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In this talk we are going to review a method to construct the thermal boundary states of the thermal
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the BPS D-branes of the type II GS superstrings. The supersymmetry breaking and the thermal
partition function of the thermal string are calculated.
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1. Introduction

The structure of the paper is as follows. In Section 2 we are going to review the construction
of the BPS D-branes of the type II superstring. In Section 3 we apply the TFD to the superstring
and obtain the thermal string. In Section 4 we construct the thermal boundary states of the thermal
string. The Section 5 is devoted to discussions. The present report reviews the results communicated in [15].

2. Type II D-Branes in the Light-Cone Gauge
The main advantage of the GS formulation of the type II superstrings is that it displays the
space-time supersymmetry at both classical and quantum level. However, the quantization is simple
only in the light-cone gauge in which it coincides with the RNS quantization. The light-cone gauge
action is given by the following relation [18]
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(2.1)

where SAa = S†Bb (Γ0 )ba (ρ 0 )BA represents the conjugation of a spinor in two and eight dimensions
and A; B = 1; 2. By ρ α ’s we denote the complex Dirac matrices in two dimensions while Γµ ’s are
the 32  32 imaginary Dirac matrices of the spinor representation of SO(1; 9) and γ I ’s stand for the
16  16 real symmetric Dirac matrices of the spinor representation of SO(8).
The action (2.1) has two supersymmetries. In the type IIA superstring, the supercharges that
generate the supersymmetries can be written as two inequivalent spinors Qa and Qȧ from 8s and
2
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The representation of the D-branes as boundary states of the perturbative string is a powerful
technique in the investigation of the geometrical and physical properties of the D-branes. In particular, it has been shown recently in [1, 2, 3, 4, 5, 6] that this framework can be used to give a
microscopic description of the statistical properties of the bosonic D-branes. Since the D-branes
are constructed out of states from the Fock space of the closed bosonic string, it is natural to approach the problem within the Thermo Field Dynamics (TFD) formalism which can be formulated
in the canonical quantization [7]. The TFD was applied previously to the string theory, e. g. in
[8, 9]. More recent results were obtained in [10, 11, 12]. It deserves to emphasize two recent results
from [13] where the equivalence between the Matsubara and the TFD formalisms was proved and
[14] where the extension of the formalism to the superstring in the pp-background was done. (For
more references on the application of the TFD to strings and D-branes see [15] and the references
therein.) The aim of this paper is to report on the generalization of the method from [1] to construct
the thermal D-branes obtained from the BPS D-branes of the GS type II superstring. The D-branes
of the GS superstring at zero temperature were obtained for the first time in [16, 17]. As the RNS
D-branes, they display the structure of coherent boundary states, and thus their are suited to the
TFD analysis.
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8c , respectively, given by the following relations
Z σ
Zσ
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ȧ
I
Q =p
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d σ S (σ ) ; Q = p
d σ γȧb
2p+ 0
π p+ 0

(2.2)

Similar relations hold for the right-moving supercharges. In the type IIB theory the two supercharges belong to the same representation.

Qa = (Qa  iMab Q̄b ) ; Qȧ = (Qȧ  iMȧḃ Q̄ḃ ):

(2.3)

By quantization, the charges Qa and Qȧ become operators that act on the Hilbert space of the
superstring. The breaking of half of supersymmetries can be written as constraints on the Hilbert
space [17]
(∂ X

MJI ∂ X J )jBi = 0;

I

Q+a jBi = Q+ȧ jBi = 0:

(2.4)

The matrices MJI , Mab and Mȧḃ depend on the background fields and on the boundary conditions on
the bosonic fields.
As shown for the first time in [16], the type II superstring has D-branes boundary states in the
light-cone gauge of the form [17]

jBi = exp ∑



J†
MIJ aI†
n ān

iMab Sna† S̄nb†

n>0



jB0i

(2.5)

;

jB0i = (MIJ jI ijJ i + iMȧḃjȧijḃi)

(2.6)

:

Here, we have used the Fourier expansion of the superstring fields in the normalized form. The superstring states from (2.6) are obtained by acting with the bosonic and fermionic creation operators
on the degenerate massless ground state.

3. Thermalization of the GS Superstring
The type II superstring can be heated by putting it in contact with a thermal reservoir. According to the TFD prescription [7] each string oscillator will interact with the corresponding degree of
freedom of the reservoir and the result is the thermalized string. The particularities of superstring
theory in the TFD framework are: the degenerate massless background at T = 0 and the constraints
from the Virasoro algebra. Therefore, the TFD ansatz [7] should be modified to [12, 15]

hOi = Z (βT )

1

h

βT H

Tr δ (P = 0)e
3

i
O

 hh0(βT )jOj0(βT )ii

;

(3.1)
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The BPS Dp-branes are defined by imposing I = 1; 2; : : : ; p + 1 Neumann boundary conditions
and I = p + 2; : : : ; 8 Dirichlet boundary conditions on the superstring equations of motion and
requiring that half of the supersymmetries of the theory be preserved. For definites, let us choose
the type IIB superstring theory and define the following linear combinations of supercharges
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for any observable O. In the above relation the delta function implements the level matching condition in the trace over the Hilbert space of the string theory in order to pick up just the contributions
from the physical subspace. The ansatz (3.1) defines the thermal vacuum j0(βT )ii as a vector from
the tensor product of the superstring physical Hilbert space with an identical copy of it denoted by
˜. Its explicit form is given by the following relation

j0(βT )ii = e iGj0ii j0ii = j0ij0̃i
;

(3.2)

;

∞
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;
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∞

∑ (GFn + ḠFn )

=

;

(3.3)

n=1

and GB and GF denote the sums of bosonic and fermionic Bogoliubov operators, respectively,
GBn
ḠBn
GFn
ḠB
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(3.7)
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There is no TFD prescription for the thermalization of zero mode operators from the fermionic
a
sectors. However, S0a , S̄0a , S̃0a and S̄˜ 0 are isomorphic to the Dirac matrices. Therefore, we consider
them inert under the thermalization. Note that these operators are important for constructing the
thermal states from the thermal vacuum in analogy with zero temperature case. In contrast with
the T = 0 situation, the thermal vacuum does not have zero mass. Indeed, since the mass is an
eigenvalue of zero temperature mass operator not finite temperature mass operator, the Bogoliubov
operator creates massive states from the zero temperature vacuum.
An useful form for calculations of the Bogoliubov operator of a single oscillator is the linear
form. In the case of superstrings, the Bogoliubov transformations of the superstring oscillators act
linearly on the oscillator operators as follows
aIn
aI†
n
ãIn
ãI†
n
āIn
āI†
n

! aIn(βT ) = aIn cosh θnB I (βT )
! aI†n (βT ) = aI†n cosh θnB I (βT )
! ãIn(βT ) = ãIn cosh θnB I (βT )
! ãI†n (βT ) = ãI†n cosh θnB I (βT )
! āIn(βT ) = āIn cosh θ̄nB I (βT )
! āI†n (βT ) = āI†n cosh θ̄nB I (βT )
;

;

;

;

;

;

4

BI
ãI†
n sinh θn (βT );
;

ãIn sinh θnB I (βT );
;

(3.8)
(3.9)

B;I
aI†
n sinh θn (βT );

(3.10)

aIn sinh θnB I (β );

(3.11)

BI
ā˜ I†
n sinh θ̄n (βT );

(3.12)

;

;

I
ā˜ n sinh θ̄nB I (βT );
;

(3.13)
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where G is the Bogoliubov operator of all superstring oscillator modes [7]
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ā˜ In
ā˜ I†
n
Sna
Sna†
S̃na
S̃na†
S̄na†
a
S̄˜

n
˜S̄a†
n

! ā˜ In(βT ) = ā˜ In cosh θ̄nB I (βT ) āI†n sinh θ̄nB I (βT )
! ā˜ I†n (βT ) = ãI†n cosh θ̄nB I (βT ) āIn sinh θ̄nB I (βT )
! Sna(βT ) = Sna cos θnF a (βT ) S̃na† sin θnF a (βT )
! Sna†(βT ) = Sna† cos θnF a (βT ) S̃na sin θnF a (βT )
! S̃na(βT ) = S̃na cos θnF a (βT ) + Sna† sin θnF a (βT )
! S̃na†(βT ) = S̃na† cos θnF a (βT ) + S̃na sin θnF a (βT )
! S̄na(βT ) = S̄na cos θ̄nF a (βT ) S̄˜ a†n sin θ̄nF a (βT )
! S̄na†(βT ) = S̄na† cos θ̄nF a (βT ) S̄˜ an sin θ̄nF a (βT )
! S̄˜ an(βT ) = S̃na cos θ̄nF a (βT ) + S̄na† sin θ̄nF a (βT )
! S̄˜ a†n (βT ) = S̄˜ a†n cos θ̄nF a (βT ) + S̄˜ an sin θ̄nF a (βT )
;

;

;

;
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;

(3.14)

;

(3.22)

;

;

(3.23)

:

Here, θnB I (βT ) and θnF a (βT ) are factors that depend on the temperature through βT = (kB T ) 1 and
on the n-th oscillator frequency ωn . Therefore, these factors will differ only for different oscillators
n, but once n is given, they are the same in all spacetime directions I = 1; : : : ; 8 and for all spinor
components a = 1; : : : ; 8, respectively. Thus, the I and a indices can be dropped. Also, since the
left-moving and right-moving oscillators of the same n should be identical by symmetry between
the left-moving and right-moving modes of the closed superstring, the θn -factors should be the
same in both left-moving and right-moving sectors and ¯ can be dropped, too. The form of θ ’s is
given by the following relations [7]
;

;

θnB (βT ) = arccosh(1

e

βT ωnB

)

1
2 ;

θnF (βT ) = arccos(1 + e

βT ωnF

)

1
2;

(3.24)

where ωnB and ωnF are the frequencies of n-th bosonic and fermionic oscillators, respectively.

4. Thermal D-brane States
The similarity transformations generated by the Bogoliubov operator can be applied to the
operators that define the D-brane boundary conditions (2.4) and the following boundary conditions
at T 6= 0 are obtained
(∂ X (βT )
I

MJI ∂ X J (βT ))jB(βT )ii = 0;

Q+a (βT )jB(βT )ii = Q+ȧ (βT )jB(βT )ii = 0;
(∂ X̃ (βT )
I

Q̃

a

MJI ∂ X̃ J (βT ))jB(βT )ii = 0;

jB(βT )ii = Q̃

(βT )

ȧ

jB(βT )ii = 0

(βT )

:

(4.1)
(4.2)
(4.3)
(4.4)

The above equations can be solved by noting that T = 0 boundary states can be factorized in
two factors belonging to the superstring and the tilde-superstring Hilbert spaces, respectively (for
details see [15].) The thermalized D-brane states have the following form

jB(βT )ii = eΣ β

( T )+Σ̃(βT )

5

jB0(βT )ii

;

(4.5)
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where we have introduced the following notations
Σ (β T )

=

∑ (MIJ aI†n (βT )āJ†n (βT )

iMab Sna† (βT )S̄nb† (βT ));

(4.6)

∑ (M̃IJ ãI†n (βT )ā˜ J†n (βT ) + iM̃abS̃na† (βT )S̄˜ n (βT ))

(4.7)

n>0

Σ̃(βT )

=

b†

;

n>0

jB0(βT )ii = (MIJ jIJ (βT )ii + iMȧḃ jȧḃ(βT )ii)(MIJ jI˜J˜(βT )ii

iMȧḃ jȧ˜ ḃ˜ (βT )ii):

(4.8)

5. Discussions
In the present communication we have reviewed the construction of the thermal boundary
states from the BPS D-branes of the type II superstring in GS formulation by thermalization in the
TFD framework. The boundary relations at finite temperature (4.1), (4.2), (4.3) and (4.4) can be
obtained from the thermalized action of the total string, i. e. the difference between the action
of the superstring and the tilde-superstring. However, by thermalization most of the superstring
symmetries are broken. In particular, as argued in [15] the ε -supersymmetry is broken while the η supersymmetry is preseved. This pattern is preserved on the full thermal Hilbert space. Therefore,
the thermal boundary state (4.5) is not supersymmetric.
The formalism presented here could be used to compute the entropy of the thermal string in
the presence of the D-brane, which was obtained in [19] by the Matsubara method. Also, it could
be used to study the thermal string in curved backgrounds, too, at least in some approximation in
which there is a canonical quantization of the theory. We hope to report on this topic soon [20].
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