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We calculatetheenergy spectrumof closedstringsin SU
�
N � gaugetheorieswith N � 2� 3� 4� 6� 8

in 2 � 1 dimensionsto ahighaccuracy. Weattemptto control all systematicerrors,andthisallows

usto performa precisecomparisonwith differenttheoretical predictions.Whenwestudythede-

pendenceof thestringmassonits lengthL wefind thattheNambu-Gotopredictionis averygood

approximationdown to relatively shortlengths,wheretheLüscher termaloneis insufficient. We

thenisolatethecorrections to theLüscher term,andcompare themto recent theoretical predic-

tions,which indeed seemto bemildly preferredby thedata.Whenwetake thesecorrectionsinto

accountandextractstring tensionsfrom thestringmasses,we find that their continuumlimit is

lower by 2% � 1% from the predictions of Karabli, Kim, andNair. The discrepancy decreases

with N, but whenweextrapolateour resultsto N � ∞ westill find adiscrepancy of 0� 88%which

is a4� 5σ effect.
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1. Introduction

Therearemany indicationsfor aconnectionbetweenQCDandstringtheory, whichappearin
a wide rangeof experimentalphenomenaandtheoreticalworks[1]. Herewe areinterestedon the
QCDsideandstudytheenergy spectrumof the‘original’ string- theflux tubeof pureYang-Mills-
with anemphasisonits large-N limit. WefocusonthreeEuclideandimensions,andourmotivation
is two-fold. First,we wish to performa precisetestof theremarkablework of Karabali,Kim, and
Nair [2]. Thiswork yieldsthefollowing predictionfor thestringtensionσ



σ

g2N �
1 � 1
 N2

8π � (1.1)

whereg is thesuper-renormalisedcoupling1. A previouscomparisonof Eq. (1.1) to latticeresults
for N � 2� 3� 4� 6 [3] showedthatEq. (1.1) is higherfrom thedataby about2% � 1%,but alsothat
this discrepancy decreaseswith N. This andthefact that [2] predictsno screeningof zeroN-ality
chargessuggeststhepossibilitythattheanalysisin [2] maybeexactatN � ∞. Thiswouldappearto
becontradictedby theN � ∞ extrapolationof [3], but theresultspresentedthereincludedseveral
unestimatedsystematicerrorswhich,while small,maybesignificantat the1%level. Two of these
leadto anunderestimateof the latticestringtensions,andwe checkwhetherby controllingthem,
thelatticeresultsbecomeconsistentwith Eq.(1.1) at N � ∞.

Thefirst errorrisesin theprocessof extractingthestringtensionfrom thestringmass,where
it is typical to neglect correctionsthat aresub-leadingto the Lüscherterm. Indeed,asthe string
lengthL becomeslarger, thesecorrectionsdecreaseas1
 L4, but we wish to estimatethemon a
quantitative level. The way the string masschangeswith L is also interestingtheoretically(and
thisconstitutesoursecondmotivationfor thisstudy).It givesusinformationontheeffectivestring
theoryof theflux tube,thatcanbecomparedwith older [4] andmorerecent[5] predictions.The
secondsystematicerrorthatweremoveis theneglectof O � g4 � termsin thecontinuumextrapolation
of thestringtensions.

Herewe presentananalysisof thesesystematicerrors,andin thecaseof theO � 1
 L4 � error,
we compareto thepredictionsof [5]. After removing bothsystematicswe comparethe resulting
string tensionsto Eq. (1.1). The resultspresentedherewereobtainedin a preliminaryanalysis
of the data. Publicationswith a moreextensive analysis,that will alsoincludethe raw data,are
forthcoming[8].

2. Methodology

Thereexists a plethoraof lattice works studyingpropertiesof flux-tubesby looking at open
or closedstrings(for exampleseethe review in [6]). To avoid ‘contamination’from perturbative
effects,andto comparedirectly with the spectrumof the effective string theories,we chooseto
measurethelargedistanceexponentialfall-off of correlationfunctionsof stringsclosedaroundthe
spatialtorus.Ouranalysisproceedsin two stages.

1Recallthatin 2 � 1 dimensionsthecouplingg2 hasdimensionsof mass.
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2.1 Stage I - the string mass dependence on the string length

We first work with a fixedlatticespacing(by fixing thelatticecoupling)andstudythedepen-
denceof thestringmassm on its lengthL. Fitting theseresultswe areableto testthe theoretical
predictionsin [4, 5]. In addition,thesefits provideuswith apracticaltool to extractstringtensions
from stringswhich areshorterthenusual,andwith a quantitative estimateof thesystematicerror
inducedby usingtheLüschertermalone.

2.2 Stage II - continuum extrapolation of string tensions

Herewe performmeasurementsof stringmasseswith a fixedphysical lengthL anddifferent
latticespacings.We chooseL



σ �� 3 � 3� 5 andusethefits we obtainfrom stageI to extractstring

tensions.Wethenextrapolatetheseto thecontinuumlimit andcomparewith Eq.(1.1) for all values
of N aswell asfor theextrapolationto N � ∞.

2.3 Lattice construction

We definethegaugetheoryon a discretizedperiodicEuclideanthreedimensionalspace-time
with N0 � N1 � N2 sites,andperformMonte-Carlosimulationsof a simpleWilson action.We use
theKennedy-Pendeltonheatbathalgorithmfor thelink updates,followedby five over-relaxations
of all the SU � 2� subgroupsof SU � N � . We measurecorrelationfunctionsof Polyskov loopsthat
wind aroundthe 0̂ directionsoL � aN0. Thecorrelationsaremeasuredalongdirection1̂ andwe
project to zero transversemomentumby averagingover direction 2̂. Although herewe mainly
presentresultsfor thegroundstate,we studyall possiblevaluesof theN-ality k � 1� 2� ����� �

�
N 
 2� ,

and their first few excited states. Using improved operators[7] we are able to obtain overlaps
which arealmostperfectfor thegroundstateof k � 1, but somewhat lower for theexcitedstates.
To avoid finite volumeeffectsweincreasethelatticein the1̂ and2̂ directionsfor theshorterstrings
[7]. Stage-Iis studiedfor N � 3� 4� 6� 8, and1� 3 � 1� 6 �� L



σ �� 3 � 6� 2, while in stage-IIwe study

SU � 2� aswell andrestrictto L



σ �� 3 � 3� 5 with 0� 1 �� a



σ �� 0� 75. Theraw datawill bepresented
in [8].

3. Results - dependence of the string mass on its length

We first checktheuniversalityclassof thestringby looking at thebehaviour of aneffective
centralchargedefinedasm � L �

L � σ � π Ceff � L �
6L2 . HereCeff � L � shouldbe1 atL � 1
 
 σ for thebosonic

string,andis obtainedfrom our databy performingfits to successive pairsof adjacentpoints.The
resultsareshown in Fig. 1 whereweseethatfor



σL �� 3 thechargeCeff becomesconsistentwith

1.
Next wefit ourdatato thegeneralform2

m � L �
L � σ � B

L2 � C
� σL2 � L2 � D

� σL2 � 3� 2L2
� E

� σL2 � 2L2 � (3.1)

Herewe focuson thefollowing fits. Firstwefix theO � 1
 L2 � to betheLüschertermwith B � π 
 6
and(i) let C bea freefit parameterbut fix D � E � 0 (ii) follow thetheoreticalpredictions[5] and

2The1 L3 termis missingsinceit wasunacceptablefit for ourdata,andwassuggestedby LüscherandWieszto be
disfavouredtheoretically [5].
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Figure 1: Effective centralchargeasa functionof thestring length, for SU
�
3�!� β � 14� 7172 (bluecircles),

SU
�
4 �!� β � 28� 00(reddots),SU

�
6 �!� β � 59� 40� 90� 00(blackstarsandsquares),andSU

�
8 �!� β � 108� 00(pink

crosses).

constrainC � π2 
 72 while fitting with D "� 0� E � 0 or D � 0� E "� 0. We alsocompareour fits to
whatoneobtainswhenoneusestheLüschertermalonem Luscher� L � 
 L � σ � π

6L2 , or theNambu-

Goto formula mNG � L � 
 L � σ 1 � π
3σL2 asobtainedby Arvis [4]. (Hereσ is the string tension

obtainedfrom our fit) As a demonstration,we presentresultsfor SU � 6� andβ � 90� 00 in the left
panelof Fig.2, whereonecanseethattheLüschertermis agoodapproximationfor



σL �� 3 while

theNambu-Gotopredictionworksremarkablywell down to almostthedeconfinementlength,but
notexactly.
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Figure 2: Left: m
�
L �$# L for the ground stateclosedstring of SU

�
6 � at β � 90� 00. The fit (red line) gives

a % σ � 0� 172148
�
70� . Substitutingthisin mLuscherandmNG givesthemagentaandbluelines.Right:m

�
L �!# L

for thefirst excitedstateof thek � 1 string. Thelinesareplotsof mLuscherandmNG for aquantumn � 1 and
σ asextractedfrom thegroundstate.

Theresultsfor all theothergaugegroupsarepresentedin Table1, whereonecanseethatthe
scalingand1
 N effectsarerelatively small. Our bestfits in thecase(i) and(ii) have comparable
confidencelevels of 43% � 90%, but a mild preferenceis seentoward option (ii). In apparent
contrastto that, the coefficient C obtainedin the fits of type (i) turns out to be abouttwice as
largeaspredictedin [5]. Nonetheless,whenwe performfits in which bothC andeitherE arefree
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(denotedastype(iii) in thelast two columnsin Table1) we find that thedatais almostconsistent
with C & π2 
 72as[5] predicts.

Dataset fit (i), D � E � 0 fit (ii), C � π2 
 72 fit (iii), D � 0

N β a



σ C
π2� 72 D E C

π2� 72 E

3 14.7172 0.261157(82) 1.96(8) 0.230(6) 0.299(8) 1.32(12) 0.23(3)

4 28.00 0.25198(16) 2.26(8) 0.23(4) 0.36(2) 1.36(32) 0.25(9)

6 59.40 0.27870(12) 1.91(6) 0.17(1) 0.25(2) 1.45(23) 0.12(6)
6 90.00 0.172148(70) 1.85(6) 0.16(1) 0.22(2) 1.21(24) 0.16(6)

8 108.00 0.27402(34) 1.58(2) 0.13(4) 0.19(6) 0.77(32) 0.28(9)

Table 1: Theresultsof ourfits of typei-iii (seetext). Thevaluesof a % σ for fits of typeii,iii wereconsistent
mostlywithin 1� 5σ with thosefor typei, whicharepresentedin thetable.

Finally we canusethevalueof σ obtainedfrom thegroundstateof thestring,andsubstitute
it in theLüscherandNambu-Gotoformulas,but with a quantumn � 1 (seefor examplethework
of Arvis [4]). We comparethe result to the massof the first excited statethat we measure.The
comparisonis presentedin the right panelof Fig. 2. We seethat the Lüscherformula doesnot
describethe dataat all, but that, surprisingly, the full Nambu-Gotodescribesthe dataquite well.
Thisseemsto suggestthatit is morenaturalto fit thedatafor m2 ratherthanfor m, sincetheformer
hasthe full Nambu-Gotoexpressionasa zerothapproximation.An analysisin this form will be
presentedin a forthcomingpublication[8].

To concludethissectionwefind thatthesystematicerrorinducedby assumingC � D � E � 0
for stringswith



σL & 3 is to underestimatethestringmassby abouta third of a percent.In the

next sectionwe usethis resultandextractstring tensionsusingthe form Eq. (3.1) with B � π 
 6,
D � E � 0 andC asgiven by the fits to the different gaugegroups(we assumethat the scaling
violationsin C aresmall,asobservedfor SU � 6� - seeTable1).

4. Results - extrapolation of string tensions to the continuum

Equippedwith the fitting formula for m � L � we extract string tensionsfrom a seriesof mass
measurementswherewekeepthephysicallengthof thestringto beL



σ �� 3 � 3� 5 andchangethe

latticespacingby changingβ . Weperformacontinuumextrapolationwith theansatz

βMF
a



σ
2N2 �



σ

g2N continuum
� b0

βMF
� b1

β 2
MF � (4.1)

Here,βMF is themeanfield improvedcouplingβMF � β ')( up * , for whichwemeasuretheexpecta-
tion valueof thelatticeplaquettes( up * at eachβ . Fitting with Eq. (4.1) is theway we remove the
systematicerrorrelatedto theO � g4 � termsthatwementionin theintroduction.As ademonstration
wepresenttheresultsfor SU � 4� andSU � 6� in theleft panelof Fig. 3 whereit canseenthatb1 + 0
and thereforethat the removal of this systematicerror increasesthe estimateof the continuum
string tension.Nonetheless,asseenin the Figure,the extrapolationof the string tensionarestill
lower comparedto thevaluepredictedby Karabali,Kim, andNair (KKN) for thesegaugegroups.
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Figure 3: Left: The dimensionlessquantity βMF
a , σ
2N2 asa function of the improved coupling 1# βMF for

SU
�
4 � (lower plot, in red)andSU

�
6 � (higherplot, in blue). Theerrorbarsat 1# βMF � 0 denote theresult

of the continuum extrapolation,while the horizontal barsdenotethe values predicted by Karabali, Kim,
andNair [2]. Right: The ratio between the predictionof [2] andour data,r, asa function of 1# N2, for
N � 3� 4� 6� 8. Theerrorbarat 1# N2 � 0 denotestheextrapolationto theN � ∞ limit, while thehorizontal
line at r � 1 denoteswherethepredictionof [2] exactly matches thelatticeresult.

In the right panelof Fig. 3 we presentthe ratio r � �.- σ � g2N �
KKN�/- σ � g2N �

Lattice

betweentheKarabai-Kim-Nair

prediction[2] andthelatticedata(thenumericalvaluesaregivenin Table2).

5. Summary

We measurestringmassesin SU � N � gaugetheorieswith N � 2� 3� 4� 6� 8 in 2 0 1 dimensions
usinglattice techniques.Herewe presenttheresultsof two studiesperformedwith thesemasses.
In thefirst we investigatethebehaviour of theclosedstringmassesasafunctionof their lengthata
fixedlatticespacing.We find thatfor



σL �� 3 ourdatais consistentwith a Lüschertermof a unit

centralcharge.For shorterstringstheLüschertermis insufficientandwefind thattheNambu-Goto
predictionworks surprisingly well, but is not exact. We fit the deviationsfrom the Lüscherterm
andcomparetheresultto therecenttheoreticalpredictions[5], whichseemto bemildly supported
by thedata.Weestimatethatthesystematicerrorinducedby neglectingthesesub-leadingtermsat
L



σ & 3 is to underestimatethestringmassesby abouta third of apercent.
In the secondstudy we calculatestring tensionsby restrictingto string lengthsof



σL ��

3 � 3� 5 and changethe lattice spacing. Using the fit from the first study we extract the string
tensionsandextrapolateto the continuumlimit. The resultsaregiven in Table2, wherewe also
give theKarabali-Kim-Nair(KKN) predictions.As indicatedin thetable,whenwe extrapolateto
N � ∞ we find that thelatticeresultis lower by about0� 88%thenthepredictionof [2] which is a
4� 5σ effect.

6. Future prospects

An additionalsystematicerror is relatedto the contaminationfrom excited states,which we
takepartially into accountby fitting correlationfunctionswith asingleexponentialat larget. Elim-

6
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N � 2 N � 3 N � 4 N � 6 N � 8 N � ∞
KKN 0� 17275 0� 1881 0� 1931 0� 1967 0� 19791 0� 19947

Lattice 0� 16678� 42� 0� 18425� 28� 0� 1898� 4� 0� 1946� 4� 0� 19580� 47� 0� 1977� 4�

Table 2: k � 1 string tensionsfor SU
�
N � pure gauge theoriesin the continuum and the predictions of

Karabali, Kim, andNair (KKN) [2].

inating this effect will tendto give a lower string tension,which would increase the discrepancy
with Eq.(1.1). Also, sincein thecaseof k-stringsouroperatorshavetypically a loweroverlapthan
in thecaseof k � 1, it is possiblethatonewill obtaina significantlylower k-string tensionthere.
Thismaybringtheresultsnumericallymuchcloserto Casimirscaling,whichmayhave interesting
theoreticalimplications,andaninitial analysisof this issuewill bepresentin [8]. Otherdirections
of researchincludeadetailedspectrumcalculationof excitedstringstatesandof glueballs[9] with
a largerbasisof operatorsthatcouldbecomparedwith recenttheoreticalpredictions[10]
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