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1. Introduction

It is difficult to directly calculate th& — 7T weak matrix elements on lattice due to dif-
ficulties of calculation of the two-pion state in finite volume. Indirect mettpd [Hrie of the
candidates to avoid the difficulty. In the indirect meth$d— 77T process is reduced t€ — 1
andK — 0 processes through chiral perturbation theory (ChPT). The RB@r{@]CP-PACS][]3]
Collaborations calculated full non-leptonic kaon decay processes witinékteod. Their final re-
sults ofe’ /&, however, have the opposite sign to the experiment. In the calculationstieereany
systematic errors.g., calculating at one finite lattice spacing with quenched approximation, and
using the reduction with tree level ChPT. The indirect method might causer Isygtematic errors
than other sources, because the final state interaction of the two-piopésted to play an im-
portant role in the decay process. Thus we have to treat the scattdengadfthe two-pion state
directly on lattice to eliminate this systematic error.

There are two main difficulties for the direct method, where the two-pion stataléslated
on lattice. The one is to extract the two-pion state contribution with non-zé&tivemomentum
in the K — 7t four-point function, which was pointed out by Maiani and Te$}a [4].f&dhere
are several ideas for solving the problem. A method is employed with a ppopgction of the
K — mrt four-point functions([[p]. In the method we need complicated calculatiodsaaalyses,
e.g., diagonalization of a matrix of the two-pion correlation functiofis [6], to tteattwo-pion
state with non-zero relative momentum on lattice. A simpler idea, where compliaatdgses
are not required, is to prohibit the zero momentum two-pion state. Recently{fflineported
an exploratory study of the idea with H-parity (anti-periodic) boundanmydaoons in the spatial
direction. He succeeded to extract the two-pion state with non-zero eetatvnentum from the
ground state contribution of correlation functions, because the zero niomedwo-pion state is
prohibited by the boundary condition. We can also forbid the zero momentwapitm state
in center-of-mass (CM) frame by performing the calculation in non-zerd notenentum (Lab)
frame,|P| # 0. In the frame the ground state of the two-piofris0) 7i(P)), which is related to the
two-pion state with the non-zero relative momentum in the CM frame. Thus, wexteact the
two-pion state with non-zero momentum from the ground state contribufipns 8¢t as in the
H-parity boundary case.

The other difficulty is related to the finite volume correction due to the two-piomaoten.
We have to pay attention to the finite volume effect of the two-pion to obtain matrixegits in the
infinite volume, because it is much larger than that of a one-particle state.utklbnd Lischer
(LL) [B] suggested a solution which is a relation between the finite and infinitewe, center-of-
mass frame decay amplitudes. However, this relation is valid only in the CM fratheeriodic
boundary condition in the spatial direction, so that we need a modified fowhga we utilize
H-parity boundary conditio{]7] or Lab frame calculation. Recently, twougs, Kimet al. [[LQ]
and Christet al. [[L1], suggested a formula which is an extension of the LL formula for tHe La
frame calculation.

Here we attempt to apply these two methods, Lab frame calculation and the exktiemd
mula, to the calculation of thal = 3/2 kaon weak matrix elements. Our preliminary result was
presented in Ref[J12]. The results presented here are systematicgéy fan the preliminary
results reported in last year lattice conference. During the past yedisa@vered that larger time
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separations were needed to remove excited state contamination.

2. Methods

Through the extended formulf J10,] 11], the infinite volume decay amplitid® the CM

frame is given by
2 Enn\° [ 08(p) . O@s(A)) |\ 2
2= (5 ) {2510 2 D @)

where|M| is the finite volume, Lab frame decay amplitugtés a boost factoitz,;; is the CM two-
pion energy, and is the scattering phase shift of the final state interaction. The relative momentu
p? is defined by the two-pion energp? = E2,,/4— m2. The functiongs with P being the total
momentum, derived by Rummukainen and Gottligh [13], is defined by
__yar?

ZE(Lia%y)

tangs(q) = (2.2)

whereq? = (pL/2m)?, and
1
\/4nﬁezZS N2 +n2+y2(ng+1/2)2 — o’

Zoo(Liatsy) = (2.3)
in theP = (0,0,2m/L) case. The formula eq[_(.1) is valid only for on-shell decay amplituele,
Enr = Mk as in LL formula [9].

We calculate the four-point function fad = 3/2 K — rrrr decay with total momenturii = 0
and(0,0,27t/L). The four-point functiorG;(P;t,t,tx ) is defined by

Gi(P;t, tr t) = (0| [KO(B;t)]TOY%(t)mr 7 (B;t)0), (2.4)

where the operat0|@i3/ 2 are lattice operators enteriddg = 3/2 weak decays
02/7,288 = (S'd)L [(Ubub)L,R_ (abdb)L,R] + () (WPdP) R (2.5)
Onge = () [ (TP0?)r— (@ 'd)r] + (S°) (@)r | (2.6)

with (9g)L =qyu(1—)q, (09)r = ayu(1+ ¥5)q, anda, b being color indicesogé2 andogé2 are the
operators in the (27,1) and (8,8) representationSbf3),. ® SJ(3)r with | = 3/2, respectively.
Ofr(szs is identical toogéz, except the color indices are mixed. We also calculate the four-point
function of two pionsG(P;t,t,;) and the two-point function of the kadB (P;t,tx) with zero

and non-zero total momenta, to obtain the needed energies and amplitudes.

3. Simulation parameters

We employ the domain wall fermion action with the domain wall helght 1.8, the fifth di-
mension lengti.s = 12 and the DBW2 gauge action wifh= 0.87 corresponding ta™! = 1.31(4)
GeV andmes = 1.25(3) x 1073, The lattice size id.3- T = 16%- 32, where the physical spa-
tial size corresponds to about 2.4 fm. Our simulation is carried out atdfaliquark masses,
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Figure 1: Measured values of scattering amplituleandd obtained from CM and Lab calculations. Solid
lines are fit results.

m, = 0.0150.03,0.04 and 0.05, for the chiral extrapolation of the decay amplitudes, using 252
gauge configurations, except for the lightest mass where we use 8#iQurations. For interpo-
lations of the amplitudes to the on-shell point, we calculate the decay amplitudesixvitiange
guark massesns = 0.12,0.18 0.24,0.28,0.35 and 0.44, at the heavier threwg, while we use the
three lightenmg at the lightestm,. It is enough for the on-shell interpolation with the thregin

the lightesim, case. We will see the point in a later section.

We fix the two-pion operator &f = 0, and the kaon operatty = 20 to avoid contaminations
from excited states as much as possible. A quark propagator is calculateceiaging quark
propagators with periodic and anti-periodic boundary conditions for the dineetion to obtain
a propagator with 2 periodicity. We calculate the quark propagators with Coulomb gauge-fixed
wall and momentum sources.

4. Results

The final state of thé&l = 3/2 kaon decay is the S-wave isospig- 2 two-pion state. The
scattering phase shift of the two-pion state can be obtained by the finite védwmelae for the
CM [[L4] and the Lab frameg []L3] with the two-pion energy in each frame.défane "scattering
amplitude” T (p) = tand(p)Emr/2p, WhereExqy; is the two-pion energy in the CM frame. The
scattering amplitude is used for the chiral extrapolation of the phase shifavgkbbal fitting for
me, and p? with a polynomial functioray o2+ axon 4 a1 p? + ag1mé.p?. While p* andn; should
both be treated as second-order in ChPT, for our calculation we hayevem different relative
momenta. For that reason we omit the additiopfaterm. The figurg]1 shows the result Bp)
and the fit results at each pion mass in the left figure, and the measured wééi(p) in the right
figure. The phase shift at the physical pion mags= 0.14 GeV, plotted by solid line with the error
band in the right graph, is comparable with the prediction from ChPT withrerpat. In order to
utilize the extension eq.(2.1) of the LL formula, we evaluate the derivatitieophase shift from
the fit result, while the derivative of the functigg is obtained by a numerical derivative.

All the off-shell decay amplitudes are determined by the ratio of correlationtions with
i = 27,88 andm88, v/3G;(P;t, tr, t ) ZmnZk /Grn(P; t,tr) Gk (Pt tk ), whereZ,; andZk are the
overlap of the relevant operator with each state. We determine the diffasiyglitude in the flat
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Figure 2: Interpolation of off-shell decay amplitude to on-shell iMGnd Lab frames. Closed(open)
symbol is off-shell(on-shell) amplitude.
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Figure 3: Infinite volume decay amplitude of 27 operator obtained fdifferent calculation methods.

region of the ratio as a function bfbecause the ratio will be a constant for those valudésadfen
these correlation functions are dominated by each ground state.

The figure[P shows the off-shell decay amplitude of the 27 operator in fioltene and its
interpolation to the on-shellx = E;; in the cases of both the frames. In the lightest pion mass
case, we can linearly interpolate the data with the three kaon energies. ©th#rehand, the
off-shell decay amplitudes at the heavier pion masses have large gerf@tthe kaon energy, so
that we fit the data with a quadratic function. In all the pion mass cases, thpalateed, on-shell
decay amplitude and the fit line are plotted in the figure.

The decay amplitudes on finite volume in each frame are converted to thoseOMlirame
in the infinite volume through the LL formuld][9] and its extended formula[ed.(@slng the
derivatives of® andgs obtained in the above. In Fifj. 3 we plot the infinite volume decay amplitude
of the 27 operator obtained from the different frames at the lightest pi®s ama function of?.

The previous result obtained from H-parity boundary calculation is distbepd to compare with
these results. The amplitude obtained from the Lab frame is consistent with ¢héeliermined
from those of the CM frame and H-parity boundary calculations.

The infinite volume decay amplitudes of all the operators are plotted if]Fig. @ réult of
the 27 operator seems to vanish at the chiral limit with zero relative momentum, tvbikgther
elements remain a constant in the limit. These trends of the pion mass depeaderezsonably
consistent with the prediction of ChPT at leading ordér [8]. In order testigate them?. and
relative momentunp? dependences, we carry out a global fitting for each decay amplitude?for
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Figure 4: Infinite volume decay amplitudes obtained at differenttredbamomenta. Diamond symbols are
fit results withm?, = p? = 0. Open symbols are omitted in global fit.
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Figure 5: Measured R&, and result from previous works. Open symbols are omittedabd fit. In left
panel dashed lines denote fit results.

andp? assuming a simple polynomial form as
Aoo+ AromE + Ao1 p? + Aramip. (4.1)

The x2/d.o.f. of the 27 operator is larger than 5 with all the four pion mass data, savtha
exclude the heaviest pion mass data in all the operators from the followalgsénto make the
x?/d.o.f. reasonable. The constant term of the 27 operator is consistersesathwithin the error,

27 = —0.0020(29), as expected. In other operators, we employ the same fitting function as the
27 operator excepiq1 = 0. The fit results are plotted in the figures, and those at the both limits,
m2. = p? = 0, are represented by diamond symbols. It should be noted that while the fiirne
|A27| is the correct leading CHPT behavior, it is being used in a region of quge faass. Likewise
the linear fit to|Ags| and|Angs| omits possible logarithm terms which are of the same order.

The weak matrix elements are determined using non-perturbative matchiogsfaeviously
calculated with the regularization independent (RI) scheme in Ref. [7f élactroweak con-
tributions of ¢’ /¢, (Qy7)2 and (Qs)2, are evaluated fromAgg| and |Aygs|. At the physical pion
massm; = 0.14 GeV and relative momentum = 0.206 GeV, we obtain the matrix elements
(Q7)2(u) = 0.247364) and (Qg)2(u) = 1.160(31) Ge\? at the scaleu = 1.44 GeV using the
same fitting form as in thAgg| and|Angg| cases.
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We calculate R&, from the weak matrix elements in the Rl scheme with the Wilson coef-
ficients evaluated by NDR scheme calculated in Héf. [7]. The left figurdgnBrshows Ré,
obtained from the CM and Lab frame calculations. The measured valuefefdRe almost same
as those of the 27 decay amplitude, in Hlg. 4, apart from the overall eunsthe reason is that
the main contribution of R& comes from the 27 amplitude. We carry out a global fit using the
same polynomial assumption €q.{4.1) except the constantAgyra O to evaluate the result at the
physical pion mase; = 0.14 GeV and momenturp = 0.206 GeV. In the fitting we omit the data
at the heaviest pion mass because of the same reason mentioned in theVéb@an also carry
out a reasonable fittinng/d.o.f. = 1.2, withoutA;1. The fit results at each pion mass and the
physical point are plotted in the figure.

We plot the results of R%& at the physical point in the right panel of F[§. 5 together with those
of the previous works using the indirect meth@fi[[2, 3] and direct calculatith evaluating the
finite volume, two-pion interaction effect through ChHT][15]. We estimat&,Re2.26(41) and
1.61(24)<108 GeV at the physical point with and witho4 term, respectively. These results
agree with each other and the experiment within two standard deviationsediiitis encouraging,
albeit it includes systematic errors due to quenched approximation, finite Egtcing effects, and
heavy pion and kaon masses.
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