the scatter in observed abundances at low metallicities. Some models in the
literature [41, 21, 15, 17, 18, 27, 38, 54, 2, 3, 52, 33, 53] have been able to reproduce, at least
partially, the inhomogeneities observed for elemental abundances through a stochastic evolution
scenario. These are, however, often limited for example to the study of only a few neutron-capture
elements, and/or metallicity independent yields, and/or instantaneous recycling. In the present
paper we incorporate metallicity dependent stellar ejecta and finite stellar lifetimes.

The enrichment processes that took place in these first structures were influenced by the
stochastic initial conditions in each cloud, e.g. the initial cloud mass. While smaller clouds are sus-
ceptible to destruction by tidal forces and energetic feedback and may experience shorter episodes
of chemical evolution, larger structures may have continued to enrich the interstellar media (ISM)
for longer periods of time and survived the merging process, contributing eventually to the forma-
tion of the disk.

2. The Model

In this work we utilize a stochastic chemical-evolution model [41] which incorporates the
main features of hierarchical galaxy formation as suggested by cold dark matter simulations. Our
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model is based upon several assumptions. These are: 1) In the first zero-metallicity clouds, the
first-generation stars are born as population III (Pop III), explode, and the clouds that survive are
enriched by their expelled yields; 2) Star formation is induced by supernovae, mainly Type II
(SNeII); 3) Each individual supernova is taken to form a shell, which expands with an average
velocity and and triggers star formation with an average efficiency ε over a timescale ∆t; 4) The
shells’ mass is the sum of the whole SNII gas and the swept-up surroundings, and the metallicity is
given by a complete mixture of both metal contents; and 5) As nucleosynthesis enrichment of the
clouds proceeds some fraction of the clouds merge and mix

The form for the SN-induced star formation assumes [54] that the material from which the
next generation of stars forms is the result of complete mixing of the SN ejecta with the gas swept
up from the ISM by the explosion. This produces low-metallicity stars with elemental abundances
resembling the ejecta of high-mass SN progenitors, as suggested by the data.

We show that this simple stochastic model is capable of reproducing many features of the ob-
served stallar abundances, relative to iron. The metallicity-dependent chemical yields of [55] used
in this model, have been used previously in detail by [49]. We test these yields with our stochas-
tic model for alpha and several iron-group elements down to [Fe/H] ∼

< − 4.0. We note, however,
that these yields were based upon scaled solar metallicities and are therefore not completely con-
sistent with the evolved metallicities of the proto-galactic clouds computed here. This introduces
uncertainty for some elements.

Our model consists of evolving individual clouds in the mass range of 105 to 108 M�. We
follow the chemical evolution of each cloud as a one-zone closed box [50]. The gas and stars
are then explicitly evolved in time. We assume that all halo field stars were formed originally in
these proto-Galactic clouds and were later dispersed by tidal forces. By varying the total masses
and the star formation histories of these clouds, we attempt to account for the trends and scatter in
elemental abundances observed in metal-poor stars of the halo and thick-disk populations.

Simulations show that as the baryonic component of these clouds cools (mostly via molecular
hydrogen) they gravitate to the center of the dark-matter potential to form central cores [1, 30].
These cores are believed to form stars at their centers, the exact nature of which is still uncertain [44,
8]. We assume that each cloud starts with primordial material, and ultimately forms one massive
star at its center. This Pop-III star later explodes as a SN event, triggering the formation of higher
metallicity (population II) stars in its high-density shell. Subsequent star formation progresses in
the shells of later SN events.

For a given cloud, when the first shell forms at t = 0, the rate at which mass goes into stars is

ψ(t = 0) = εMsh(m,0)/∆t , (2.1)

where ε is the star formation efficiency. In the present work, ε was adjusted to reproduce the shift
in slope of the elemental abundance ratios for three iron-group elements below [Fe/H] ∼ −2.4
observed by McWilliam et al. [24]. It was also made to be consistent with the observation that the
age-metallicity distribution changes for extremely metal- poor stars with [Fe/H] <−2.4. Msh(m, t)
is the mass of the shell formed in a SN explosion at time t, with the progenitor mass being m, and
is given by :

Msh(m, t) = E j(m,Z)+Msw , (2.2)

3



P
o
S
(
N
I
C
-
I
X
)
0
4
7

Early stochastic star formation in proto-galactic clouds Grant Mathews

where Msw is the mass of the interstellar gas swept up by the expansion. Since the explosion energy
of a core-collapse supernova depends only weakly on the progenitor mass [55, 48], this quantity
is taken to be constant with a value of 5× 104 M� [40, 43, 54]. E j(m,Z) is the mass of all the
ejected material from the SN with a progenitor mass m and metallicity Z. For the first SN event
the metallicity Z is zero for a population III star, and m is m1. For later generations, the metallicity
of a star is calculated from the metallicity of the shell from which it was formed, Zsh(m, t). This is
calculated as a function of time, and is given by:

Zsh(m, t) = 1− [xH
sh(m, t)+ xHe

sh (m, t)] . (2.3)

Here, xH
sh and xHe

sh are the fractions of H and He in the shell, respectively, and are given by:

xH
sh(m, t) = [yH(m, t)+ xH

gas(t)Msw]/Msh(m, t) ,

xHe
sh (m, t) = [yHe(m, t)+ xHe

gas(t)Msw]/Msh(m, t) , (2.4)

where yH and yHe are the mass of ejected H and He, respectively, from the explosion. The quantities
xH

gas and xHe
gas are the fractions of H and He in the interstellar gas at the time of formation of the shell

t, respectively. The yields of individual elements, yi are given by

〈yi(m, t)〉=
∫ mu

max{m(t−τm),10}
dm′u

[
φ(m′)/m′

]
× ye j

i (m,Zsh(m′, t− τm)) , (2.5)

where ye j
i (m,Zsh(m′, t−τm)) is the mass of the element i ejected from the star with progenitor mass

m and metallicity Zsh(m′, t− τm). The change in gas mass with time is then given by:

dMg

dt
=−ψ(t)+

∫ mu

max(mt ,ml)
dm[φ(m)/m]×Me j(m, t)ψ(t− τm) . (2.6)

We utilize the stellar yields calculated by [55] for high- mass stars. The uncertainties associ-
ated with the use of such supernova yields have been critically summarized in [2, 3]. In particular,
the synthesized yields can be sensitive to various aspects of both the stellar nucleosynthesis models
and the supernova explosion mechanism and energy released. For intermediate stellar masses we
adopt the standard nucleosynthesis yields of Renzini and Voli [39]. Although other tracks are avail-
able (e.g. [35]), the tracks of [39] are sufficient for the present study, which is almost unaffected
by the yields of intermediate mass stars other than through the overall evolution of metallicity.
Intermediate-mass stars mostly end their lives as carbon-oxygen rich white dwarfs. If they are
members of a binary system these dwarfs may accrete mass from the remaining member to the
point where their mass exceeds the Chandrasekhar limit. At this point, the star becomes unstable,
causing a thermonuclear Type-Ia SN event. For these events we use the yields calculated by [47].

The baryonic masses of globular clusters observed in the Galaxy range between 104 and 106

M�, while the minimum total mass of dwarf galaxies in the Local Group are ∼ 2×107 M� [22].
Therefore, we choose initial total cloud masses in the range (105-108) M�. In this mass range, the
clouds are sensitive to stellar feedback, both in terms of chemical enrichment and energetics. We
start with gas in a single phase and uniform density, and choose the volume of each cloud such that
we maintain a reasonable initial density in the clouds (∼ 0.25 particles cm−3) corresponding to a
baryon surface density of about 0.01 M� pc−2. This condition is necessary in order to calculate the
initial potential energy of the cloud, and its lifetime prior to destruction by SN energy input.

4



P
o
S
(
N
I
C
-
I
X
)
0
4
7

Early stochastic star formation in proto-galactic clouds Grant Mathews

Figure 1: Comparison of model and observed abundances of the alpha elements Mg, Ca, Si, and Ti. Data
is from Ryan et al. (1996) (triangles) and Norris et al. (2001) (circles). The small (dots) represent the model
stars. The two right panels show abundances of the alpha elements when Fe yields are reduced by a factor
of two,.

3. Results

Simulations were run for 5 Gyr using a Salpeter initial mass function. After 1 Gyr, SN of type-
Ia were allowed to contribute their ejecta. The elemental abundances were calculated and recorded
for every shell that forms during the simulation. The model produces a small number of stars at
very low metallicities, [Fe/H]<−3, and without mixing of the clouds, shows a considerable spread
in [X/Fe] ratios. The scatter of the abundances for model stars is given by the spread in metallicities
of the SN models .

The left side of Figure 1 shows [α/Fe] vs. [Fe/H] for several alpha elements calculated by a
straightforward application of the model (small dots). These are compared with observational data
of [40, 32]. There are two problems with a naive application of the model. 1) The observed abun-
dance plateau at low metallicities for alpha-elements is not achieved; and 2) The narrow observed
dispersion of alpha elements [4, 6, 10, 13, 9] is not obtained; 3) There is also a peculiar trend in
the data whereby some stars which appear to have increasing [α/Fe] with decreasing [Fe/H] which
shows up as an extension in the data. This behaviors is apparent in the abundances of Mg, Ca, and
Si. On the other hand, Ti shows a scatter that is almost constant over the metallicity range.

Regarding the over-abundance plateau in alpha elements, this must result from the early dom-
inance of SNeII. The problem, however, is that the precise mass-cut in supernovae is not known.
Indeed, we are free to place it where we wish. We can recover the plateau therefore by simply
reducing the iron yields from the stellar models. The right two panels of Figure 1 show the results
of our model when the Fe yield is reduced by a factor of 2. The agreement between the data and
the calculation is much improved. There are two trends in the data particularly apparent for Mg.
One is a flattening at [X/Fe]∼ 0.5, and another a linear increasing band in [X/Fe] with decreasing
metallicity.
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Figure 2: Contribution (small dots) from different progenitor masses to [Mg/Fe]. (2 left panels) and [Ca/Fe]
(two right panels). The top left figure shows the whole range. Data is from Ryan et al. (1996) (triangles) and
Norris et al. (2001) (circles).

Regarding the narrow band of elements with high [Mg/Fe], these stars were affected by the
ejecta of the most massive stars. Figure 2 shows the contributions to the elemental abundances
by different progenitor masses down to metallicities of [Fe/H]= −5 and up to −2.5. This range
represents the early stages of chemical evolution in the Galaxy for which our model is applicable.
Once [Fe/H] > −2.5, the contributions from SNIa pollute the ISM and the contributions from SN
of Type II become less dominant. For these figures, we have run the simulation allowing only a
range of progenitor masses to contribute its ejecta. The mass ranges are shown on the figures. Here
it is apparent that this band is produced by massive stars (35 M� < M < 40 M�). Since very few
such stars are actually observed we conclude that the early halo may not have been contaminated
by their ejecta. Rather, these stars may have collapsed into black holes.

Even after reducing the effective range of the stars which eject synthesized material we find
that the dispersion in the [α/Fe] ratios are too large without introducing mixing. For example, for
[Mg/Fe] the dispersion near [Fe/H]∼ −3 reduces from σ = 0.35 to 0.20 when the most massive
stars are removed. This is still much more than the reported [10] dispersion of σ ≤ 0.10. We can
however use this discrepancy with the observed dispersion to constrain [3, 14] the degree of mixing
of super nova remnants in the early ISM.

It is easy to show that the mixing of proto-galactic clouds in our model can explain the smaller
observed dispersion. The effects of metallicity on the observed dispersion can be related to an
efficiency parameter εmix:

σobs = σclouds(1− εmix) . (3.1)

The difference between the observed and calculated dispersion, therefore, will require a mixing
efficiency of about 50%.

Even though the alpha elements have a narrow dispersion one must still explain the broad
dispersion seen is other elements such as the neutron capture elements [45]. This can be attributed
to the fact that these elements are producuced in rare events. This modifies the mixing efficiency
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for species i by the fraction of stars which contribute to its production. For example, if only stars
in a narrow mass range ml to mu contribute then the mixing efficiency becomes:

εe f f = εmix

[∫ mu
ml

mφ(m)dm∫
∞

0 mφ(m)dm

]
. (3.2)

If the r-process elements are only produced in a narrow range of stars, say m = 10−11 M�, then
the mixing efficiency reduces to about 2%. Basically, even though every cloud has alpha elements,
not all have r-process ejecta so that even after half of the clouds mix a large dispersion of r-process
elements survives.

We have also calculated [41] values of relative abundances for Cr, Co, Mn and Ni. The ob-
served ratios of Mn and of Ni are reproduced well by the metallicity- dependent yields of [55]
in this model. Cr, on the other hand, is diffiult to reproduce as others have found [3]. The stars
produced at very low metallicity show a small over-abundance relative to solar, contrary to the
observed under-abundance. The excess in Co/Fe was produced fairly well with the metallicity-
dependent yields below [Fe/H] =−2.5 if the contributions from SN more massive than 40 M� are
excluded. This behavior of Co at the lowest metallicities has not been produced by any previous
models, and no known stellar yields were able to predict it even by modifications in explosion
parameters of SN-II models (e.g. [3, 28]).

4. Conclusions

There are a number of conclusions to be drawn from this study. The first is that a good
understanding of iron ejection in supernovae is needed to quantitatively reproduce the observed
[X/Fe] rations. This will require eventual multidimensional models of the mixing and mass cut
near the iron core in supernova simulations.

A second conclusion is that the absence of a band of stars with high [Mg/Fe] ratios suggests
that the most massive stars (m>

∼35 M�) may not contribute to nucleosynthesis enrichment in the
early galaxy, but instead collapse to black holes.

The third conclusion is that the observed narrow dispersion among alpha elements requires
significant mixing of the proto-galactic clouds during this early nucleosynthesis epoch. We estimate
that a mixing efficiency of about > 50% is needed to account for the narrow dispersion in the alpha
elements.

The fourth conclusion is that even though the alpha elements appear well mixed, it is possible
to obtain the broad dispersion seen in neutron capture and other elements as a consequence of
their production arising from rare events. If only a narrow range of stars contributes to the r-
process (e.g. 10-11 M�) then only a small fraction of clouds (∼ 2%) will be able to mix so that the
dispersion within the isolated clouds remains even if half of the clouds mix.

Finally, iron group elements Cr, Co, Mn, and Ni all exhibit peculiar abundance trends vs.
[Fe/H] than those predicted by the model. This is particularly hard to explain as such elements are
expected to be ejected along with iron. One possible explanation may be is to move the mass-cut
for iron and iron-group elements outward in the stellar models for all stars except those with masses
in the range 25 < m < 35 M�. If yields are restricted in this way a good fit to all elements can be
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obtained. We note, however, that ejecta from hypwenovae may be required to boost the yield of
these elements at low metallicity.

Overall, this study has shown the importance of modeling the nucleosynthesis and evolution
of the elements in the context of current understanding of how the early galaxy forms [37]. Clearly,
however, much more work need to be done before a satisfactory understanding is obtained. For
example, the dependence of the results on the detailed stellar nucleosynthesis [16] is valuable.
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