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I will report on a work done in collaboration with E. Harikumar about duality innoncommu-
tative theories in three dimensions [1]. The generalization of the well knownequivalence between
the Maxwell-Chern-Simons (MCS) theory and the self-dual (SD) model [2] to NC space-time was
investigated in [1]. The master action technique, which was used to establish the equivalence be-
tween these models in commutative space-time, has been adopted in [3] and [4]and these authors
have reached different conclusions regarding the equivalence in theNC setting. In [4], after elim-
inating some of the fields from the master action, the perturbative solution to the field equations
were used and it was argued that the NCMCS theory is equivalent to the NCSD model when the
Chern-Simons (CS) term has a cubic contribution like in the non-Abelian case. In [3], however,
which also used the master action method, it was argued that the NCMCS theoryconstructed by
applying the inverse Seiberg-Witten (SW) map [5], is equivalent to a theorywhere the cubic inter-
action of the vector field is absent in the CS term. A different approach to study the equivalence
has been adopted in [6]. Using an iterative embedding method [7] for the NCSD model, a dual
equivalent theory was constructed to all orders in the NC parameter. Thisdual model differs from
NCMCS theory in the coefficient of the cubic interaction of the CS term and thisbreaks gauge
invariance. In [8], the SW mapped NCMCS theory was argued to be equivalent to a theory where
the effect of noncommutativity appears through a non-covariant term. This term vanishes in the
commutative limit and the SD model is then recovered. It is then imperative, usingalternative ap-
proaches, to reexamine the relation between NCMCS theory and NCSD modelsince the previous
studies are inconclusive. Also, this result has interesting implications for deriving the bosonization
rules for the NC massive Thirring model [3, 4].

Here we will use a procedure which was applied to get a dual description of the sigma model
[9] and was also used recently to show the equivalence between massiveAbelian gauge theories in
3+ 1 dimensions [10]. We first apply the procedure to the partition function of the SW mapped
NCMCS theory to orderθ and derive the dual theory also to orderθ . We then argue that this result
can be extended to all orders inθ . From the dual theory constructed, we show that the equivalence
between the MCS theory and the SD model do not get generalized to the NC setting. In our way
to derive the SW map for the NCMCS theory we found that the presence of amassive coupling
constant turns the map ambiguous. An infinite number of terms can be presentin the map but we
choose the minimal set required by the map.

1. Ambiguity in the Seiberg-Witten Map

The SW map is obtained by requiring that an ordinary gauge transformation on Aµ with param-
eterλ is equivalent to a NC gauge transformation onÂµ with gauge parameter̂λ so that ordinary
gauge fields that are gauge equivalent are mapped into NC gauge fields that are also equivalent. In
four dimension, where it was originally derived, the SW map for the Abelian gauge theory to first
order inθ is given by

Âµ = Aµ −
1
2

θ αβ Aα(2∂β Aµ −∂µAβ ), (1.1)

λ̂ = λ +
1
2

θ αβ ∂αλAβ . (1.2)
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The NC action, when expanded to first order inθ ,

Ŝ= −
1
4

∫

d4x f̂ µν( f̂µν +2θ αβ ∂α Âµ∂β Âν), (1.3)

with f̂µν = ∂µ Âν −∂ν Âµ , gives rise to the SW action

SSW = −
1
4

∫

d4x

[

f 2 +2θ αβ ( f µν fµα fνβ −
1
4

fαβ f 2)

]

. (1.4)

The question we are interested in is the freedom allowed by the SW map. Due to itsnature we can
add to the map (1.1) any gauge invariant term built withθ and derivatives of the gauge field with
the right dimension and the new map will still be a SW map. The question is then how theSW
action will be affected. To answer this question let us note that by adding to the map (1.1) a term
like

δ Âµ = θ αβ Tµαβ , (1.5)

we get a contribution to the action (1.4) like

δ Ŝ= −

∫

d4x θ αβ f µν∂µTναβ . (1.6)

Then if this integral vanishes we will not get any new contribution to the SW action. Since in four
dimensions the gauge field has dimension one the only gauge invariant terms wecan add to the SW
map haveTµαβ of the form∂µ fαβ , ∂α fµβ and∂ ρ fρβ ηαµ . The first term is a gauge transformation
to orderθ [11] and gives no contribution to the SW action. The second one is proportional the first
after applying the Bianchi identity. Finally, the third term gives no contributionto the action since
the integral in (1.6) vanishes. Then the SW map to orderθ is essentially unique in four dimensions.
However, as we shall see, in three dimensions the situation is completely different.

In three dimensions the NCMCS theory is described by the Lagrangian

L̂NCMCS= −
1

4g2 F̂µν ∗ F̂µν +
µ
2

εµνλ Âµ
∗ (F̂νλ +

2i
3

Âν
∗ Âλ ), (1.7)

whereF̂µν = ∂ Âµ − ∂ Âν − i[Âµ , Âν ]∗ while the NCSD model with a compensating Stückelberg
field has a Lagrangian given by

L̂NCSD=
g2

2
( f̂µ − b̂µ)∗ ( f̂ µ

− b̂µ)−
1
2k

εµνλ f̂ µ
∗ (∂ ν f̂ λ

−
2i
3

f̂ ν
∗ f̂ λ ), (1.8)

where b̂µ = iÛ −1
∗ ∂µÛ , Û ∈ U(1). The NCMCS theory is invariant under theU(1) gauge

transformation
Âµ → Û−1

∗ Âµ ∗Û + iÛ−1
∗∂µÛ , (1.9)

while the NC Stückelberg-SD Lagrangian is invariant under

f̂µ → Û−1
∗ f̂µ ∗Û + iÛ−1

∗∂µÛ ,

Û → Û ∗Û . (1.10)

We should remark that for the pure NCCS theory the SW map has the form (1.1) if the CS
coefficientµ is chosen to be dimensionless so that the gauge field has dimension one. The pure
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NCCS theory has the remarkable property that the SW action has no dependence whatsoever inθ
[12].

In the NCMCS theory and NCSD model the situation is rather different since one of the cou-
plings must be dimensionfull and this choice determines the gauge field dimensionality. If we
make the usual choice for the gauge field dimensionality to be one theng2 in the NCMCS theory
has dimension one and we can use the SW map (1.1) to obtain

LSW = −
1

4g2

[

FµνFµν +2θ αβ FαµFβνFµν
−

1
2

θ αβ Fαβ FµνFµν
]

+
µ
4

εµνλ AµFνλ . (1.11)

The fact thatg2 has dimension one means now that the SW map (1.1) has an arbitrariness since
we can add an infinite number of gauge invariant terms, all linear inθ , but with different powers
of derivatives ofFµν . These arbitrary terms in the SW map have the formg6θ αβ Tµαβ where the
g6 factor was chosen so thatTµαβ is a dimensionless function ofFµν and its derivatives times an
appropriate power ofg. We should then ask whether such terms contribute to the SW action (1.11).
We find that their contribution has the form

∫

d3x Fµν(∂µTναβ −µg2εµνρTρ
αβ ). (1.12)

Let us now examine the first terms in the expansion ofTµαβ in powers of 1/g. The leading
terms are

1
g4 εαβρFρ

µ ,
1
g4 εµ[α

ρFβ ]ρ . (1.13)

The first term can be removed by a gauge transformation and a rigid translation while for the second
term (1.12) vanishes so both can be disregarded. The next terms have the form

1
g6 ∂µFαβ ,

1
g6 ∂[αFβ ]µ , (1.14)

and again the first term can be removed by a gauge transformation while the second is proportional
to the first after using the Bianchi identity. Higher order terms, however, can contribute. For
instance, to order 1/g8 we find thatεµαβ F2 gives a non trivial contribution since (1.12) does not
vanish. Its contribution to the SW action (1.11) is

−
1
g4 θ αβ εαβ µF2∂νFµν

−
2µ
g2 θ αβ Fαβ FµνFµν . (1.15)

Notice that we get a contribution of order 1/g2 and the coefficient of such a contribution could be
chosen to cancel the corresponding term in (1.11).

The ambiguity found here is not of the same sort as that found by successive applications of
the SW map [11]. Here it arises because the model has a dimensionfull coupling constant. If we
require the SW map to be universal in the sense that it applies to any gauge theory then such terms
are not present. We will take this point of view from now on.

In [13] the SW map for the NC Stückelberg-Proca theory has been obtained by requiring that
in the unitary gauge it gives the Proca theory. Using the same criterion, the SW map for the NC
Stückelberg-SD model is found to be

f̂µ = fµ −
1
2

θ αβ bα(2∂β fµ −∂µbβ ),

b̂µ = bµ +
1
2

θ αβ ∂αbµbβ , (1.16)
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while the gauge parameter transforms as

α̂ = α −
1
2

θ αβ bα∂β α . (1.17)

Applying the map to (1.8) we obtain the SW mapped action

LSWSD=
∫

d3x
g2

2

[

( fµ −bµ)( f µ
−bµ)+θ αβ ( fµ −bµ)(2bα∂β fµ −bα∂µbβ +∂αbµbβ )

]

−
1
4k

∫

d3xεµνλ f µν f λ
−θ αβ εµνλ

[

f µνbα(2∂β f λ
−∂ µbβ )+

4
3

f µ∂α f ν∂β f λ
]

. (1.18)

2. Equivalence of the MCS theory and the SD model

In order to make the procedure of deriving the dual theory in NC space-time more transparent
and also to set up our notation, we present a brief derivation of the well known equivalence between
the MCS theory and the SD model in commutative space-time. The MCS theory described by the
Lagrangian

LMCS= −
1

4g2FµνFµν +
µ
2

εµνλ Aµ∂ νAλ , (2.1)

is invariant under theU(1) gauge transformationAµ → Aµ + ∂µα while the SD model, whose
Lagrangian is

LSD =
g2

2
fµ f µ

−
1
2k

εµνλ f µ∂ ν f λ , (2.2)

has no such an invariance since thefµ f µ term breaks the symmetry. Their equivalence has been
analyzed using a phase space path integral approach [14] and it was shown that the SD model is
equivalent to a gauge fixed version of MCS theory. Also, this equivalence has been been studied
within the generalized canonical framework of Batalin and Fradkin in [15].It was shown that the
gauge invariant formulation obtained by the Hamiltonian embedding of SD model isequivalent to
theU(1) invariant MCS theory, clarifying the equivalence between both theories inspite of fact
that they have different gauge structures. The procedure employed here also sheds light into this
issue as we shall see.

The MCS theory is also invariant under a global shift of the vector fieldAµ → Aµ + ξµ apart
from theU(1) gauge invariance. We first elevate this global shift symmetry to a local one by
gauging it by an appropriate antisymmetric gauge fieldGµν which transforms asGµν → Gµν +

∂µξν − ∂νξµ . To have the same physical content as our starting MCS theory we then constrain
this gauge field to be non-propagating. This is done by introducing a Lagrange multiplierΦ which
imposes the dual field strength of this gauge field to be flat. The result is

L = −
1

4g2(Fµν −Gµν)(Fµν
−Gµν)+

µ
4

εµνλ Pµ(Fνλ
−Gνλ )−

µ
8

εµνλ Pµ∂ νPλ

+
1
4

εµνλ Gµν∂ λ Φ+
1
4

εµνλ Jµ(Fνλ
−Gνλ ), (2.3)

where we have introduced an auxiliary fieldPµ to linearize the CS term. This field has aU(1) gauge
invariancePµ → Pµ +∂µ χ when the multiplier field transforms asΦ → Φ+µχ andAµ → Aµ . The
last term in the Lagrangian is a sourceJµ coupling to the local shift invariant combination ofAµ
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andGµν . The MCS theory is recovered from the above Lagrangian by eliminating theΦ field using
its equation of motion.

To show the equivalence to the SD model we start from the partition function

Z =
∫

DΦDPµDAµDGµνe−i
∫

d3xL . (2.4)

Integrations overGµν andAµ are Gaussian and can be done trivially leading to

Zdual =
∫

DΦDPµe−i
∫

d3xLe f f . (2.5)

After the redefinitionsµPµ = fµ andΦ = Λ, we get the effective Lagrangian

Le f f =
g2

8
( fµ −∂µΛ)( f µ

−∂ µΛ)−
1

8µ
εµνλ f µ∂ ν f λ +

g2

8
JµJµ +

g2

4
( f µ

−∂ µΛ)Jµ . (2.6)

This theory is invariant under theU(1) gauge transformationfµ → fµ +∂µα when the Stückelberg
field transforms asΛ → Λ + α . We also note that the MCS coupling constantg2 and the Chern-
Simons parameterµ have both appeared as inverse couplings when compared with (2.2). We can
now fix the gauge invariance in (2.6), for instance by choosing the unitarygaugeΛ = 0, to recover
the self-dual model given in (2.2). We thus conclude that theU(1) invariant MCS theory is dual to
theU(1) invariant Stückelberg formulation of self-dual model.

From the partition functions (2.4) and (2.5) we derive the mapping between the n-point corre-
lators for these theories. For the 2-point function, we get

〈

εµνλ Fνλ (x) εαβρFβρ(y)
〉

≡ g4〈

( fµ −∂µΛ)(x) ( fα −∂αΛ)(y)
〉

+g2gµαδ (x−y), (2.7)

leading the identification (up to non-propagating contact terms) between the gauge invariant com-
binations

εµνλ Fνλ
↔ g2( fµ −∂µΛ). (2.8)

This equivalence between SD model and MCS theory has been extended toinclude interaction
with matter [7]. It has been shown that the SD model minimally coupled to chargeddynamical
fermionic and bosonic matter fields is equivalent to a MCS theory non-minimally coupled to matter.
In the weak coupling limit, it was shown in [16] that the non-Abelian MCS theoryis equivalent to
non-Abelian SD model and recently it was shown that, perturbatively, this equivalence exists in all
regimes of the coupling constant [17].

After re-expressing the NCMCS theory (1.7) in terms ofAµ andθ αβ using the SW map (1.1)
we apply the above procedure to construct the corresponding dual theory. Then by comparing this
dual theory with SW mapped NC Stückelberg-SD model, we study the status of their equivalence.
We take up this in the next section.

3. Seiberg-Witten mapped Maxwell-Chern-Simons theory and duality

By applying the SW map (1.1) to the NCMCS Lagrangian (1.7) we get to orderθ

LSW = −
1

4g2

[

FµνFµν +2θ αβ FαµFβνFµν
−

1
2

θ αβ Fαβ FµνFµν
]

+
µ
4

εµνλ PµFνλ
−

µ
8

εµνλ Pµ∂ νPλ , (3.1)
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where an auxiliary fieldPµ was introduced to linearize the CS term. We have also used the fact
that the NCCS term gets mapped to the usual commutative CS term by the SW map [12]. After
rewriting the above Lagrangian using auxiliary fieldsBµν andCµν as

LSW = −
1

4g2CµνBµν
−

µ
8

εµνλ Pµ∂ νPλ +
µ
4

εµνλ PµFνλ

−
1

4g2

[

FµνFµν +2θ αβCαµCβνFµν
−

1
2

θ αβCαβCµνFµν
−BµνFµν

]

, (3.2)

we can now gauge the shift invariance ofAµ field as in the commutative case. Due to the introduc-
tion of Bµν andCµν we see thatGµν will appear quadratically and this will simplify the calculation
considerably. So, we introduce a gauge fieldGµν to promote the global shift invariance ofAµ to a
local one. We then get

LSW = −
1

4g2CµνBµν
−

µ
2·4

εµνλ Pµ∂ νPλ +
µ
4

εµνλ Pµ(Fνλ
−Gνλ )−

1
4

εµνλ Gµν∂ λ Φ

−
1

4g2

[

(Fµν −Gµν)+(2θ αβCαµCβν −
1
2

θ αβCαβCµν)−Bµν

]

(Fµν
−Gµν). (3.3)

Starting with the partition function

Z =
∫

DPµDΦDCµνDBµνDAµDGµνe−i
∫

dxLSW, (3.4)

we can integrate overGµν , Aµ andBµν to get the partition function corresponding to the effective
Lagrangian

Le f f = −
µ
8

εµνλ Pµ∂ νPλ
−

1
4g2CµνCµν +

1
4

εµνλCµν(µPλ
−∂ λ Φ)

−
1

4g2Cµν
[

2θ αβCαµCβν −
1
2

θ αβCαβCµν

]

. (3.5)

We have neglected higher order terms inθ in performing the Gaussian integrals. It is easy to see
that in the commutative limit we get (2.2) whenCµν is eliminated by using its field equation and
settingΦ = 0.

In the NC caseCµν can be eliminated perturbatively inθ . We then get

Ldual =
g2

8
( fµ −∂µΛ)( f µ

−∂ µΛ)+
g4

32
θ αβ εαβλ ( f λ

−∂ λ Λ)( f µ
−∂ µΛ)( fµ −∂µΛ)

−
1

8µ
εµνλ f µ∂ ν f λ , (3.6)

where we have identifiedµPµ = fµ andΦ = Λ. As in the commutative case the strong coupling
limit of the original theory gets mapped into the weak coupling limit of the dual. It is easy to see
that in the limit of vanishingθ the above Lagrangian (in the unitary gauge whereΛ = 0) correctly
reproduces the SD Lagrangian (2.2).

It is interesting to note that the explicit form of the orderθ term in theCµν field equation is not
need at all to find the above Lagrangian. This happens because there are nice cancellations and it is

7
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easy to be convinced that to obtain the dual Lagrangian ton-th order inθ we need the perturbative
solution forCµν only to order(n−1).

We can couple a source termεµνλ FµνJλ to the Lagrangian (3.1) and this leads to the map
between the 2-point functions

〈

εµνλ Fνλ (x) εαβρFβρ(y)
〉

≡ g4
〈

f̃µ(x) f̃ (y)
〉

+g2gµαδ (x−y)

+ g8

64

〈

θ̄µ f̃ ν f̃ν +2θ̄ν f̃ ν f̃µ θ̄α f̃ β f̃β +2θ̄β f̃ β f̃α
〉

+g4(θ̄µ f̃α + θ̄α f̃µ + θ̄β f̃β gµα), (3.7)

whereθ̄µ = εµνλ θ νλ and f̃µ = fµ −∂µΛ. In the limit θ → 0 we recover the map obtained in (2.7).

Here we note that all theθ dependence of the SW mapped NCMCS theory comes from the
Maxwell term alone as the NCCS term gets mapped to usual commutative CS term. Since it is
possible to express the SW mapped Maxwell action to all orders inθ in terms of the commutative
field strengthFµν andθ alone [18](an exact closed form for the SW mapped Maxwell action is
given in [19]), it is easy to convince from (3.1) and (3.3) that the procedure adopted here can be
used to construct the dual theory to all orders inθ using a perturbative solution for theCµν field
equation.

One important point to note is that the theory described by the Lagrangian (3.6), which is
equivalent to the SW mapped NCMCS theory, isnot the same as the SW mapped action for NCSD
model (1.18). This clearly shows that the SW mapped theories are not equivalent.

4. Conclusion

In this paper we have constructed and studied the dual description of the NCMCS theory and
investigated the status of the equivalence between this theory and SD model. Wehave derived
the dual theory starting from the SW mapped NCMCS Lagrangian which is given in terms of
commutative fields and the NC parameter. The equivalence was obtained at the level of partition
functions and it allowed us to get the mapping between the n-point correlatorsof both theories. We
have shown that the dual theory does not coincide with the SW mapped NC Stückelberg-SD theory.
However, in the commutative limit, we recover the well known equivalence between them. We have
also shown that the the two-point correlators map reduces to the one obtainedin the commutative
case in this limit. We have argued that this result can be extended to all ordersin θ due to the
structure of the SW mapped NCMCS Lagrangian. We have also verified thateven after accounting
for the ambiguous terms in the SW map, the dual theory and SW mapped NC Stückelberg-SD
model are not equivalent.

Hence, we have shown that the equivalence between the MCS theory andthe SD model in
commutative space-time does not survive in the NC case. In this respect weare in agreement
with the results obtained earlier in [3] and [6] where it was argued that these NC theories are not
equivalent. But unlike the NCCS term used in [3], we have used the standard NCU(1) invariant
CS term with a cubic interaction as in [6] and [4]. The non-equivalence between the NCSD model
and NCMCS theory shown here will come as an obstacle in generalizing the bosonization of the
commutative Thirring model to NC space-time as was pointed out in [3, 6].
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