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1. Introduction

In the paper [4], R. Mann and S. Solodukhin calculate the entropy, with a one-loop ultraviolet
correction term, of the BTZ instanton with a conical singularity by a suitable differentiation of the
effective action. In [7], we raised the question of whether one could capture this quantum correction
by way of a suitable zeta function deformation, and we announced an affirmative result there. This
note presents an elaboration on that result, with a simpler deformation of zeta,and an expression
of the effective action in terms of zeta. The topology of the instanton is also computed-which one
can view as a deformation of the topology of the regular BTZ black hole.

2. Topology of the instanton

Let H3 denote hyperbolic 3-space consisting of points(x,y,z) in R
3 with z > 0. Using

spherical-type coordinates(ψ ,χ,θ) we write x = eψ sinχ cosθ , y = eψ sinχ sinθ , z = eψ cosχ,
0 < χ < π/2. We fix α ∈ R satisfying 0< α ≤ 1, and for a whole numbern ∈ Z we define
(xα,n,yα,n,zα,n) ∈ H3 by







xα,n

yα,n

zα,n






=







cos2πnα −sin2πnα 0
sin2πnα cos2πnα 0

0 0 1













x
y
z






. (2.1)

M > 0, J ≥ 0, andΛ < 0 will denote theEuclideanBTZ black hole mass, angular momentum, and
cosmological constant, respectively, so that the outer and inner horizons r+ > 0, r− ∈ iR are given
by

r2
+ =

Mσ2

2

[

1+

(

1+
J2

M2σ2

)

1
2
]

, r− = −σJi
2r+

(2.2)

for σ := +1/
√
−Λ. We define

a =
πr+

σ
> 0,b =

π |r−|
σ

=
πJ
2r+

≥ 0. (2.3)

The Euclidean BTZ instantonB(α) with conical singularity and defect angle 2π(1−α) is obtained
from H3 via the identification(x,y,z) ∼ (xα,n,yα,n,zα,n), and the "Schwarzschild identification"
(x,y,z) ∼ (e2an(xcos(2bn)−ysin(2bn)), e2an(xsin(2bn)+ycos(2bn)),e2anz), for xα,n,yα,n,zα,n in
(2.1),a,b in (2.3), for anyn∈ Z.

Consider the action ofZ onR
2 given by (2.1); that is

n

[

x
y

]

:=

[

xα,n

yα,n

]

. (2.4)

The corresponding quotient space will be denoted by
(

Z\R2
)

(α). Then for the circle groupS1, the
following theorem can be proved, which computes the topology of the Euclidean instantonB(α)

with conical singularity; 0< α ≤ 1.

Theorem 1. B(α) is homeomorphic to the product topological space
(

Z\R2
)

(α)×S1.
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For α = 1, B(α) reduces to the regular BTZ black holeB(1) [1] with no singularity, and Theorem
1 reduces to the familiar statement that the topology ofB(1) is R

2×S1. For α 6= 1, the topology
of

(

Z\R2
)

(α), and hence ofB(α), can be quite notorious. For example, ifα is irrational then one
has the existence of dense orbits.

3. The Mann-Solodukhin quantum correction, and effective action

Quantum corrections to black hole entropy have been considered by manyauthors. In [2–4],
for example, various sums appear which we can provide a zeta function meaning for. We shall

focus on the sum
∞

∑
n=1

sn, for sn given in equation (5.3) of [4], which gives a quantum correction to

BTZ entropy.
In the paper [7] we announced the construction of a family of zeta functions

{

Z(α)(s;a,b)
}

0<α≤1
such that forα = 1

Z(1)(s;a,b) =
∞

∏
k1,k2∈Z

k1,k2≥0

[

1−
(

e2bi
)k1

(

e−2bi
)k2

e−(k1+k2+s)2a
]

(3.1)

is the zeta function presented in [6]; also see [5]. a and b are the numbersgiven in (2.3). Namely,
Z(α)(s;a,b) is given by

Z(α)(s;a,b) =
∞

∏
k1,k2∈Z

k1,k2≥0

[

1−
(

e
2bi
α

)k1
(

e−
2bi
α

)k2
e−(k1+k2+αs) 2a

α

]

·

∞

∏
k1,k2,k3∈Z

k1,k2,k3≥0

[

1−e−2(k3+1)2a
(

e
2bi
α

)k1
(

e−
2bi
α

)k2
e−(k1+k2+αs) 2a

α

]

[

1−e−2(k3+
1
α )2a

(

e
2bi
α

)k1
(

e−
2bi
α

)k2
e−(k1+k2+αs) 2a

α

] . (3.2)

A simpler expression of this zeta function has been obtained recently. Namely, we can show that

Z(α)(s;a,b) =
∞

∏
k1,k2∈Z

k1,k2≥0

[

1−e(ib−a)
2k1
α e−4ak2−2sa

]

·

∞

∏
k1,k2∈Z

k1,k2≥0

[

1−e−(ib+a)
2(k1+1)

α e−4ak2−2sa
]

. (3.3)

Formula (3.3) shows thatZ(α)(s;a,b) is in fact anentire function ofs, but it isnot clear from (3.3)
that Z(1)(s;a,b) is given by the right hand side of equation (3.1). That is, one needs the more
complicated expression (3.2) to see that the family

{

Z(α)(s;a,b)
}

0<α≤1 is a deformation of the
zeta function in [6]. One computes that forRes> 0,

logZ(α)(s;a,b) = −
∞

∑
n=1

sinh
(

2an
α

)

e−(s−1)2an

4nsinh(2an)
[

sinh2
(

an
α

)

+sin2
(

bn
α

)]

= −
∞

∑
n=1

sinh
(

2an
α

)

e−(s−1)2an

2nsinh(2an)
[

cosh
(

2an
α

)

−cos
(

2bn
α

)] . (3.4)
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That is,Z(α)(s;a,b), for Res> 0, is obtained by exponentiating either sum in (3.4) - sums that
appear in [2–4], for certain values of s, but with no zeta function meaning- which (3.4) therefore
provides. Using the second sum in (3.4), for example, one can compute thequantum correction
function S(c)(s;a,b) defined by

S(c)(s;a,b) :=

[

α
∂

∂α
−1

]

logZ(α)(s;a,b).

∣

∣

∣

∣

α=1
. (3.5)

Namely, forRes> 0,

S(c)(s;a,b) =
∞

∑
n=1

e−(s−1)2an

2n[cosh(2an)−cos(2bn)]
·

[

1+2ancoth(2an)−
(

2ansinh(2an)+2bnsin(2bn)
cosh(2an)−cos(2bn)

)]

. (3.6)

At this point, we specialize the choice ofs: s= 1+
√µ for µ > 0.

Theorem 2.
[

α
∂

∂α
−1

]

logZ(α)(1+
√

µ;a,b)

∣

∣

∣

∣

α=1
,

for a,b in (2.3), is the quantum correction to the classical BTZ black hole entropy given in equation
(5.3) of [4].

Theorem 2 follows from formula (3.6) (sinceS(c)(1+
√µ ;a,b) is the sum

∞

∑
n=1

sn in [4]) and it

provides for a zeta function expression of quantum corrected black hole entropy.
Using the parametersσ ,µ > 0, one obtains a solution

Kµ(r, t) :=
r
σ e−

r2
4t −

µt
σ2

(4πt)3/2sinh
(

r
σ
) , (3.7)

wheret > 0, of the heat equation
[

∂
∂ t

−2− (1−µ)

σ

]

Kµ(r, t) = 0, (3.8)

where2 is the Laplacian of the de-Sitter metricds2 =−dT2
1 +dT2

2 +dX2
1 +dX2

2= dr2+σ2sinh2( r
σ )·

[

dλ 2 +sin2(λ )dδ 2
]

in the coordinates(r,λ ,δ ) with T1 = σ cosh
(

r
σ
)

, T2 = σ sinh
(

r
σ
)

sin(λ )cos(δ ),
X1 = σ sinh

(

r
σ
)

cos(λ ), X2 = σ sinh
(

r
σ
)

sin(λ )sin(δ ): −T2
1 +T2

2 +X2
1 +X2

2 = −σ2, and

2 =
∂ 2

∂ r2 +
2coth

(

r
σ
)

σ
∂
∂ r

+
csch2

(

r
σ
)

σ2

∂ 2

∂λ 2

+
cot(λ )csch2

(

r
σ
)

σ2

∂
∂λ

+
csch2

(

r
σ
)

csc(λ )

σ2

∂ 2

∂δ 2 . (3.9)

The heat kernelKB(1) of the regular BTZ black hole can be obtained by "averaging" the heat kernel
Kµ(r, t). In turn, one obtains the heat kernelKB(α) of B(α) in terms ofKB(1) via a Sommerfeld
formula, and one expresses the effective action ofB(α) in terms of the trace ofKB(α); see formula
(4.5) of [4]. By the latter formula and the first sum in (3.4), one sees that the non-divergentpart of
theB(α) effective action coincides, in fact, exactly with the logarithm ofZ(α)(s;a,b) at the point
s= 1+

√µ. Thus a close connection has been indicated between the family
{

Z(α)(s;a,b)
}

0<α≤1
of the zeta functions and BTZ black hole thermodynamics.
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