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The AdS/CFT correspondence is an exact duality between string theory in anti-de Sitter space
and conformal field theories on its boundary. Inspired in this correspondence some relations
between strings and non conformal field theories have been found. Exact dualities in the non
conformal case are intricate but approximations can reproduce important physical results. A
simple approximation consists in taking just a slice of the AdS space with a size that can be
related to the QCD energy scale. Here we will discuss how this approach can be used to obtain
the scaling of high energy QCD scattering amplitudes, glueball masses and Regge trajectories,
and the potential energy for a quark anti-quark pair. This set up is modified to include finite
temperature effects and obtain a deconfining phase trasition.
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The AdS/CFT correspondence is a duality between the large N limit of SU (N) superconformal field theories and string theory in a higher dimensional anti-de Sitter spacetime [1]. In this
correspondence the AdS space shows up both as a near horizon geometry of a set of coincident
D-branes. Precise prescriptions for the realization of the AdS/CFT correspondence were formulated in [2, 3]. In this correspondence, bulk fields act as classical sources for boundary correlation
functions [4]− [7]. One of the striking features [3] of this correspondence is that it is a realization
of the holographic principle [8]− [12]: “The degrees of freedom of a quantum theory with gravity
can be mapped on the corresponding boundary".
String theory was originally proposed as a model for strong interactions with the successful
results of Veneziano amplitude in the Regge regime [13]− [15]. However this model was unable to
reproduce the experimental results for hard and deep inelastic scatterings. These behaviours were
latter explained by QCD which is today the accepted theory to describe strong interactions. Despite
of its success in high energies, QCD is non perturbative in the low energy regime, where one needs
involved lattice calculations. In fact QCD and strings may be viewed as complementary theories.
This was first discovered by ’t Hooft in the work [16] where he found a relation between large N
SU (N) gauge theories and strings [17].
One of the long standing puzzles for the string description of strong interactions was the high
energy scattering at fixed angles. For string theory in flat space such a process is soft: The amplitudes decay exponentially with energy [18] while both experimental data and QCD theoretical
predictions [19, 20] indicate a hard behavior (amplitudes decaying with a power of energy. A recent
solution for this puzzle was proposed by Polchinski and Strassler [21], inspired by the AdS/CFT
correspondence, considering strings in a 10 dimensional space which assimptotically tends to an
AdS5 times a compact space. This space is considered as an approximation for the space dual
to a confining gauge theory which can be associated with QCD. An energy scale was introduced
and identified with the lightest glueball mass. Then they found the glueball high energy scattering amplitude at fixed angles (with the correct QCD scaling) integrating the string amplitude over
the warped AdS extra dimension weighted by the dilaton wave function. Other approaches to this
problem have also been discussed in [22]− [25].
The first proposal to deform the AdS/CFT correspondence to describe strong interactions is
due to Witten [26]. In this work, inspired by Hawking and Page [27], he suggests that the AdS
space can acommodate a black hole (the AdS Schwarzschild space) and the horizon radius defines
an energy scale which can be associated with the QCD mass gap. Following this proposal some
authors have calculated Glueball masses in this space [28]-[34]. Other gauge/string dualities were
discussed in [35]-[38].
Using the infrared cutoff proposed by Polschinski and Strassler we have calculated Glueball
masses in an AdS slice from the zeros of Bessel functions [39, 40]. This approach was later
extended to higher spin states and applied to calculate masses of light barions and mesons [41].
This description of higher spin states was then applied to obtain the Regge trajectories of Glueballs
[42], which showed to be consistent with the soft Pomeron trajactory.
Antoher successful application of the AdS/CFT correspondence is the calculation of Wilson
loops. Using this duality one can identify the worldsheet area with the Wilson loop area of the
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correspponding gauge theory. Then, for static strings one finds the corresponding energy configuration. This idea has been implemented independently by Rey and Yee [43], and Maldacena [44].
It was later generalized to others spaces [45]. We have considered the calculation of Wilson loops
in a AdS slice [46] finding the well known Cornell potential [47]-[49] for a heavy quark anti-quark
pair. This calculation was extended to finite temperature showing a deconfining phase trasition
[50].
In this article we are going to review these recent results regarding approximate stringy descriptions of strong interactions.

Let us start by briefly reviewing some early results on strong interactions which lead to the
proposal of string theory. These results date back to the decade of 1960. The first is the experimental observation, in hadronic scattering, of an apparently infinite tower of resonances with mass and
angular momenta related by
J ∼ m2 α 0
(2.1)
where α 0 ∼ 1 (GeV)−2 is the Regge slope.
Another important fact is that the properties of hadronic scattering in the so called Regge
regime are nicely described by the amplitude postulated by Veneziano (in terms of Mandelstan
variables (s,t, u))
Γ(−α (s)) Γ(−α (t))
A(s,t) =
(2.2)
Γ(−α (s) − α (t))
where Γ(z) is the Euler gamma function and α (s) = α (0) + α 0 s.
A strong motivation for relating hadrons to strings is the fact that these two results of eqs.
(2.1) and (2.2) can be reproduced from a relativistic bosonic string [18, 51]. After quantization,
one finds that the spectrum of excitations shows up in representations satisfying eq. (2.1). The
string scattering amplitudes also reproduce the Veneziano result eq. (2.2).
On the other hand, some problems concerning a possible string description of hadronic physics
have been a challenge for physicists for a long time. One of them is the behavior of the scattering
amplitudes at high energy. If one considers the Regge limit, corresponding to s → ∞ , with fixed
t : the Veneziano amplitude behaves as
A ∼ sα (t) ,
(2.3)
in agreement with experimental results. Actually this was one of the inputs for building up the
Veneziano amplitude. However considering high energy scattering at fixed angles that correspond
to the limit s → ∞ with s/t fixed the amplitude behaves as (soft scattering)
AVen. ∼ exp { −α 0 s f (θ ) }

(2.4)

while experimental results for hadrons show a hard scattering behavior
Aexp. ∼ s(4−∆)/2 ,
that is reproduced from QCD [19, 20].
3
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2. Strings and Hard Scattering
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with 0 ≤ z ≤ zmax ∼ 1/µ where µ is an energy scale chosen as the mass of the lightest glueball.
We used a mapping between Fock spaces of a scalar field in AdS space and operators on the four
dimensional boundary, defined in [52]. Considering a scattering of two particles into m particles
one finds a relation between bulk and boundary scattering amplitudes [22]
 √α 0 m+2
SBulk ∼ SBound.
K (m+2)(1+d)
(2.7)
µ
where d is the scaling dimension of the boundary operators and K is the boundary momentum
scale. This leads to the scaling of the amplitude
ABoundary ∼ s(4−∆)/2 ,

(2.8)

where ∆ = (m + 2)d is the total dimension of scattered particles. This reproduces the QCD scaling
of eq. (2.5). For some other results concerning QCD scattering properties from string theory see
also [53]-[56].

3. Scalar glueball masses
Using the phenomenological approach of introducing an energy scale by considering an AdS
slice we found estimates for scalar glueball mass ratios [39, 40]. In the AdS 5 slice we considered
dilaton fields satisfying Dirichlet boundary conditions at z = zmax
Φ(z,~x,t) =

∞

∑

p=1

Z

z2 J2 (u p z)
d3k
(2π )3 zmax w p (~k) J3 (u p zmax )

~
~
× {a p (~k) e−iw p (k)t+ik·~x + h.c.} ,

where w p (~k) =

q

u2p + ~k2 ,

χ2 , p
,
(3.1)
zmax
is the momentum associated with the z direction and χ2 , p are the zeroes of the Bessel functions:
J2 (χ2 , p ) = 0 .
On the boundary (z = 0) we considered scalar glueball states J PC = 0++ and their excitations 0++∗ , 0++∗∗ with masses µ p , p = 1, 2, .... Assuming an approximate gauge/string duality the
glueball masses are taken as proportional to the dilaton discrete modes:
up
= const.
µp
up =

4
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Recently Polchinski and Strassler [21] introduced an infrared cut off in the AdS space and
reproduced the hard scattering behavior of strong interactions at fixed angles from string theory.
Inspired by the AdS/CFT correspondence they assumed a duality between gauge theory glueballs
and string theory dilatons in an AdS slice and found the QCD scaling.
This scaling was also obtained in [22] from a mapping between quantum states in AdS space
and its boundary found in [52]. We considered an AdS slice as approximately dual to a confining
gauge theory. The slice corresponds to the metric

R2 
ds2 = 2 dz2 + (d~x)2 − dt 2 ,
(2.6)
(z)
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So, the ratios of glueball masses are related to zeros of the Bessel functions

µp
χ2 , p
=
.
µ1
χ2 , 1
Note that these ratios are independent of the size of the slice zmax . Our estimates compared with
SU (3) lattice [57, 58] and AdS-Schwarzschild [28] (in GeV) are shown in Table 1.
lattice, N = 3
1.61 ± 0.15
2.8
-

AdS-BH
1.61
2.38
3.11
3.82
4.52
5.21

AdS slice
1.61
2.64
3.64
4.64
5.63
6.62

Table 1: Four dimensional glueball masses in GeV with Dirichlet boundary conditions. The value 1.61 of
the third and fourth columns is an input taken from lattice results.

3d State
0++
0++∗
0++∗∗
0++∗∗∗
0++∗∗∗∗
0++∗∗∗∗∗

lattice, N = 3
4.329 ± 0.041
6.52 ± 0.09
8.23 ± 0.17
-

lattice, N → ∞
4.065 ± 0.055
6.18 ± 0.13
7.99 ± 0.22
-

AdS-BH
4.07
7.02
9.92
12.80
15.67
18.54

AdS slice
4.07
7.00
9.88
12.74
15.60
18.45

Table 2: Three dimensional glueball masses in units of string tension with Dirichlet boundary conditions.
The value 4.07 is an input from lattice.

A similar approach was used also for glueball masses in QCD 3 , taken as dual to scalar fields
is AdS4 . In this case the Bessel functions are J3/2 and the mass ratios take the form

χ3/2 , p
µp
=
.
µ1
χ3/2 , 1

(3.2)

Our results for QCD 3 are shown in Table 2, again compared with lattice [57, 58] and AdS-Schwarzschild
[28] results. For some other results concerning glueball masses using gauge/string dualities see for
instance [59]-[62].

4. Higher spin states and Regge trajectories
Recently, very interesting results for the hadronic spectrum were obtained by Teramond and
Brodsky [41] considering scalar, vector and fermionic fields in a sliced AdS5 × S5 space. It was
proposed that massive bulk states corresponding to fluctuations about the AdS5 metric are dual to
QCD states with angular momenta (spin) on the four dimensional boundary. This way the spectrum
5
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4d State
0++
0++∗
0++∗∗
0++∗∗∗
0++∗∗∗∗
0++∗∗∗∗∗
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Dirichlet
glueballs
0++
2++
4++
6++
8++
10++

lightest
state
1.63
2.41
3.15
3.88
4.59
5.30
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1st excited
state
2.67
3.51
4.31
5.85
5.85
6.60

2nd excited
state
3.69
4.56
5.40
6.21
7.00
7.77

Neumann
glueballs
0++
2++
4++
6++
8++
10++

lightest
state
1.63
2.54
3.45
4.34
5.23
6.12

1st excited
state
2.98
4.06
5.09
6.09
7.08
8.05

2nd excited
state
4.33
5.47
6.56
7.62
8.66
9.68

Table 4: Higher spin glueball masses in GeV with Neumann boundary condition. The value 1.63 is an input
from lattice.

of light baryons and mesons has been reproduced from a holographic dual to QCD inspired in the
AdS/CFT correspondence.
We used a similar approach to estimate masses of glueball states with different spins [42]. The
motivation was to compare the glueball Regge trajectories with the pomeron trajectories. For soft
pomerons [63] experimental results show that
J ≈ 1.08 + 0.25 M 2 ,

(4.1)

where M is the mass of the state in GeV. It is conjectured that the soft pomerons may be related to
glueballs. Recent lattice results are consistent with this interpretation [64].
We assumed that massive scalars in the AdS slice with mass µ are dual to boundary gauge
theory states with spin J related by:
(µ R)2 = J(J + 4) .

(4.2)

We considered both Dirichlet and Neumann boundary conditions and the results for the four
dimensional glueball masses with even spin are shown in tables 3 and 4 respectively.
We found non linear relations between spin and mass squared. Considering a linear fit representing Regge trajectories
J = α0 + α 0 M 2 ,
(4.3)
we found for Neumann boundary conditions and the states J ++ with J = 2, 4, ..., 10

α 0 = ( 0.26 ± 0.02 )GeV −2

;
6

α0 = 0.80 ± 0.40,

(4.4)
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Table 3: Higher spin glueball masses in GeV with Dirichlet boundary condition. The value 1.63 is an input
from lattice.
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as shown in Figure 1.
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Figure 1: Spin versus mass squared for the lightest glueball states with Neumann boundary conditions from
table 4. The line corresponds to the linear fit.
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Figure 2: Spin versus mass squared for the lightest glueball states with Dirichlet boundary conditions from
table 3. The line corresponds to the linear fit.

For Dirichlet boundary conditions, taking the states J ++ with J = 2, 4, ..., 10 we found

α 0 = ( 0.36 ± 0.02) GeV −2

;

α0 = 0.32 ± 0.36,

(4.5)

as shown in Figure 2.
So, Neumann boundary conditions give a glueball trajectory consistent with that of pomerons,
eq. (4.1). These kind of boundary conditions appear in the Randall Sundrum model [65] as a
consequence of the orbifold condition.
7

PoS(IC2006)035

4

AdS/CFT Correspondence and Strong Interactions

Henrique Boschi-Filho

5. Wilson loops and quark anti-quark potential

ECornell (L) = −

4a
+ σ L + constant ,
3L

(5.1)

where a = 0.39 and σ = 0.182 GeV2 [47]-[49].
The metric (2.6) of the AdS space can be rewritten as
ds2 =

 r2 
R2

(−dt 2 + d~x2 ) +

 R2 
r2

dr2 ,

(5.2)

where r = R2 /z. We have calculated the energy of a static string in an AdS slice defined by
r2 ≤ r ≤ r1 . The quark anti-quark pair (string endpoints) is located at r = r1 , separated by a four
dimensional (x coordinates) distance L and there is an infrared cut off in the space at r = r2 . From
now on we choose r2 = R. Note that there are two kinds of geodesics, as shown in figure 3,
depending on the value of L. For small quark separation L ≤ Lcrit the geodesics are curves (like
curve a ) with one minimum value of the coordinate r = r0 which is related to L by
2R2
I1 (r1 /r0 )
r0

L(r0 ) =

(5.3)

where I1 (ξ ) is the elliptic integral
I1 (ξ ) =

Z ξ
1

dρ
p
.
ρ2 ρ4 − 1

(5.4)

The critical value corresponds to Lcrit = L(r0 = R) as in curve b of figure 3.
The energy for L ≤ Lcrit can be calculated as
E (−) =

i
2R2 I1 (r1 /r0 ) h
(r
/r
)
−
1
.
I
2
1
0
πα 0
L

(5.5)

where 1/2πα 0 is the string tension and we have subtracted the constant r1 /πα 0 in such a way that
the energy is finite even in the limit r1 → ∞. The integral I2 is
I2 (ξ ) =

Z ξ h
1

p

i
ρ2
− 1 dρ .
ρ4 − 1

For L > Lcrit , the geodesics reach the infrared brane as shown in curve c of figure 3.
8
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Wilson loops are an important tool to discuss confinement in gauge theories since they show
the behaviour of the energy associated with a given field configuration. In the AdS/CFT correspondence Wilson loops for a heavy quark anti-quark pair in the gauge theory can be calculated from
a static string in the AdS space [43, 44]. The corresponding energy is a non confining Coulomb
potential as expected for a conformal theory. For an excellent review and extension to other metrics see [45]. We calculated Wilson loops for a quark anti-quark pair in D3-brane space finding
different behaviors, with respect to confinement, depending on the quark position [66].
Here, we are going to review [46] that the Wilson loop calculated in an AdS slice leads to the
heavy quark anti-quark Cornell potential:
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x
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-
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•

r = r2
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Figure 3: Schematic representation of geodesics in the AdS slice.

The energy can be calculated again subtracting the constant r1 /πα 0 , associated with the quark
masses. We obtain
i
R h
1
E (+) =
I
(r
/R)
−
1
+
(L − Lcrit )
2
1
πα 0 h
2πα 0 i
R
1
=
I2 (r1 /R) − I1 (r1 /R) − 1 +
L,
(5.7)
πα 0
2πα 0
where we have used the definition of L, eq. (5.3), with the identification that at L = Lcrit one has
r0 = r2 = R. Taking the limit r1 → ∞ , we find a potential which is approximately Coulombian for
small L and has a leading linear confining behaviour for large distances
E (+) ∼

1
L.
2πα 0

(5.8)

The identification of the static string energy with the Cornell potential (5.1) leads to
a=

3C12 R2
1
; σ =
2πα 0
2πα 0

(5.9)

√
with C1 = 2π 3/2 /[Γ(1/4)]2 . So, for the particular choice r2 = R, we find an effective AdS radius
R = 1.4 GeV−1 . Then the energies take the forms
4a
;
3r
L
aσ
= −4
+ σL ;
3

E (−) = −

L ≤ Lcrit

(5.10)

E (+)

L ≥ Lcrit

(5.11)

The shape of this potential energy is very close to the Cornell potential for r1 → ∞, as shown in
figure 4.
9
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6. Quark anti-quark potential at finite temperature
A gauge/string duality involving a gauge theory at finite temperature was proposed by Witten
in [26] inspired by the work of Hawking and Page [27]. In this approach, for high temperatures, the
AdS space accommodates a Schwarzschild black hole and the horizon radius is proportional to the
temperature. For low temperatures the dual space would be an AdS space with compactified time
dimension, known as thermal AdS. The gauge string duality using the AdS Schwarzschild space
has recently been applied to obtain the viscosity of a quark gluon plasma [67, 68].
An AdS Schwarzschild black hole metric was considered in [50] as a phenomenological model
for a space dual to a theory with both mass scale and finite temperature. The corresponding metric
is
 r2 
 R2  1
2
2
ds2 =
(−
f
(r)
dt
+
d~
x
)
+
(6.1)
dr2 + R2 d 2 Ω5 ,
R2
r2 f (r)
where r2 ≤ r < ∞ , f (r) = 1 − rT4 /r4 and the Hawking temperature T is related to the horizon
radius by rT = π R2 T . At zero temperature this space becomes an Anti-de Sitter (AdS) slice. The
problem of static strings in a space with metric (6.1), without any cut off, was discussed in detail
in [69, 70].
Calculating the energy of static strings in this space we found a deconfinement phase transition
at a critical temperature TC . This transition shows up because, depending on the horizon radius
(temperature) relative to the cut off position r2 , we have different behaviors for the energy. If rT ≥ r2
the string will not be affected by the presence of the brane since it does not cross the horizon. So the
energy will be that described in ref. [69, 70] and there will be no confinement. If rT < r2 the energy
10
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Figure 4: Energy in GeV as a function of string end-points separation L in GeV−1 , for AdS slices with
r1 = nR and r2 = R . For n → ∞ the energy behaves as the Cornell potential.
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for large quark anti-quark distance L will grow up linearly with L with a temperature dependent
coefficient and the quarks are confined. The critical temperature TC corresponds to rT = r2 .
As in the zero temperature case we choose r2 = R from now on. We show in figure 5 the
energies obtained in [50] for temperatures T = 0, T = 0.8TC , T = TC and T = 2TC . This figure
illustrates the fact that in our model the energy of static strings associated with the quark anti-quark
potential present a confining behavior for temperatures below TC = 1/ π R . In this case there is a
linear term in the energy, for large quark distances L given by E ∼ σ (T ) L with
1
σ (T ) =
2πα 0

q

1 − (π RT )4

(T < TC ).

(6.2)

At zero temperature this coefficient is identified with the string tension of the Cornell potential
1/(2πα 0 ) = 0.182 Gev2 . For temperatures T ≥ TC there is no confinement since the energy is
finite when L → ∞. Choosing the brane position to have the value R = 1.4 GeV−1 as in the zero
temperature case [46] we find a critical temperature TC ∼ 230MeV .
Our results agree with lattice calculations for QCD [71]-[74] only for high temperatures. The
results from fluctuations of strings in flat space at finite temperature [75] and from lattice calculations [76] imply corrections to the string tension of order − T 2 at low temperatures, while our
model predicts corrections of order − T 4 , as can be seen from eq. (6.2). There is also a very
recent result by Herzog [77] which indicates that the dual space for temperatures below TC should
be indeed the thermal AdS.
If we had considered the thermal AdS metric for low temperatures, instead of the AdS Schwarzschild black hole metric, we would get no thermal corrections to the string tension. It would be
interesting to find a holographic phenomenological model that gives the expected low temperature
corrections. Let us mention the recent articles [78] and [79] that also discuss thermal effects in
the gauge/string duality context. For a very recent review of thermal properties of QCD related to
11

PoS(IC2006)035

Figure 5: Energy as a function of string end-point separation for different temperatures.
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the quark-gluon plasma and RHIC experiment see [80]. For other interesting results concerning
gauge/string duality and QCD see for instance [81]-[89].
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