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1. Introduction

Therearemary indicationsfor a connectiorbetweenQCD andstringtheory which appeain
awide rangeof experimentaphenomenandtheoreticaWorks[l]. Herewe areinterestecbnthe
QCDsideandstudytheenegy spectrunof the‘original’ string- theflux tubeof pureYang-Mills -
with anemphasi®nits large-N limit. We focusonthreeEuclideardimensionsandour motivation
is two-fold. First, we wish to performa precisetestof theremarkablaevork of Karabali,Kim, and
Nair [2]. Thiswork yieldsthefollowing predictionfor the stringtensiono

o [1-1/N?
g2£N_‘/8474’ (1.1)

whereg is the supefrenormaligd couplingt. A previous comparisorof Eq. (1.3) to lattice results
for N = 2,3,4,6 [8] shavedthatEq. (1.3) is higherfrom the databy about2%— 1%, but alsothat
this discrepang decreasewith N. This andthefactthat[2] predictsno screeningpf zeroN-ality
chagessuggestshepossibilitythattheanalysisn [2] maybeexactatN = . Thiswould appeato
be contradictedby the N — oo extrapolationof [3], but theresultspresentedhereincludedseveral
unestimatedystematierrorswhich, while small, may besignificantatthe 1% level. Two of these
leadto anunderestimatef the lattice string tensions andwe checkwhetherby controlling them,
thelattice resultsbecomeconsistentvith Eq. (1.3) atN = co.

Thefirst errorrisesin the procesf extractingthe stringtensionfrom the stringmasswhere
it is typical to negglect correctionsthat are sub-leadingo the Liischerterm. Indeed,asthe string
lengthL becomedarger, thesecorrectionsdecreasas 1/L4, but we wish to estimatethemon a
gquantitatve level. The way the string masschangeswith L is alsointerestingtheoretically(and
this constituteour secondmotivationfor this study). It givesusinformationon the effective string
theoryof the flux tube, thatcanbe comparedvith older [4] andmorerecent[B] predictions.The
seconaystemati@rrorthatwe remaveis theneglectof O(g?) termsin thecontinuumextrapolation
of thestringtensions.

Herewe presentan analysisof thesesystematierrors,andin the caseof the O(1/L%) error,
we compareto the predictionsof [5]. After remaving both systematicsve comparethe resulting
string tensionsto Eq. (1.3). The resultspresentecherewere obtainedin a preliminary analysis
of the data. Publicationswith a more extensve analysis,thatwill alsoincludethe raw data,are
forthcoming[8].

2. Methodology

Thereexists a plethoraof lattice works studyingpropertiesof flux-tubesby looking at open
or closedstrings(for exampleseethe review in [6]). To avoid ‘contamination’from perturbate
effects,andto comparedirectly with the spectrumof the effective string theories,we chooseto
measurehelarge distancesxponentiaffall-off of correlationfunctionsof stringsclosedaroundthe
spatialtorus. Our analysisproceedsn two stages.

1Recallthatin 2+ 1 dimensionghe couplingg? hasdimensionf mass.
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2.1 Stagel - the string mass dependence on the string length

We first work with afixedlattice spacing(by fixing thelattice coupling)andstudythe depen-
denceof the stringmassm onits lengthL. Fitting theseresultswe areableto testthe theoretical
predictionsin [4, B]. In addition,thesefits provide uswith a practicaltool to extractstringtensions
from stringswhich areshorterthenusual,andwith a quantitatve estimateof the systematierror
inducedby usingthe Luschertermalone.

2.2 Stagell - continuum extrapolation of string tensions

Herewe performmeasurementsf string massesvith afixed physicallengthL anddifferent
lattice spacingsWe choosd./c 2 3 — 3.5 andusethefits we obtainfrom stagel to extractstring
tensions We thenextrapolatetheseto the continuumlimit andcomparewith Eq. (1.2) for all values
of N aswell asfor the extrapolationto N = co.

2.3 Lattice construction

We definethe gaugetheoryon a discretizedoeriodicEuclideanthreedimensionakpace-time
with Ny x N; x N, sites,andperformMonte-Carlosimulationsof a simpleWilson action. We use
the Kennedy-Pendeltoheatbathalgorithmfor the link updatesfollowed by five over-relaxations
of all the U (2) subgroupf SJ(N). We measurecorrelationfunctionsof Polyslov loopsthat
wind aroundthe 0 directionsoL = aN,. The correlationsaremeasurealongdirection1 andwe
projectto zerotransersemomentumby averagingover direction2. Although herewe mainly
presentesultsfor the groundstate we studyall possiblevaluesof the N-ality k=1,2,...,[N/2],
andtheir first few excited states. Using improved operatorgi] we are able to obtain overlaps
which arealmostperfectfor the groundstateof k = 1, but somevhatlower for the excited states.
To avoid finite volumeeffectswe increasehelatticein the 1 and2 directionsfor theshorterstrings
[7%]. Stage-lis studiedfor N = 3,4,6,8,and1.3— 1.6 < L\/d < 3— 6.2, while in stage-llwe study
U (2) aswell andrestrictto L/o = 3—3.5with 0.1 < ay/0 < 0.75. Theraw datawill bepresented
in [B].

3. Results- dependence of the string mass on itslength

We first checkthe universality classof the string by looking at the behaiour of an effective
centralchagedeﬁnedas@ =0— %w HereC.;(L) shouldbelatL > 1/+/0 for thebosonic
string,andis obtainedfrom our databy performingfits to successie pairsof adjacenpoints. The
resultsareshawvn in Fig. & wherewe seethatfor /oL = 3 the chageC,; becomegonsistentvith
1.

Next we fit our datato the generaform?

m(L) B C D E

L % 2 (ol®2 (oL2)322 (oL2)2LZ 3.1)

Herewe focuson thefollowing fits. Firstwe fix the O(1/L?) to bethe Liischertermwith B = 711/6
and(i) letC beafreefit parametebut fix D = E = 0 (i) follow thetheoreticapredictiong5] and

2The1/L3 termis missingsinceit wasunaccefmblefit for our data,andwassuggestedy LiischerandWieszto be
disfavouredtheoreticdly [5].
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Figure 1: Effective centralchage asa functionof the string length for U (3), 8 = 14.7172 (bluecircles),
SJ(4), 3 =2800(reddots),3J (6), 8 = 59.40,90.00 (blackstarsandsquares)andU (8), 3 = 10800 (pink
Crosses).

constrainC = 1°/72 while fitting with D # 0,E = 0 or D = 0,E # 0. We alsocompareour fits to
whatoneobtainswhenoneusesthe Lischertermalonem, ¢ ..(L)/L = 0 — &, or the Namhu-

Gotoformulamyg(L)/L =0,/1— FHLZ asobtainedby Arvis [4]. (Here o is the string tension
obtainedfrom our fit) As a demonstrationwe presentesultsfor 3J (6) and3 = 90.00 in the left
panelof Fig. 2, whereonecanseethattheLiischertermis agoodapproximatiorfor /oL = 3 while
the Namlu-Gotopredictionworks remarkablywell down to almostthe deconfinemeniength, but

notexactly.
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Figure 2: Left: m(L)/L for the ground stateclosedstring of U (6) at 3 = 90.00. Thefit (redline) gives
a,/0 =0.172148(70). Sutstitutingthisin m . .,andmy; givesthemagetaandbluelines. Right: m(L) /L
for thefirst excited stateof thek = 1 string. Thelinesareplotsof m ¢ .,.,andmy for aquartumn=1and
o asextractedfrom thegroundstate.

Theresultsfor all the othergaugegroupsarepresentedn Tabled,, whereonecanseethatthe
scalingand1/N effectsarerelatively small. Our bestfits in the case(i) and(ii) have comparable
confidenceevels of 43%— 90%, but a mild preferencds seentoward option (ii). In apparent
contrastto that, the coeficient C obtainedin the fits of type (i) turnsout to be abouttwice as
large aspredictedn [5]. Nonethelessyhenwe performfits in which bothC andeitherE arefree
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(denotedastype (iii) in thelasttwo columnsin Tablel) we find thatthe datais almostconsistent
with C ~ 12/ 72 as[b] predicts.

Dataset fit (), D=E=0 fit (i), C=m?/72 | fit (i), D=0
N B a\/o = D E = E
3 | 14.7172] 0.261157(82) 1.96(8) | 0.230(6) 0.299(8)| 1.32(12) 0.23(3)
4| 28.00 | 0.25198(16) 2.26(8)| 0.23(4) 0.36(2) | 1.36(32) 0.25(9)
6 | 59.40 | 0.27870(12) 1.91(6)| 0.17(1) 0.25(2) | 1.45(23) 0.12(6)
6 | 90.00 |0.172148(70) 1.85(6)| 0.16(1) 0.22(2) | 1.21(24) 0.16(6)
8 | 108.00 | 0.27402(34) 1.58(2)| 0.13(4) 0.19(6) | 0.77(32) 0.28(9)

Table 1. Theresultsof ourfits of typei-iii (seetext). Thevalues of a/o for fits of typeii,iii werecorsisent
mostlywithin 1.50 with thosefor typei, which arepresentedn thetable.

Finally we canusethevalueof o obtainedfrom the groundstateof the string, andsubstitute
it in the LischerandNamhu-Gotoformulas,but with a quantumn = 1 (seefor examplethe work
of Arvis [4]). We comparethe resultto the massof the first excited statethatwe measure.The
comparisonis presentedn the right panelof Fig. 2. We seethat the Liischerformula doesnot
describethe dataat all, but that, surprisingly the full Namhu-Gotodescribeghe dataquite well.
This seemgo suggesthatit is morenaturalto fit thedatafor n? ratherthanfor m, sincetheformer
hasthe full Namhu-Gotoexpressionasa zerothapproximation.An analysisin this form will be
presentedh aforthcomingpublication[8].

To concludethis sectionwe find thatthe systemati@rrorinducedoy assumingC =D =E =0
for stringswith /oL ~ 3 is to underestimatéhe string massby abouta third of a percent.In the
next sectionwe usethis resultandextract string tensionsusingthe form Eq. (3.3) with B = r1/6,
D = E = 0 andC asgiven by the fits to the different gaugegroups(we assumethat the scaling
violationsin C aresmall,asobseredfor U (6) - seeTabled).

4. Results - extrapolation of string tensionsto the continuum

Equippedwith the fitting formulafor m(L) we extract string tensionsfrom a seriesof mass
measurementsherewe keepthe physicallengthof thestringto beL/o = 3 3.5 andchangehe
lattice spacingby changingB. We performa continuumextrapolationwith theansatz
a,/o <\/5> b, b,

= - (4.1)
2N2 continuum BMF BI\Z/IF

BMF

o°N

Here, B¢ is themeanfield improvedcouplingfy,r = B - (up), for whichwe measurehe expecta-
tion valueof thelattice plaquettegup) ateachp. Fitting with Eq. (4.3) is theway we remove the
systemati@rrorrelatedto the O(g*) termsthatwe mentionin theintroduction.As ademonstration
we presentheresultsfor 3J (4) andSJ (6) in theleft panelof Fig. 3 whereit canseerthatb, > 0
and thereforethat the removal of this systematicerror increaseghe estimateof the continuum
string tension. Nonethelessasseenin the Figure,the extrapolationof the string tensionare still
lower comparedo the valuepredictedoy Karabali,Kim, andNair (KKN) for thesegaugegroups.
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Figure 3: Left: The dimersionlessquartity BMF% asa function of the improved couging 1/, for
U (4) (lower plot, in red)andSU (6) (higherplot, in blue). The errorbarsat 1/, = 0 derpte the result
of the cortinuum extrapolation,while the horizortal barsdenotethe values predided by Karabdi, Kim,
and Nair [;.']. Right: The ratio between the prediction of [Z] andour data,r, asa function of 1/N?, for
N = 3,4,6,8. Theerrorbarat 1/N? = 0 dendesthe extrapolationto the N = oo limit, while the horizontal

line atr = 1 deroteswherethe predictionof [2:] exactly matchethelatticeresult.

(Vo /PN), e betweerthe Karabai-Kim-Nair

prediction[Z] andthe lattice data(the numericalvaluesaregivenin Table2).

In theright panelof Fig. @ we presentheratior =

5. Summary

We measurestringmassesn U (N) gaugetheorieswith N = 2,3,4,6,8 in 2+ 1 dimensions
usinglattice techniquesHerewe presenthe resultsof two studiesperformedwith thesemasses.
In thefirst we investicatethe behaiour of theclosedstringmassessafunctionof theirlengthata
fixedlattice spacing.We find thatfor /oL = 3 our datais consistentvith a Liischertermof a unit
centralchage. For shorterstringsthe Luschertermis insufficientandwe find thatthe Namhu-Goto
predictionworks surprisngly well, but is not exact. We fit the deviationsfrom the LUscherterm
andcomparetheresultto therecenttheoreticabredictiongb], which seento bemildly supported
by thedata.We estimatethatthe systematierrorinducedby neglectingthesesub-leadingermsat
L\/o ~ 3isto underestimatéhe stringmasse$y abouta third of a percent.

In the secondstudy we calculatestring tensionsby restrictingto string lengthsof /oL =
3 — 3.5 and changethe lattice spacing. Using the fit from the first study we extract the string
tensionsand extrapolateto the continuumlimit. The resultsaregivenin TableZ, wherewe also
give the Karabali-Kim-Nair(KKN) predictions.As indicatedin the table,whenwe extrapolateto
N = oo we find thatthe lattice resultis lower by about0.88%thenthe predictionof [2] whichis a
450 effect.

6. Future prospects

An additionalsystematicerror is relatedto the contaminatiorfrom excited stateswhich we
take partiallyinto accounby fitting correlationfunctionswith a singleexponentialatlarget. Elim-
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N=2 N=3 N=4 N=6 N=8 N =
KKN | 0.17275 0.1881 01931 | 01967 | 019791 | 0.19947
Lattice | 0.1667842) | 0.1842528) | 0.18984) | 0.19464) | 0.19580q47) | 0.19774)

Table 2. k = 1 string tensionsfor SJ(N) pure gauge theoriesin the cortinuum and the predictiors of
Karabdi, Kim, andNair (KKN) [d].

inating this effect will tendto give a lower string tension,which would increase the discrepang
with Eq. (L.3). Also, sincein the caseof k-stringsour operatorshave typically alower overlapthan
in the caseof k =1, it is possiblethatonewill obtaina significantlylower k-string tensionthere.
This maybring theresultsnumericallymuchcloserto Casimirscaling,whichmayhave interesting
theoreticaimplications,andaninitial analysisof thisissuewill be presentn [B]. Otherdirections
of researclincludea detailedspectruncalculationof excited string statesandof glueballs[H] with

alargerbasisof operatorghatcould be comparedvith recenttheoreticabprediction10]
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