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Simulations of pure-gauge SU(2) lattice gauge theory aréopmed in the minimal Coulomb
gauge. This leaves a residual or remnant gauge symmetiradiite which is global in three
directions but still local in one. Using averaged fourthadinsion pointing links as a spin-like
order parameter, the remnant symmetry appears to undeogesigous symmetry breaking at
aroundB = 2.6. Both the Binder cumulant and the magnetization itselilEkbrossings in this
region using lattices up to 2pand a susceptibility peak is also observed. Finite sizérgga
indicates a weak first-order transition. The symmetry biregls also observed to take place in
the fundamental-adjoint plane, and is coincident with therg first-order transition that exists
there at larggagjoint. This provides confirmation that this phase transition igrarsetry-breaking
transition. A well-known theorem concerning the instaetaus Coulomb potential has previously
proven that a transition where such a Coulomb-gauge rensyaminetry breaks is necessarily
deconfining.
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1. Introduction

Many gauge fixings leave a remnant gauge symmetry still@aotmich is global in at least one
dimension. Once a symmetry is partially global, in the sehaean infinite number of variables
will be affected on an infinite lattice, Elitzur's theordi[do longer applies, and spontaneous
symmetry breaking becomes possible. Neophytes often waonbg Elitzur's theorem, which
states that a local gauge symmetry cannot break spontdpeisucmmpatible with the spontaneous
breaking of the local SU(2) gauge symmetry in the standardaihoAlthough this question is
actually quite involved, a quick answer is that gauge-fiximgst be applied in order to study the
continuum theory, after which only a global remnant symsnstrirvives. It is this remnant gauge
symmetry which is broken spontaneously by the Higgs partidhnother place where remnant
gauge symmetry apparently takes place is in continuum goaedectrodynamicg[2]. Here the
spontaneous breaking is of the remnant gauge symmetryeftafter fixing to Landau gauge. It
is actually possible to interpret photons as the assocfat#dstone bosons.

Gauge theories and spin models are closely related, the diffégnence being the local vs.
global nature of the symmetry. In some cases this differeacebe removed or at least blurred
through gauge-fixing which at least partially erases thelloature of the symmetry. For instance,
SU(2) gauge theory in two dimensions (with open boundanditimms) can be seen to be equiv-
alent to a set of non-interacting one-dimensional O(4) shains if the axial gauge is used. With
all 1-direction links set to unity, the four-link plaquetitgeraction is reduced to a two-link spin
interaction between the remaining 2-direction links. lhestwords, given SU(2) elements

3
U=al+i) ajrj, (1.1)
&

the trUU remaining in the action after gauge-fixing can bettemi asg; - a~; with & = (ag, ay,

ay, ag), interpreted as a unit O(4) spin, witha spatial index. This is just a set of 1-d O(4) spin
chains. Another example is the 3-d Z2 lattice gauge thead), i the 3-d Ising model. The duality
transformation requires again the use of axial gauge, terttaksymmetry groups the same.

In four dimensions, the differences between spin and galgeries seem more profound.
Whereas it seems every ferromagnetic spin model in three are mimensions has a broken-
symmetry magnetized phase at low temperature, the noiealgduge theory is expected to have
a single confining phase for all couplings. This is quite #edint behavior than any spin model.
In the following | ask if it is truly reasonable that the gauteory could act so differently from
its cousins. It would seem a good test would be to apply gaxgegfto eliminate the Elitzur pro-
hibition on symmetry breaking, and see if the remaining nsmia-like remnant symmetry breaks
at weak coupling. The gauge that makes the 4-d theory look hikesa spin model is minimal
Coulomb gauge. Here, gauge freedom is used to maximizedbestrof all links pointing in the
first three directions, in other words to set gauge elementdase to the identity as possible. At
weak coupling this has a profound affect. For instance fo(2pUhe average trace is about 0.92
at 3 = 2.8, and appears to roughly track the fourth root of the ptteu The fourth-direction
pointing links, ignored in the gauge condition, can be aredylike O(4) spins. A magnetization
can be defined which is just the average fourth-directiomtpai link averaged over each hyper-
layer (N separate magnetizations on Bifi lattice). The magnetizations transform according to



Exploring residual gauge symmetry breaking Michael Grady

remnant SU(2) symmetries on hyperlayers perpendicularaddurth direction. An SU(2) gauge
transformation which is global within the hyperlayers, lmaal between, does not affect the gauge
condition, so it is the remnant symmetry. Each O(4) magagtin is sensitive to two different
remnant symmetries, because tip and tail lie on adjacerartayers. Thus, if the magnetizations
take on an expectation value, the associated remnant syynwitthe spontaneously broken.

This situation is reminiscent of the 2-d case in which theggatlheory splits into non-inter-
acting layers of O(4) spins. However, here the layers di@séracting, though not directly. Fourth
direction links interact with each other through plague#ach containing two gauge-fixed links,
which due to the gauge fixing are close to the identity in mases. So at weak coupling the largest
term in this plaquette is almost always a spin-like ferronedig dot product between adjacent O(4)
spins. There are of course other terms involving the smedlerponents of the gauge-fixed links.
However it seems reasonable to expect that at least at vaal eaupling when the gauge-fixed
links get very close to the identity these other interactiafill become negligible in comparison to
the main ferromagnetic terms, and the gauge theory willrotayact like a layered 3-d O(4) spin
model with only weak interlayer interactions. Magnetiaatiof the 3-d O(4) spin model at low
temperature suggests that the gauge theory should alscetimmat weak coupling.

The remnant symmetry is intimately connected with confineimeét has been shown pre-
viously that if this symmetry is spontaneously broken, theminstantaneous Coulomb potential
approaches a constant at large distaffes[3]. Since théatmitis an upper bound for the physical
interquark potentiaf]4], that too cannot show a linear éase at large distances in the symmetry-
broken phase. Therefore, such a phase is not confining instd sense. This is also consistent
with the fact that the O(4) link magnetization order paraanetiescribed above is also sensitive to
the Polyakov loop symmetry, which negates all links in a gidéection in a single perpendicular
hyperlayer. Applied to the fourth direction, it flips the rmagization. Thus if these magnetizations
take on expectation values, then they will break the Polyd&kop symmetry, a standard signal
of deconfinement, as well as the remnant symmetry. One camlplys use the Polyakov loop
as an order parameter, however it is difficult to work with arge symmetric lattices, because it
is numerically small everywhere. It is also difficult to deténe the expected finite-size scaling
behavior due to its nonlocal nature - its definition is is blatiice-size and boundary-condition
dependent. The big advantage of the magnetization ordanader is that it is the average of a
local quantity, so all of the normal methods applied to spodeis can be used.

2. Monte Carlo Simulations

Monte Carlo simulations were run on4.26* and 20 lattices with periodic boundary condi-
tions[$], using 10,000 equilibration sweeps followed by measurement sweeps, with quan-
tities measured after each sweep. The gauge is reset afterseaep, before measurements are
taken (the simulation itself is a standard non-gauge-fiygthte). Because there dXdayers there
areN x 50,000 values for the magnetization in each run.

The gold standard for locating the infinite lattice tramsitpoint, if there is one, is to demon-
strate crossings of the Binder cumulant as a function of loegifor different lattice sizes. For the
O(4) order parameter, the Binder cumulant, defined hetdgas 1— < |[mM[* > /(3 < |mM? >2),
varies from 1/2 in the full unbroken phase to 2/3 in the fultghen limit[§]. Exactly at the infinite-
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Figure 1. (a) Binder cumulant for 12(diamonds), 16 (squares), and 2Qtriangles) lattices. Error bars,
computed from binned fluctuations, are about 1/2 the sizeiitg. (b) Layered link magnetizations for41.2
(diamonds), 16(squares), and 2Qtriangles) lattices. Error bars are about 1/3 the size oftpo
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Figure 2: Susceptibility for 12 (diamonds), 16 (squares), 2D(triangles) and 24(X’s) lattices.

lattice phase transition it has a nontrivial value in betweBarring higher order corrections, the
Ug curves for all lattice sizes should cross at this point. Whigher order corrections are present,
crossings may suffer slight shifts from each other. In F{g) & clear crossing is seen in the Binder
cumulant aroungB = 2.5 (possibly as high as 2.6). The valuelhf at 3 = 2.8 and 3.1 on the 20
lattice is more than 10 standard deviations above that éot#hlattice, with an even larger separa-
tion in the opposite direction ¢ = 2.3. Fig. 1(b) shows the magnetization, which also exhibits a
crossing at a slightly higher coupling. Aboe= 2.7 the magnetization actuallycreasesslightly
but significantly with lattice size (five standard deviasaeparate 2and 20 values at3 = 2.8
and ten at 3.1), a strong indication that the magnetizatidirpersist on the infinite lattice. Finally
Fig. 2 plots the susceptibility = N3(< |mM|? > — < |m| >2), showing large peaks at the expected
location, slightly to the strong coupling side of the suspddnfinite-lattice critical point. Peak
height is growing rapidly with lattice size. The expectedtéirsize scaling of the peak heights is
given byNY/V. Using the 16 and 2@ peaks, a value of/v = 2.85+ 0.12 is obtained. A few runs
were also performed on a 2#attice. Comparing to the 20value givesy/v = 2.99+0.15. These
suggest a weak first-order transition for which a value ohg,layer dimensionality, is expected.
Double-peaked histograms at soffialues are also suggestive of a first-order transition #eis
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crossing of magnetization curves, which normally doesajtgen for higher-order transitions. If
the latent heat is small, and is split iftbsmall mini-jumps as each layer breaks, it could be hidden
within normal plaquette fluctuations, which would also hitdieom the specific heat.

3. Simulationsin Fundamental-Adjoint Plane
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Figure 3: (a) Binder Cumulant aBagjoint = 1.5 for 12* (diamonds), 16 (squares), and 2Q(triangles)
lattices. (b) Magnetization for Zdiamonds), 16 (squares), and Zqtriangles) lattices.

Simulations were also performed in the fundamental-atjoene a3 = 1.5, where a strong
first-order bulk transition is known to exist, with latentabeof about 0.26 (plaquette jump). It
appears clear that the Binder cumulant crossing shown irSBag occurs at the previously-known
phase transition point (aboft= 1.04), as does a crossing in the magnetization seen in Fig. 3(b)
(order of points from different lattices are opposite abawel below the transition). This indi-
cates that this is a symmetry-breaking phase transitioighwib consistent with an earlier energy
analysis[]7], but at variance with traditional interpraat. A symmetry-breaking transition cannot
simply end in a critical point like the liquid-gas transitiolt must separate the entire phase plane
into two disjoint phases of different symmetry. As explairebove, a breaking of the remnant
symmetry is necessarily deconfining, which is consisteti tie jump in Polyakov loop Binder
cumulant, observed to be coincident (Fig. 4). Therefore,dbnfining phase must be separated
from the weak coupling phase everywhere in the fundamewtaint plane. It is important to
realize that the identification of the bulk transition in foadamental-adjoint plane as a symmetry-
breaking deconfining transition, not unlike that of the Zi#ide gauge theory, is sufficient to prove
that the continuum limit of zero-temperature SU(2) lattigeige theory is deconfined. This is be-
cause there is no reason not to take the continuum limgaat 1.5, B — o, and if the infinite
lattice is already deconfined f@ > 1.04 then it is certainly deconfined @s— . Unlike on the
Wilson axis, there is nothing subtle about this transitidime latent heat is large and the critical
point shows almost no lattice size dependence, so thereggesiion about its bulk nature. In other
words, when considering confinement in the continuum liinis, not necessary to determine what
happens on the Wilson axis, though universality would nexjaiphase transition to exist there too.
Evidence given above shows a Wilson-axis transition isgmem the magnetization. However, it
is apparently too weak of a first-order transition there t® dieectly in the plaquette or specific
heat, possible reasons for which will be given below. Fa teason the symmetry-breaking nature
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of the stronger transition in the fundamental-adjoint plaimportant corroborating evidence for
the existence of a phase transition.
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Figure 4: Binder cumulant of Polyakov loop @ = 1.5 for 12* (diamonds), 16 (squares), and 2Qtrian-
gles) lattices. Polyakov loop itself also jumps, but Bindemulant is sharper for large lattices.

4. Discussion and Conclusions

A layered transition such as the one seen here has somesaggech are three-dimensional,
because the order parameter is averaged over only the timeeslons within a hyperlayer, and
others which are four because the Hamiltonian is still fdianensional. The transition is more
spread out than one would expect for lattices of this sizeabse it is the hyperlayer volume that is
involved rather than the full volume, and also due to the il expansion factor favoring partially
broken states. For example, there are N ways to choose @ sirgiten directionN(N —1)/2 to
choose two, etc. Thus, one needs a higher energy penaltgiatipel system to a completely broken
or unbroken state. Even on the*2@ttice the transition is spread from abgiit= 2.3 to 2.8. The
Polyakov loop transition is seen to occur on the weak sidbisttansition near the point where the
last layer becomes broken (aroufid= 2.75 on the 26 lattice). If the zero-temperature continuum
pure-gauge theory is deconfined, then the deconfinementaeasymmetric finite-temperature
lattices cannot be a physical transition. It would be a medifiersion of the same transition seen
here on symmetric lattices. However, it could have a diffesealing behavior, order, and shifted
critical point because the finite-temperature lattice isia three-dimensional system; in a similar
vein the three dimensional Ising model with one finite dini@msno matter how large, has the
ultimate critical behavior of a 2-d Ising model. Also, whearrhions are added to the theory, a
finite-temperature unbreaking of the chiral symmetry i Igkely to exist as a physical transition,
which may have many of the same properties as a deconfineraasition[ [B[ B[ 70].

To summarize, the minimal Coulomb gauge allows for the gahgery to be analyzed like
a layered magnetic system, with global remnant SU(2) gawgengtries operating separately on
each 3-d hyperlayer. A link magnetization, which acts as &) €pin, magnetizes and breaks the
symmetry at weak coupling, also breaking the Polyakov logpreetry. A zero-temperature de-
confining phase transition is not expected in a non-abeftiaary, but has been suggested befre[8,
M3]. The suspected cause of this phase transition is therpresof lattice artifacts, similar to the
monopoles responsible for the transition in the U(1) theSgme time ag[]12], a gauge-invariant
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SO(3)-Z2 monopole was shown to allow a topologically netdtirealization of the non-abelian
Bianchi identity, in a way analogous to the U(1) monopoleha abelian theory. A run was per-
formed on a 12 lattice using minimal Coulomb gauge At= 0 (strong coupling limit) but with
S0O(3)-Z2 monopoles prohibited and with plaquettes rdstlito be greater than 0.1 (similar to a
positive plaquette constraint, but also avoids plaquetiese to zero which are very randomizing
for Wilson loops). This run stayed in the broken phase ofdlyeted link magnetization with a dis-
tribution similar to the Wilson-action simulation At= 3.1. Nevertheless, this action produces an
interquark potential similar to that seen with the Wilsotiactat3 = 2.85, so it may be a practical
way to avoid the artifacts and access continuum physicsasoreble-sized lattices.

A possible reason for the existence of a weak first-ordessitian in virtually all gauge the-
ories is that when a symmetry breaks on the infinite latticeemgodic restriction occurs which
prevents tunneling to other sectors. This would appeardoltrén a sudden change in entropy. If
this entropy change is extensive, then a latent hdaksexists. At first glance, it would appear that
the number of symmetries breakirg,on anN* lattice, would not be sufficient, in that the associ-
ated entropy jump would scale liké However there is an additional gauge freedom in the minimal
Coulomb gauge due to exceptional configurations. If the stitheosix links pointing in the one
through three directions touching a site is zero, then ag@agsformation there will not affect the
gauge condition. Although extremely rare, the number ofisiies in a gauge configuration scales
with volume. In counting the number of ergodically prohdoitgauge transformations away from
a given configuration, one must include combinations of sagbeptional” gauge transformations
with the symmetry-violating ones, giving a small but nomezpimp in the specific entropy which
will be seen as a latent heat associated with a first-ordeseptnansition.
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