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1. Introduction

It is expected that at sufficiently high energies, a transient state ohfieed matter with
brokenz(3) center symmetry and/or with (approximately) restored chiral symmetry is peadu
in collisions of heavy nuclei. Lattice QCD simulatiorf$ [2] indicate that a seavddr critical
point exists, which was predicted by effective chiral Lagrangifinsgi@jsent estimates locate it at
T ~ 160 MeV, ug =~ 360 MeV. This point, where the-field is massless, is commonly assumed
to be the endpoint of a line of first-order phase transitions in(theT) plane. To detect that
endpoint, it is hoped that by varying the beam energy, for example, améswitch” between
the regimes of first-order phase transition and cross over, respgctif/¢he particles decouple
shortly after the expansion trajectory crosses the line of first ordesitiams one may expect a
rather inhomogeneous (energy-) density distribution on the freezsuofaice [} [[b] (similar, say,
to the CMB photon decoupling surface observed by WMAP [6]). On therdtland, if the low-
temperature and high-temperature regimes are smoothly connectedr@ogasiients tend to wash
out density inhomogeneities. Similarly, in the absence of phase-transitioceiddwn-equilibrium
effects, the predicted initial-state density inhomogeneifigd [7, 8] shoulddregsgrdamped.

Thus, we investigate the properties of an inhomogeneous fireball ahicdl¢ decoupling.
Note that if the scale of these inhomogeneities is much smaller than the decougilingevthen
they can not be resolved individually, nor will they give rise to large elgrevent fluctuations.
Because of the nonlinear dependence of the hadron densitiesiediig, they should nevertheless
reflect in theaverageabundances.

Our basic assumption is that as the fireball expands and cools, at soméh&aundances
of hadrons “freeze”, keeping memory of the last instant of chemicalibqum. This stage is
refered to as chemical freeze-out. By definition, only processes tmestecve particle number
for each species individually, or decays of unstable particles may datarron. The simplest
model is to treat the gas of hadrons within the grand canonical ensenguejiag a homogeneous
decoupling volume. The abundances are then determined by two pargniet¢esnperaturé and
the baryonic chemical potentigk; the chemical potential for strangeness is fixed by the condition
for overall strangeness neutrality. Fits of hadronic ratios were paddrextensively{[d, 10] within
this model, sometimes also including a strangeng$sK light quark ) supression factofTILL, J12]
or interactions with the chiral condensdte| [13].

In [[L4] we analyzed the experimental data on relative abundancedwfriswith respect to the
presence of inhomogeneities on the decoupling surface. To that enbp@spd a very simple and
rather schematic extension of the common grand canonical freeze-oul, in@desuperposition
of such ensembles with different temperatures and baryon-chemicaitiptte Each ensemble is
supposed to describe the local freeze-out on the scale of the comdetgth~ 1/T ~ 1— 2 fm.
Even if freeze-out occurs near the critical point, the correlation lenfygtheochiral condensate is
bound from above by finite size and finite time effects, effectively resdittisgmilar numbers[[15].
On the other hand, for small chemical potential, far from the region whereeld is critical,
the relevant scale might be set by the correlation length for Polyakov,ladysh is of comparable
magnitude [16]. Classical nucleation theory for strong first-order @h@ssitions predicts even
larger “bubbles” [IJr] but is unlikely to apply to small, rapidly expanding systeencountered
in heavy-ion collisions[J5[ 18]. Another (classical) model for the formatiéismall droplets in
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rapidly expanding QCD matter has been introducedlih [19]. The entiraugéing surface contains
many such “domains”, even if a cut on mid-rapidity is performed. We thezed@pect that the
distributions of temperature and chemical potential are approximately GaUR§p Besides

simplicity, another goal of the present analysis is to avoid reference toti@ybar dynamical

model for the formation or for the distribution of density perturbations. &, faee presently aim
merely at checking whether any statistically significant signal for the poesef inhomogeneities
is found in the data. If so, more sophisticated dynamical models could be exdployhe future

to understand the evolution of inhomogeneities from their possible formatiophiase transition
until decoupling.

Rate equations for nuclear fusion and dissociation processes (amdmeiffusion) have been
used for inhomogeneous big bang nucleosynthesis in the early un[diseSimilarly, hadronic
cascade models could be used for heavy-ion react[ohs [22]. This wewldve reference to the
grand-canonical ensemble and to a thin decouinfacein space-time. In fact, hadronic binary
rescattering models do predict a rather thick freeze-out ldyef [R2w28Jre matter expands non-
ideally. On the other hand, the steep drop of multi-particle collision rates with tetope should
narrow the freeze-out agaip [24]. In either case, we do not expsttbng energy dependence of
the width of freeze-out (see algo [25]).

At chemical freeze-out, matter is in a state of expansion. However, smgheffects do not
affect the relative abundances of the particles (in full phase spabejrifiensities are homogeneous
throughout the decoupling volume. The total number of particles of spedietegrated over a
solid angle of 41, is given by an integral of the curreNt‘ = pi u!, with u# the four-velocity of the
expanding fluid, over a given freeze-out hypersurfate= (t*,x"):

N = /dGuNi“ =pi (Tfoaﬂlfao)/uudau : (1.1)

The second factor on the r.h.s. is nothing but the three-volintd the decoupling hypersurface

as seen hy the observer. This volume is common to all species and drop$ ruttiplicity

ratios: Ni /N; = pifo/p}fo. It is clear that the argument holds even when cuts in momentum space

are performed, provided that the differential distributions of all partidesot depend on that

particular momentum-space variable (for example, rapidity cuts for boostint@xpansion[26]).
When the intensive variabléls and pg vary, then the integration measutgu-do)/Vs will,

in general, depend on the assumed distribution and amplitude of inhomogeresities| as on the

hydrodynamic flow profile etc. Nevertheless, it is still the same for all parsigkeies and so can

be written in the form 1

V/u.da . /deuB P(T, 1g) , (1.2)
3

with P(T, ug) some distribution for andpg. For simplicity, and for lack of an obvious motivation
for assuming otherwise, we shall taR€T, uig) to factorize into a distribution fof, times one for

Us. These distributions could, in principle, be obtained from the real-time evolofithe phase

transition [#[b].

2. Themodd

In [[L4] we introduced our model to analyze the available data from hiavyollisions at
CERN-SPS and BNL-RHIC. There the hadron abundances are de¢eftoyrfour parameters: the
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arithmetic means of the temperatures and chemical potentials of all doriaams] fig, and the
widths of their Gaussian distributiondT and dug. Of course, the densities of strange particles
depend also on the strangeness-chemical potgmsjakhich we determined ir[ [14] by imposing
local strangeness neutrality. That means, the strange chemical poter@ighisingle domain was
fixed by demanding zero net strangeness there. However, the @ffiadependent fluctuations of
Usshould also be looked at, in particular for collisions at low and intermediatgiesd,/syn.< 15 GeV).
This may help for example to reproduce théo p ratio, which was found to be larger than opg [28]
and theK™ /" enhancement arounf ,p/A = 30 GeV [29]. Allowing for such independent
fluctuations, the hadron abundances depend on six parameters: theetidtimeans of the temperatures
and chemical potentials of all domaifis,[iz and[is, and the widths of their Gaussian distributions,
OT,dug anddus. They read:

i (T.Hia.Tis, T, 3ia. O4is) = [ dT R(T;T, 8T) @Y
0

/dllB P(HB:HB,5IJB)/dus P(us, Hs, 0us) pi(T, Us, Us) ,

with pi (T, Uug, Us) the actual “local” density of speciésand withP(x; X, dX) ~ exp[— (X — X)?/2 Ox?]
the distribution of temperatures and chemical potentials within the decouplirgrtbheme (the
proportionality constants normalize the distributions over the intervals wheyeatie defined). In
addition, strangeness conservation enters now as a global constraihe fmean of the strange
chemical potentiafig:

fS = Zﬁl (77 HB’HSa 5Ta 6IJB> 5“3)(”!5 - rIFS) = 07 (22)
I

with fs the net-strangeness,, n. the number of strange and anti-strange quarks of hadron species
i, respectively. That means, the global densities obtained for giversafiitemperature and
chemical potential parameters weighted with the corresponding net numéteamge quarks are
summed and demanded to vanish to guarantee strangeness neutrality. In € Jibpig, dus— 0

the Gaussian distributions are replaceddsfunctions and the conventional homogeneous freeze-
out scenario is recovered:

ﬁi (T’ HB’H& 0,0, O) =P (Tu HBaHS)v (2.3)

and the corresponding strangeness neutrality condition figigg In other words, in that limit
the average densities are uniquely determined by the first momemtsod ug. For the present
investigation, we set the width of the distribution for the strange chemical fi@tequal to zero,
dus = 0. Since eq[(2]2) only ensures global strangeness neutrality, in this limit sii# fiet
strangeness values in individual domains will appear, in contrast tmomef analysis, where we
fixed us by fs= 0 locally. It is important to note that with settirfgus = 0 and the global constraint
eq.[2.P forfis, the densities again are a function of four paramef€rgig, T anddpg. Thus we
will write all quantities again as a function of these four parameters only.diafowing we will
investigate how the fits to the experimentally measured particle abundandeferced by the
different strangeness neutraliy conditiopg| [31].
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For the present analysis we compute the densgi€B, uig) in the ideal gas approximation,
supplemented by an “excluded volume” correction:

pildfgas(.l_7 IJB) (2 4)
1+viy; P}dfgas . .
This schematic correction models repulsive interactions among the hadrbighalensities.v;
denotes the volume occupied by a hadron of specie®e employv = %nRo3 with Ry = 0.3 fm
for all species[[J7]. Therefore, for the homogeneous model therdigator in (2.4) drops out
of multiplicity ratios. This is not the case for an inhomogeneous decoupliffgcgyrwhere the
distributions of various species differ. For all fits over the full solid angle fixed the isospin
chemical potential by equating the total charge in the initial and final statethdanid-rapidity
fits at high energies, we fixgd = 0.

To illustrate the effect of inhomogeneities on the distributions of variousomadwithin the
decoupling volume we introduce

pi(T,Us) =

J dus P(us; fig, ) pi(T, Us)

Di(T;T,Hg, 0T, 0ug) =P(T;T,0T) x —— , 2.5
(T3 T, He, OT,Oke) = P ) P, (T, Hg,OT,51p) (2:9)

Di(ug; T, Tn, 0T, Og) = P(Ug; Hg, & °
((He: T, He. OT. O1is) = P(ke: H: OHe) X ™ 5 5 )

Di(T), for example, is the probability that a particle of typevas emitted from a domain of
temperaturd . The main contribution to the integrals {n (2.1 nistfrom T and[ig since hot spots
shine brighter than “voids”. Rather, they are dominated by the stationamtspd the distributions

defined in eqs[(2.,2.6) above. Hence, the average emission tempéFafuaed baryon-chemical
potential (Ug); in general depend on the particle spediesnlessdT = dug = 0. They can be

evaluated as

(2.6)

(T)i = /dT T O(T;T, Hg, 6T, 5ia) ,
0

<“B>i - /d“B Us Di(uB;TvﬁBvéTvéuB) . (27)

Physically, this means that for non-zero widths of the temperature and digroiential distributions
the freeze-out volume is not perfectly “stirred”, in that the relative eoiations of the particles
vary.

3. Dataanalysis

To determine the four parameters of the model we minimize

¥ =3 (rP-rpese) o2 3
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in the space of, [ig, 0T, anddus. That is, we obtain least-square estimates for the parameters,
assuming that they are independent.[Tn](3:)’ andr°d® denote the experimentally measured
and the calculated particle ratios, respectively, @k set by the uncertainty of the measurement.
Wherever available, we sum systematic and statistical errors in quadrature

The data used in our analysis are the particle multiplicities measured by the [dAd®aration
for central Pb+Pb collisions at beam eneiyn/A = 20, 30, 40, 80 and 158 GeV [29], and
those measured by STAR for central Au+Au collisions at BNL-RHIC, [f&] (v/sun = 130 GeV,
compiled in [3R]) and ref.[[33] (200 GeV). At RHIC energies, we amelyhe midrapidity data;
at top SPS energy, both, midrapidity antt data. At all other energies, we restrict ourselves
to the 4t solid angle data by NA49 in order to avoid biases arising from differingeptence
windows of various experiments. Furthermore, our checks showedhihdit results can depend
somewhat on the actual selection of experimental ratios. Hence, whesibleo we have opted for
the least bias by choosimi®= N*P/NF®, i.e. the multiplicity of speciesrelative to that of pions.
This represents the maximal set of independent data points, as it is legtiiafitting absolute
multiplicitieswith an additional overall three-volume paramebgr= Vzp;.

Specifically, atE ap/A = 20, 30, and 80 GeV the multiplicities aft, m, K*, K—, B—B,

A, A, and @ are available. For the (in-)homogeneous model, this leaves five (thrgededeof
freedom. At 40 GeV, we can add tBe andQ + Q. The data sets for top SPS energies include yet
a few more specie, p (only midrapidity),Kg (only 4m), =" andQ, Q seperately. For RHIC-130,
we fitted to theK™ /K=, p/p, A/A, = /==, Q/Q, K~/ , K/, p/mr, A/TT, K /T, @/ 1T,
=-/m andQ/m ratios. Finally, at RHIC-200 th&* /K—, p/p, Q/Q, K=/, p/m, A/,
AN/, =/, =T/, Q/m, /K~ andK§ /K™ ratios were used. The first three ratios are close
to unity and essentially just set the chemical potentials to zero; they do notohipT, 5T and
5[15.

Where appropriate, feeding from strong and electromagnetic decaybd®e included in
rmodel py replacingp; — pi + Bij pj. The implicit sum overj # i runs over all unstable hadron
species, witlB;; the branching ratio for the decgy— i, which were taken fron{[34]. From all the
resonances listed by the Particle Data Grdup [34], mesons up to a mass@é\I.&nd baryons
up to a mass of 2 GeV were included, respectively. The finite widths of #@neaces were not
taken into account, and unknown branching ratios were excluded frerieéuing. These details
are irrelevant for the qualitative behavior ®f anddug but do, of course, matter for quantitative
results.

4. Results

Fig. [l shows the minimat? per degree of freedom (taken as the number of data points minus
the number of parameters) for the homogeneous approach and the irdre@oag approach with
local or global strangeness neutrality, respectively. Note thakfhelues for the homogeneous
model are in general agreement with the analysis donf] in [9] and othefrdatahe literature
[LT, [13,[3B]. As already shown if [14] and in general accordanite the analysis done in
[B], for intermediate SPS energieS,ap/A ~ 30— 160 GeV,x?/dof is considerably smaller for
the inhomogeneous freeze-out surface than for the homogeneaswddsh is far outside the
95.4% confidence interve[ [B5]. A an/A = 20 GeV and at RHIC energieg?/dof is similar
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Figurel: x2/dof versus,/syn for the homogeneousT = du = 0, squares) and the inhomogeneous fit
(6T anddu free parameters, circles and triangles). Circles den@edlse of local strangeness neutrality,
while triangles represent the global strangeness netytredise. The lines are meant to guide the eye.
Furthermore, thg?/dof corresponding to the 9%% confidence interval is shown by the dotted line.

for the inhomogeneous approach with local strangeness neutrality arcbth@genous model.
However, between 20 and 80 GeV tgé/dof values for the inhomogenous approach with local
strangeness neutrality are rather large (between 2 and 4). In cotlteagthomogenoues model
with global strangeness neutrality givgd/dof ~ 1 for E qp/A ~ 20— 160 GeV. It is important
to note that this result is not due to introducing an additional parameter, siutje to allowing
for domains of finite strangeness with global strangeness neutrality! albelations using global
strangeness conservation for RHIC energies are under way, butodine corresponding small
baryon chemical potentials at these high energies no considerablesbifertd be expected. Thus,
the inhomogenoues model allowing for domains of finite net strangeness givery satisfactory
description §?/dof ~ 1) of the experimental data for particle abundance ratios from lowest SPS
energies up to highest RHIC energies. However, at RHIC the homogeragproach already
gives a good description of the data and the inhomogeneous model dgasvide a statistically
significant improvement. Thus, the assumption of a nearly homogeneoospiieg surface can
not be rejected there. On the other hand, the considerable improvemt#ra déscription of
the data forE 5p/A ~ 30— 160 GeV indicates that at intermediate and high SPS energies, the
experimental data favor an inhomogeneous freeze-out surfacethE@PS 20 GeV data the
situation is not clear: there is certainly a reduction of #3¢dof in the inhomogeneous approach,
but also the homogeneous model gives a much better value than for higBezr@Ryies. Here
more experimental data are necessary to clarify the picture. It is worthgnibidxh in general, the
improvement due to the inhomogenoues decoupling surface is not dywvenebsingle species;
rather, the inhomogeneous model describes nearly all multiplicities better thamageneous
decoupling surfacd [B6].

To illustrate the significance of inhomogeneities differently, we show costoix?/dof in
the plane ofdT, dug in figs[2,[3, and[]4. Herel andfig were allowed to vary freely such as to
minimize x? at each point. Fig[] 2 shows that at RHIC energy,is very flat in both directions.
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This shows again that with the present data points, a homogeneousdiganedel appears to be
a reasonable approximation at high energies. In contradf] fig. 3 shatytis relatively flat along

200
2 2
180 X2/ dof = szm/dofﬂ
— X /dof = X" \pn/dof+0.5
160 [ % best fit

140
120
10

du[MeV]

0 5 10 15 20 25 30 35 40 45 50
6T [MeV]

Figure2: x2/dof contours in thedT, dug plane for top RHIC energy,(sun = 200 GeV). The other two
parametersT, fig) are allowed to vary freely. Thg?/dof minimum is indicated by the cross.

the dug direction, whiledT is determined more accurately and is clearly non-zero. In general we
find that in the approach with local strangeness neutrality there is little cooretzetweerdT and
dug and that about the minimuny? is rather flat indug direction for all energies. Finally, fi] 3

200

2 2
180 Xz/ dof = szm/ dof+1
— X /dof = X" yjn/dof+0.5
160 1 % best fit
140
7120
[
= 100
& 80
60
40
20

0
0 5 10 15 20 25 30 35 40 45 50

6T [MeV]
Figure3: Same as figﬂz for top SPS enerdiy {, = 158 GeV) with local strangeness neutrality.

shows the contours at SPS 158 for the case of global strangenésgityetNow, thex? determines
thed g more accurately, favoring relatively large finite values. &6r again, values different from
zero are strongly favored, which, however, turn out to be generditfteabit smaller than in the
local fs= 0 case. The better description of the data and the better accuracy in datgrthéwidth

of the ug-distribution can be explained as follows: If vanishing net strangenéssianded in each
single domain, in regions with high baryon chemical potential the strange chlgpaiential has

to be small to guarantefy = 0. Thus, the possible increased production of strange particles in
domains with high baryon chemical potential is restricted and results in thensftettwess of the

x? distribution ind g direction. In contrast, if the net strangeness vanishes globally, in domiains
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Figure4: Same as figﬂz for top SPS enerdiy {, = 158 GeV) with global strangeness neutrality.

high chemical potential resulting from a large widijpg, a large number of strange particles can
be produced. Thus, the? should be much more sensitive to the valu& k.

As already discussed in sectifjn 2, an inhomogeneous freeze-oatesanf finite values for
the width-parameters result in different mean emission temperatures amitahpotentials for
different particle species, c.f. ef. 2.7. These are shown irfffig. 5 éocdlse of local strangeness
neutrality and in fig.[]6 for the case of global strangeness neutrality attedlenergies in the
CERN-SPS range. For the cases shown, the inhomogeneities determinedhfr fits to the
particle abundances are large. Note that the different values for ithesse emission temperatures
and chemical potentials result from the convolution of the distribution fundtioa given particle
species with the Gaussian probability distribution determined by the four peeetielis, O T, d Ug.
For both cases, the effect of the inhomogeneities is evident. For examfppratons are typically
emitted from regions with lower baryon-chemical potential than protons; bésvy particles are
concentrated in “hot spots” while light pions are distributed more evenlygirout the decoupling
volume etc. [[37]. Figuref]5 anld 6 also show the differences in the resultean emission
temperatures and chemical potentials, depending on whether local ol gfi@rmeness neutrality
is adopted: In the case of local strangeness neutrality, the emission chpat@#ials of baryons
and the corresponding anti-baryons do differ much less than in the tgksbally vanishing net-
strangeness. For example the mean emission baryon chemical potentia @atid theQ are
nearly identical forfs = O locally, while they are widely separated for the global constraint. This
results from the above discussed effect of the adjustement of the estthegnical potential in the
local case. Thergys is so small (large negative value) in regions with lagge that the resulting
chemical potential of2 andQ are similar. This is not the case anymore if the strange chemical
potential is determined globally and constant for the different domains, The mean freeze-out
points for the different particle species are spread over a much widge ria theT — ug-plane.
On the other hand, the spread in temperature is somewhat larger in thedeeahan for global
strangeness neutrality, resulting from the larger best fit values forittib parametersT.
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Figure 5.  Freeze-out temperaturéd); and chemical potentialéug); of various particle species at
ELan/A =40, 80, 158 GeV for local strangeness neutrality.
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Figure 6:  Freeze-out temperaturéd); and chemical potentialéug); of various particle species at
ELan/A =40, 80, 158 GeV for global strangeness neutrality.

5. Summary and Outlook

In summary, we have shown that inhomogeneities on the freeze-outshyfaere do not
average out but reflect in that (or midrapidity), single-inclusiv@bundances of various particle
species. This is due to the non-linear dependence of the hadron depsifiggs) on the local
temperature and baryon-chemical potential. Consequently, even tlaggugprobe higher moments
of the T and pg distributions. In [I4] we showed that an inhomogenoues freeze-ouelmyith
local strangeness conservation strongly improves the description ofatheati medium and top

10
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SPS energies compared to the homogeneous freeze-out. Here weal shaivenducing global
strangeness neutrality, results, without adding an additional parametefunther reduction of

the x2 at SPS energies. With the resultixgdof ~ 1 for the whole range - from lowest SPS

to highest RHIC energies. Furthermore, while for local strangenessatiey we observed a
rather flaty?/dof in dug direction, this is determined more accuratrely if strangeness neutrality is
ensured only globally. Rather in this approach a high statistical signifidanedinite width of the
distributions for temperaturand baryon chemical potential at medium and high SPS energies is
observed. In addition we showed how in this region the mean emission tenrpeaatlchemical
potential vary for different particle species. Our results also showthiea are some characteristic
differences in the distribution of the resulting mean emission values, degemtimhether strangeness
neutrality is fulfilled locally or globally. Especially the separation in the mean emnmssemical
potential between baryons and the corresponding anti-baryons iglstioftuenced by the adopted
strangeness neutrality condition.

Inhomogeneities could also affect the coalescence probabilities of (aotiions to light
(anti-) nuclei, which are also sensitive to density perturbatipris [39]. rGiigeals, such as two-
particle correlationd], 0], could also be analyzed in this regard. &studies should shed more
light on whether these inhomogeneities can indeed be interpreted as fintgegfra first-order
phase transition. Eventually, one would want to establish more quantitaki®ns between the
amplitudes of thel', g inhomogeneities and the properties of the phase transition, e.g. its latent
heat and interface tension.

Data from GSI-FAIR, the low energy program at RHIC and and CERMGLwill provide
additional constraints for the evolution of chemical freeze-out with gnerg

To improve the quality of the statistical fits, more data on hadron multiplicities would be
helpful, in particular at the lower end of the CERN-SPS energy spectnanaa RHIC. This
includes estimates of multiplicities of unstable resonanpeX({, w, A ...) at chemical freeze-
out [41]. Data from GSI-FAIR and CERN-LHC will provide additionalrstraints for the evolution
of chemical freeze-out with energy.
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