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1. Introduction

The exploration of the phase diagram of matter at ultra-high temperatueneitylis an area
of great interest and activity, both on the experimental and theoretaatisfr Heavy-ion colliders
such as the SPS at CERN and RHIC at Brookhaven have probed théehiglerature region,
creating and studying the properties of quark matter with very high enengsity and very low
baryon number density similar to the fluid which filled the universe for therfirstoseconds after
the big bang. Lattice gauge theory calculations have located the critical tetgeand shown
that the quark gluon plasma (QGP) is still strongly coupled at temperatureswy fon collisions.
There has also been striking progress in performing lattice calculations iméhé¢oo dense”
region,u < T, In these proceedings, however, | discuss a different part oflthegodiagram, the
low-temperature high-density region whélrex . Here there are few experimental constraints,
and the sign problem has blocked lattice QCD calculations. However, as éxpilhin, we have
reasons to expect interesting phase structure.

1.1 Review of color superconductivity

QCD is asymptotically free—the interaction becomes weaker as the momentus-gemat
sufficiently high density and low temperature, there is a Fermi surface ofsalne@ quarks. The
interactions between quarks near the Fermi surface are certainly attiacgbme channels (quarks
bind together to form baryons) and it was shown by Bardeen, CoapeéiSchrieffer (BCS) [1] that
if there isanychannel in which the interaction is attractive, then there is a state of loveeefrergy
than a simple Fermi surface. That state arises from a complicated cohgpenpasition of pairs
of particles (and holes)—“Cooper pairs”.

We can understand the BCS mechanism in an intuitive way as follows. The Blienfitee
energy isk = E — uN, wherekE is the total energy of the system,is the chemical potential, and
N is the number of fermions. The Fermi surface is defined by a Fermi efigrgy u, at which
the free energy is minimized, so adding or subtracting a single particle costee energy. Now
switch on a weak attractive interaction. It costs no free energy to adil afgaarticles (or holes),
and the attractive interaction between them then lowers the free energy ®fdtem. Many such
pairs will therefore be created in the modes near the Fermi surface, eslfhirs, being bosonic,
will form a condensate. The ground state will be a superposition of stafealnumbers of pairs,
breaking the fermion number symmetry.

Since pairs of quarks cannot be color singlets, the resulting condenmsiabeeak the local
color symmetrySU(3)coilorr We call this “color superconductivity” [2]. Note that the quark pairs
play the same role here as the Higgs particle does in the standard model: theupmoconducting
phase can be thought of as the Higgs phase of QCD.

2. The phases of quark matter

Quarks, unlike electrons, have color and flavor as well as spin degfdeeedom, so many
different patterns of pairing are possible. This leads us to expect atrigtture of different color
superconducting phases in quark matter at very high density.
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Figure 1: On the left, the conjectured form of the phase diagram fotenat ultra-high density and temper-
ature. On the right, the result of a calculation using an Ndldeh[3]. At high density the model has a rich
structure of color-superconducting phases. Note thatapéegs phases (“gCFL", “g2SC” etc) are unstable
(see text).

In the real world there are two light quark flavors, the wp &nd down ¢), with masses
< 5 MeV, and a medium-weight flavor, the strangequark, with mass- 90 MeV. (Their effective
“constituent” masses in dense matter may be much larger.) The strange cuafottd plays a
crucial role in the phases of QCD. Fig. 1 shows a conjectured phasaudidgr QCD, and also a
calculated phase diagram obtained using a Nambu—Jona-Lasinio modeDof3] In both cases,
along the horizontal axis the temperature is zero, and the density riseshfeoomset of nuclear
matter through the transition to quark matter. Compact stars are in this regiangfdke diagram,
although it is not known whether their cores are dense enough to reaciutitk matter phase.
Along the vertical axis the temperature rises, taking us through the cerssomn a hadronic gas
to the quark gluon plasma. This is the regime explored by high-energy heaweplliders.

At the highest densities we find the CFL phase, in which the strange qasdi&ipates sym-
metrically with the up and down quarks in Cooper pairing—this is described ie detail below.
It is not yet clear what happens at intermediate density, and in the raidrsewill briefly survey
the phases that have been hypothesized to occur there. The Namél-adomio model is only a
semi-quantitative guide to the possible behavior of QCD, so its predictiomesihd-ig. 1 should
be taken as purely illustrative.

2.1 Highest density: Color-flavor locking (CFL)

Itis by now well-established that at sufficiently high densities, where thdayn and strange
guarks can be treated on an equal footing and the disruptive effettte efrange quark mass can
be neglected, quark matter is in the color-flavor locked (CFL) phase, ichvguarks of all three
colors and all three flavors form conventional Cooper pairs with zel tbomentum, and all
fermionic excitations are gapped, with the gap paranfgjer 10— 100 MeV [4, 2]. This has been
confirmed by both NJL [4, 5] and gluon-mediated interaction calculationsTBe CFL pairing
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pattern is
(A Cysf )11 O (K +1)578f + (k — 1)878F = e8Py + k()

[SU(3)color] x SU(3)L x SU(3)rxU (1) — SU(B)ciL+r X Z2 (2.1)
N————’
> [U(1)q] D UD)g]

Color indicesa, 8 and flavor indice$, j run from 1 to 3, Dirac indices are suppressed, @nslthe
Dirac charge-conjugation matrix. The term multiplied byorresponds to pairing in th@s, 6s),
which although not energetically favored breaks no additional symmetmes@x is in general
small but not zero [4, 6, 7, 8]. The Kronecker deltas connect colticas with flavor indices, so
that the condensate is not invariant under color rotations, nor unger fiatations, but only under
simultaneous, equal and opposite, color and flavor rotations. Since€oldy a vector symmetry,
this condensate is only invariant under vector flavor+color rotatiordsbegaks chiral symmetry.
The features of the CFL pattern of condensation are

— The color gauge group is completely broken. All eight gluons become weaddiis ensures
that there are no infrared divergences associated with gluon prtopaga

— All the quark modes are gapped. The nine quasiquarks (three colorsthireedlavors) fall

into an8@® 1 of the unbroken globeBU(3), so there are two gap parameters. The singlet has

a larger gap than the octet.

— A rotated electromagnetism@) survives unbroken. Its gauge boson is a combination of
the original photon and one of the gluons.

— Two global symmetries are broken, the chiral symmetry and baryon nustsere are two
gauge-invariant order parameters that distinguish the CFL phase feo@@#®, and corre-
sponding Goldstone bosons which are long-wavelength disturbantes afder parameter.
When the light quark mass is non-zero it explicitly breaks the chiral symmathgies a
mass to the chiral Goldstone octet, but the CFL phase is still a superfluid gdistied by
its spontaneous breaking of baryon number.

— The symmetries of the 3-flavor CFL phase are the same as those one miggtttfex@-flavor
hypernuclear matter [5], so it is possible that there is no phase transitiwedrethem.

3. Real-world intermediate-density quark matter

3.1 Stresses on the CFL phase

The CFL phase is characterized by pairing between different flavarsddferent colors of
guarks. This is favored because the QCD interaction between two geariast attractive in the
channel that is antisymmetric in color (tE}z and pairing tends to be stronger in channels that do
not break rotational symmetry [9, 10, 11, 12, 13], so we expect thénpaio be a spin singlet,
i.e. antisymmetric in spin. Fermionic antisymmetry of the Cooper pair wavefunctenftrces
the Cooper pair to be antisymmetric in flavor.

Pairing between different colors/flavors can occur easily when thdyaa the same chem-
ical potentials and Fermi momenta. This is the situation at very high densityewherstrange
quark mass is negligible. However, in a real compact star we must take icdaragcthe forces
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Figure 2: lllustration of the splitting apart of Fermi momenta of tharious colors and flavors of quarks.
In the unpaired phase, requirements of neutrality and watgkaction equilibration cause separation of the
Fermi momenta of the various flavors. In the 2SC phase, up ewd duarks of two colors pair, locking
their Fermi momenta together. In the CFL phase, all colois flavors pair and have a common Fermi
momentum.

that try to split those Fermi momenta apart, imposing an energy cost onsgesgs pairing.
We must require electromagnetic and color neutrality [14, 15] (possibly vilmmof oppositely-
charged phases), allow for equilibration under the weak interactiorinahudie a realistic mass for
the strange quark. These factors cause the different colors andsftavhave different chemical
potentials, and this imposes a stress on cross-species pairing suchuesindbe CFL pairing
pattern. This is illustrated in Fig. 2, which shows the Fermi momenta of the diffepecies of
guarks. In the unpaired phase, the strange quarks have a lower fementum because they
are heavier, and to maintain electrical neutrality the number of down quatksresspondingly in-
creased (electrons are also present, but play a small role in maintainimglitygu To lowest order
in the strange quark mass, the separation between the Fermi momitdt&41), so the splitting
is more pronounced at lower density. If the attraction between quark§fiiently strong, color
superconductivity can overcome this splitting of the Fermi momenta. In the B&€&)16, 17], the
up and down quarks of two of the colors undergo Cooper pairing, whaks their Fermi momenta
together. The pairing will only occur if the energy released by the formatidhe condensate is
greater than the energy cost of moving the quark Fermi surfaces awmytlieir “natural” posi-
tions in the unpaired phase. To lowest ordeMy 2SC pairing is favored relative to the unpaired
phase when the smearing of the Fermi surface due to Cooper pairingatermttean the splitting,
i.e. whenApsc > M2/(4u) [15] (this estimate assumes that contributions to the free energy from
the chiral condensate are the same in both phases). In the CFL phapairihg is extended to
all colors and flavors, which are then locked together with a common Fermi ntameand the
criterion for pairing to occur turns out to be the samver. > M2/(4u).

At ultra-high density the splitting between the Fermi momenta becomes negligillehan
CFL phase is favored. However, as the density drops to values that reigigtically occur in
the core of a neutron star, the valueM§/(4u) rises to tens of MeV, which is of the same order
as the expected pairing gdpin the 2SC and CFL phases. Thus as the density decreases we
expect the CFL pairing pattern to be distorted, and then to be replacednisy aiher pattern.
NJL model calculations [18, 19, 20, 3] find that if the attractive interactiorery strong (so that
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AckL ~ 100 MeV whereAcg, is what the CFL gap would be at ~ 500 MeV if Mg were zero)
then the CFL phase survives all the way down to the transition to nuclear méitieis a little
less strong then there may be an interval of 2SC phase but in generdb@@ltiase does not
offer a better compromise between pairing and Fermi surface splitting Z15A2omprehensive
survey of possible BCS pairing patterns shows that all of them sufben the stress of Fermi
surface splitting [22], so in the intermediate-density region more exotic ptaseexpected. In
the next few subsections we give a quick overview of the expectedcephasreal-world quark
matter at intermediate density. We restrict our discussion to zero temperataese the critical
temperatures for most of the phases that we discuss are expected tortderdf0 MeV or higher,
and the core temperature of a neutron star is believed to drop below thiswigtire minutes (if
not seconds) of its creation in a supernova.

3.2 Kaon condensation: the CFLKC phase

Bedaque and Schéafer [23] showed that when the stress is not todéggedensity), it may
simply modify the CFL pairing pattern by inducing a flavor rotation of the coednwhich can
be interpreted as a condensate KP* mesons, i.e. the neutral anti-strange Goldstone bosons as-
sociated with the chiral symmetry breaking. This is the “Ok?-phase, which breaks isospin.
The K condensate can easily be suppressed by instanton effects [24]ttrgéfare ignored then
the kaon condensation occurs fdg > m/3A%/3 for light (u andd) quarks of massn. This was
demonstrated using an effective theory of the Goldstone bosons, busamita effort can also be
seen in an NJL calculation [25, 26].

3.3 The unstable gapless phases

The NJL analysis shown in Fig. 1 predicts that at densities too low for CF¥ingadhere will be
gapless phases (“gCFL","g2SC", etc). This can be understoodrbygh quantitative analysis that
involves expanding in powers &fls/u andA/u, and ignoring the fact that the effective strange
qguark mass may be different in different phases [15]. Such an asalgews that as we come
down in density we find a transition at ~ %MSZ/ACFL from CFL to another phase, the gapless
CFL phase (gCFL) [27]. The underlying physics here is that when %MSZACFL it becomes
energetically favorable to convertgg quark near the common Fermi momentum intiedequark,
breaking the Cooper pairing over a range of momenta in that channel. ré@gefiergies of the
competing phases in an NJL model are shown in Fig. 3: The gCFL phaseda&efrom CFL
atM2/u ~ 2AcrL, and remains favored beyond the vaMg/ 1 =~ 4Acr, at which the CFL phase
would become unfavored.

However, it turns out that the gapless phases are unstable. The instability gCFL phase
was established in Refs. [28, 29] after an analogous instability in the ga®@B3 phase had been
discovered [30, 31]. The instability manifests itself in an imaginary Meissnesig for some of
the gluons Mg is the low-momentum current-current two-point function, afigl/ (g?A?) (where
the strong interaction coupling @ is the coefficient of the gradient term in the effective theory of
small fluctuations around the ground-state condensate. The fact tfiatveenegative value when
the quasiparticles are gapless indicates an instability towards spontameakis of translational
invariance [32, 33, 34, 35, 36]. Calculations in a simple two-species ni@dlethow that gapless
charged fermionic modes generically lead to imagirdyy.
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Figure 3: Free energy of various phases of dense QCD. The CFL paitieggth isAcr. = 25 MeV. The
curves for the CFL, 2SC, gCFL, g2SC, and LOFF1 phases arénebtrom an NJL model. Note that the
gCFL phase takes over from CFLME/;J ~ 2AcFL, and remains favored beyond the valmé/y ~ 4\cg at
which the CFL phase would become unfavored. The “LOFF1” eusu¢he single-plane-wave LOFF ansatz
of [38]. The “CubeX” and “2Cube45z” lines are estimates fayrencomplicated LOFF crystal structures,
and follow from the Ginzburg-Landau calculation of Ref.].39

The instability of the gapless phases indicates that there must be othes pfi@sen lower
free energy, that occur in their place in the phase diagram. The natthesd# phases remains
uncertain at present: some candidates are discussed below.

3.4 Crystalline pairing

The pairing patterns discussed so far have been translationally invaBiatrin the region of
parameter space where cross-species pairing is just barely exciydéesses that pull apart the
Fermi surfaces, one expects a position-dependent pairing knowe dsQkF” phase [40, 41, 42,
43]. This arises because one way to achieve pairing between difflenesrs while accommodating
the tendency for the Fermi momenta to separate is to only pair over part oétiré surface, and
form pairs with non-zero momentum. The LOFF phase therefore competeth@ifCFL phase,
and may resolve that phase’s stability problems.

Recent calculations for 3-flavor quark matter (within a Ginzburg-Largguoximation) show
that even a very simple single-plane-wave LOFF ansatz yields a state thiwex free energy
than gCFL in the region where the gCHunpaired transition occurs [38, 44] (see Fig. 3) and the
Meissner instability is no longer present [45].

The gap parameter and free energy for three-flavor quark matterabsvescently been eval-
uated within a Ginzburg-Landau approximation for many candidate crystatsres [39]. Fig. 3
shows the free energies of the two most favorable crystal structuke>XCand 2Cube45z. The
robustness of these phases results in their being favored over wiglesrahdensity. However, it



Color superconductivity in ultra-dense quark matter Mark Alford

also implies that the Ginzburg-Landau approximation is not quantitatively keliab the CubeX
and 2Cube45z lines in Fig. 3 should only be taken as an indication that thE k@te might be
preferred to gCFL over a much wider range of the stress paraMgiguA) than one would infer
from the single plane wave calculation.

3.5 Meson supercurrent (“curCFL")

Kaon condensation alone does not remove the gapless modes that otleerGRL phase
whenMs becomes large enough. The CRP-phase also develops gapless modes and a Meissner
instability, though at a slightly larger value bf; [46, 47]. One way that the CFK® phase can re-
spond is by developing a current in the pseudo-Goldstone bosonssjkae. a spatial modulation
of theK® condensate [48, 49]. There is no net transfer of any charge sedaere is a reverse flow
in the gapless fermions. The meson current lowers the free energg, ésgentially just another
instability: as yet there is no analysis that finds a new meson-supercgrmmd state, whose
free energy could be compared with that of other states such as LOBEgHh@alculation of the
meson supercurrent in the CFL phase (with no uniform backgréfrabndensate) shows that it is
induced when gapless quark modes appear, and that it resolves trsn&tarsstability, but in that
case it is equivalent to a plane-wave LOFF state [50].

3.6 Gluon condensation

Analysis of the magnetic instability in the two-flavor gapless color-superdiny phase
(g2SC) using a Ginzburg-Landau approach has found that the instataifitppe cured by the ap-
pearance of a chromoelectric condensate [51, 52]. The 2SC catddmgaks the color group
down to theSU(2),q red-green subgroup, and five of the gluons become massive vecondo
via the Higgs mechanism. The new condensate involves some of these nvassirebosons, and
because they transform non-trivially undgld(2),g it now breaks that gauge symmetry. Because
they are electrically charged vector particles, rotational symmetry is aléetfrand the phase is
an electrical superconductor. There are some connections betwegludhecondensate and the
LOFF phase: the single-plane-wave LOFF state is gauge-equivalehioimageneous vector bo-
son condensate. However in general the gluon condensate hagmofied strength, and is not
simply a gauge transformation of an inhomogeneous diquark conden8atdri3he two-flavor
case, gluon condensation appears to be favored over single-ptameb@FF [53], but it has not
been compared with a LOFF crystal, and as yet the gluon condensatetizeen studied in the
three-flavor case.

3.7 Secondary pairing

Since the Meissner instability is generically associated with the presencpleggdermionic
modes, and the BCS mechanism implies that any gapless fermionic mode is utst@bleper
pairing in the most attractive channel, one might expect that the instability willlgibgpresolved
by “secondary pairing” of the gapless quasiparticles which would thgniactheir own gap\s
[54, 55]. Furthermore, the quadratically gapless mode in gCFL has Hygiraeased density of
states at low energy (diverging & /2), so its secondary pairing is much stronger than would
be predicted by BCS theoryAs O G2 for coupling strengtGs, as compared with the standard
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BCS resultA 00 exp(—consyG) [54]. This result is confirmed by an NJL study in a two-species
model [56], but the the secondary gap was found to be still much smallettibgrimary gap, so

it does not generically resolve the magnetic instability (in the temperature fargel < Ap, for
example).

3.8 Single-flavor pairing

At low enough densityMs puts such a significant stress on the pairing pattern that no pairing
between different flavors is possible [22]. The resultant phase is ctited “unpaired” quark
matter, but there remains the possibility of Cooper pairing where each flairsrwith itself. (This
regime will only arise ifAq is so small that very large valuesM/(ulo) can arise withougt being
taken so small that nuclear matter becomes favored.) Single-flavor pairpn@ls@arise in the
2SC phase, where the strange quarks are not involved in two-flairorgpaSingle-flavor pairing
phases have much lower critical temperatures than multi-flavor phases €& ther 2SC phases,
perhaps as large as a few MeV, more typically in the eV to many keV rang& 102, 13, 57], so
they are expected to play a role late in the life of a neutron star.

e Single flavor pairing in “unpaired” quark matterIn most NJL studies, matter with no cross-
species pairing at all is described as as “unpaired” quark matter. Howieis well known that
there are attractive channels for a single flavor pairing, although teeypach weaker than the 2SC
and CFL channels [10, 11, 12, 13, 57]. Calculations using NJL moddisiagle-gluon exchange
agree that the favored phase in this case is the color-spin-locked @&k [10] in which there
is pairing of all three colors of each flavor, with each pair of colorsalated with a particular
direction for the spin. This phase does not break rotational symmetry.

e Single flavor pairing in 2SC quark mattelf there is a regime in which the 2SC phase survives,
this leaves the blue quarks unpaired. In that case one might expecCaCX.” pattern, which
would again be rotationally symmetric, in which the strange quarks of all tloleescself-pair in
the CSL pattern. However, the 2SC pattern breaks the color symmetry, andento maintain
color neutrality, a color chemical potential is generated, which also affeetsinpaired strange
quarks, splitting the Fermi momentum of the blue strange quarks away frdmofthize red and
green strange quarks (see middle panel of Fig.2). This is a small eftectplis the CSL pairing
gap, and NJL model calculations indicate that the color chemical potentiahtlypitestroys CSL
pairing of the strange quarks [58]. The system falls back on the nesttabernative, which is
spin-1 pairing of the red and green strange quarks.

3.9 Mixed Phases

Another way for a system to deal with a stress on its pairing pattern is ppaeasion. In the
context of quark matter this corresponds to relaxing the requirementadfdbarge neutrality, and
requiring neutrality only over long distances, so we allow a mixture of a pesittharged and a
negatively charged phase, with a common pressure and a common valeeetédtron chemical
potentialp that is not equal to the neutrality value for either phase. Such a mixturectgfariand
CFL quark matter was studied in Ref. [59]. In quark matter it has beerdfthat as long as we
require local color neutrality such mixed phases are not the favorpdniss to the stress imposed
by the strange quark mass [27, 60]. Phases involving color chargeatem have been studied
[61] but it seems likely that the energy cost of the color-electric fields wsfletor them.
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4. Quark matter on the lattice

For neutron star phenomenology, including color superconductivity amkgunatter, the rele-
vant part of the phase diagram is the high-density low-temperature refjiblough there has been
great progress in mitigating the effects of the sign problem in the complemeetgion of low
chemical potential and high temperature [62, 63, 64], the sign problemis@aevere obstacle to
lattice calculations gtt > T. It should be noted, however, that the sign problem is more a technical
problem than a fundamental one. There is no “no-go” theorem statingvtheain never expect to
perform lattice QCD calculations @t > T. In certain theories the sign problem has been com-
pletely solved, for example the 3-state Potts model [65] andDif3 model [66], and work is in
progress to extend these methods to QCD [67]. It is therefore usefuhtoahout how we would
study color superconductivity using lattice QCD if we could perform latticddQ@lculations in
the high-density low-temperature region of the phase diagram.

In lattice calculations we have the freedom to vary parameters that arerfikesl real world,
such as the number of quark flavors and their masses. Also, issuestoicalecharge neutrality
and equilibration under the weak interactions do not arise, so lattice QCIdWweuwable to turn
off the stresses that were discussed in section 3.1. One significattatondowever, is the size
of the lattice. The size in the Euclidean time direction corresponds to the tenmeeatd current
calculations are limited to sizes less than 5 fm, correspondifig X040 MeV. A 20 fm lattice,
which is very large by current standards, corresponds 010 MeV. Of course, a breakthrough
that allows us to work aft > T may also allow us to work in very large volumes, but the more
conservative assumption is that it will remain difficult to study phases with akiteanperatures
lower than about 10 MeV. Superfluidity in nuclear matter, with a critical temipezaaround 1
MeV, will be therefore be completely inaccessible, and we will have to kefarcphases with
higher critical temperatures. Fortunately, many color superconductiggghare expected to have
appropriately high critical temperatures.

4.1 Quark Matter with N¢ massless flavors

In table 1 we give the expected global symmetries of various phases off@6D; = 2,3, 4.
We do notincluddN; = 1 because single-flavor color superconducting phases are pretdi¢tade
critical temperatures of order 1 MeV or less [10, 11, 12, 13], so theynat likely to be seen on
lattices of a reasonable size. It is noticeable from table 1 that color samrcting phases are
not easy to identify. In two-flavor quark matter, the 2SC color supenactod leaves all the global
symmetries unbroken, so there is no order parameter that distinguishemiufrpaired quark
matter or quark gluon plasma [16]. In three-flavor quark matter, the Chir soperconductor
breaks the global symmetries in exactly the same way as hadronic matter, igchainplete
breaking of the chiral symmetry and superfluidity (since all quarks arslesssthe baryons are
all degenerate, and so the baryon octet can self-pair in a pattern ¢isatryes the flavor symmetry
[68, 5]). In the four-flavor theory, however, Schafer [6] finds iateresting “partially chirally
broken” (P¢SB) phase, which has different symmetries from any of the other expetiases.
Since the staggered fermion formalism naturally yields four continuum Batbis might be a
good place to begin the search for color superconductivity on the lattice.

10
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Nt phase global symmetry group description
2 unbroken (QGP):  SU(2)L ® SU(2)r®U (1)
vacuum: — SU(2)y ®U (1) chiral symmetry brokenySB)
hadronic: — SU(2)y XSB and superfluid
2SC: —SU(2)L®SU(2)r@U (1) same as QGP
3 unbroken (QGP):  SU(3)L ® SU(3)r®U (1)
vacuum: — SURB)y®@U(1)s XSB
hadronic: — SU(3)y XxSB and superfluid
CFL: — SURB)LiRr1c® 22 same as hadronic
4 unbroken (QGP): SU(4).®SU(4)r®@U (1)
vacuum: — SU4)y ®U (1) XSB
hadronic: — SU(4)y XxSB and superfluid
PxSB: — SU(2)y ® SU(2)y ® SU(2)a unique [6]

Table 1: Symmetry breaking patterns for various phases of QCD wRhahd 4 quark flavors. For eabh
the last entry is the expected form of color supercondugtai the highest densities.

4.2 Probing phases and symmetry breaking on the lattice

There are various tools for to distinguishing different phases of hagtsity QCD on the
lattice.
e Measuring local order parametersTechnically, spontaneous symmetry breaking occurs only
in infinite volume systems, where the chance of making transitions between fénewlifpossible
vacua is zero. More practically, we expect to see spontaneous symmediirig when the limit
of large volume is taken firsheforethe limit of taking external currents to zero in the functional
integral:

(@) =lim lim % / Doexp(—S¢| +J9) . (4.1)
This delicate procedure has been implemented in simpler theories such ag$seNerveu model
[69]. The order parameter for superfluidity (breakindJgfl)g) will be a color and flavor singlet
dibaryon. The order parameter for chiral symmetry breaking could beaheentional color and
flavor singlet chiral condensate, but it is expected that this is sumutesktive to a four-fermion
operatony iy with the same quantum numbers [6].

e Measuring gaps in the fermion spectru@ne of the characteristic consequences of Cooper pair-
ing is the generation of gaps in the fermion spectrum. In color superconduyahases, therefore,
we expect to find that the fermionic excitations are classified by repremerstaf the unbroken
symmetry group, and that some of them are gapped. In QCD the fundareeniains are quarks,
but gauge invariance dictates that quark “quasiparticles” are still crdgtdaryon creation op-
erators, so the procedure for finding the gaps is the same as that fanrmgdsaryon masses in
zero-density QCD. Again, this pairing signature has been seen in the-S8m®u model [70], and

in the same paper evidence was also found of particle-hole mixing in the feapémtrum, which

is another characteristic of Cooper pairing.

e Measuring low masses of Goldstone bosofise breaking of a continuous global symmetry, as

11
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well as giving a non-zero value to some order parameter, creates nsassgEsic modes in the
spectrum of the theory, known as Goldstone bosons. For chiral symimetking these are the
pions. The procedure for measuring the masses is the same as that faringeamson masses in
zero-density QCD.

5. Conclusion

As | have described, the project of delineating a plausible phase didgraeal-world high-
density quark matter is still not complete. | have discussed some ideas fardheCFL" region
of Fig. 1, but there are others such as deformation of the Fermi sarfdiseussed so far only in
non-beta-equilibrated nuclear matter [71]) or a Bose-Einstein conaefi2aC) of spatially-bound
diquarks [72]. Itis very interesting to note that the situation we find in qosatter, a system with
pairing that must respond to a stress that separates the chemical potéthialsairing species, is a
very generic one, arising also in condensed matter systems and cold atemsy73, 74]. Recent
work on BCS/BEC crossover in asymmetric dilute Fermi gases [75, 7687797 80] shows that
between the BCS-paired region and the unpaired region in the phasardiage should expect
a translationally-broken region. In QCD this could correspond peveave meson condensate, a
gluon condensate, or a LOFF state. What is particularly exciting is that thedkgy of cold atom
traps has advanced to the point where fermion superfluidity can howeberseonditions where
many of the important parameters can be manipulated, and it may soon bdeutssivestigate
the response of the pairing to external stress under controlled expéairoenditions.

My discussion of lattice approaches to color superconductivity wasthgpoal, awaiting a
breakthrough that would allow us to evaluate the functional integral atdegisity and low tem-
perature. Current efforts in this direction include the development otlaedry formulation that
would allow the application of cluster algorithms [67], and also approacsieg strong coupling
and Hamiltonian methods. In particular, the effective strong-coupling Harrahdn the largeN.
limit has been written as an antiferromagnet with next-to-nearest neigbhbptficgs, and indica-
tions have been found of chiral condensation, but not as yet okdb@oper pair condensation
[81, 82, 83, 84].

At the moment, then, the study of dense quark matter has yielded a divedszdpe of
possible phases and phenomenologies across which theorists roanreglife Of course there
is much interesting work to be done in exploring this territory. But it is also todped that in
the future, with increasingly precise observations of neutron star mrtend perhaps even a leap
forward in our ability to perform QCD calculations at the relevant densitieswill start to close
in on the real geography of the phase diagram of QCD.
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