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1. Introduction

Numerical simulation of lattice QCD at non-zero temperatireand quark chemical poten-
tial (Lg) is an essential tool for quantitative understanding of the QCD phaseétivansSo far,
most of the studies have been performed using the staggered-typeagtiaris with the fourth-
root trick of the quark determinant. To test the uncertainties of the lattice @S0lts due to
different fermion formulations and to obtain basic information to analyze therarental data in
relativistic heavy ion collisions, systematic studies of the QCD thermodynamiing asVilson-
type quark action are called for. Such a study a¢ 0 andpiq = 0 has been initiated six years ago
using the Iwasaki (RG) improved gauge action andNle= 2 clover improved Wilson quark ac-
tion by the CP-PACS Collaboration [1, 2]. The phase structure, the tramgi#ioperature and the
eqguation of state have been investigated in detail, and also the crossalisy stthe region near
the chiral phase transition point has been tested. It is confirmed thatracted chiral condensate
satisfies the scaling behavior with the critical exponents and scaling furaftibe 3-dimensitonal
O(4) spin model, suggesting the chiral phase transition is in the same @tityeckass as the O(4)
spin model. Moreover calculations of various physical quantitids-at0 such as the light hadron
masses have been carried out using the same action [3].

Since there are numbers of technical progresses in treating the systefimitétbaryon den-
sity in the past six years, it may be worth while to revisit the QCD thermodynamitbsilson-
type quarks, and to study especially the effect of non-zero baryositgie In this report, we will
highlight the fluctuations at non-zero temperature and density among s4opics we are study-
ing by Wilson quarks. The existence of the endpoint of the first ordas@lransition in theT, 1q)
plane is suggested in phenomenological studies and has attracted muchretteotivin theories
and experiments. Among others, an interesting result has been repantedenical simulations of
the quark number susceptibility (the second derivative of the thermodyrgaamd canonical po-
tential Q) in the framework of the Taylor expansion with respegig@T by the Bielefeld-Swansea
Collaboration [4]. By calculating the Taylor expansion coefficient@ afp toO[(1q/T)®] using the
p4-improved staggered fermions, they found that the quark numberdtianuncreases rapidly as
Hq increases in the region near the transition temperature. This suggeststlpdire existence of
the critical point in thgT, g) plane. Itis particularly important to confirm whether the same result
is obtained using the Wilson fermions which does not resort to the fouathtrick of the quark
determinant. Because the odd derivative§dofanishes and the second derivative is the suscepti-
bility at g = 0, the forth derivative is the leading term necessary to investigaig,tdependence
of the susceptibility. We calculate the second and fourth derivativ€x with respect toug, and
discuss its behavior at finiye,.

2. Simulations

We perform simulations foN; = 2 atmps/my = 0.80. We adopt the lwasaki (RG) improved
gauge action and the clover improved Wilson fermion action:

Z(BKp) = [ U (et Ve S, sgz—ﬁ{ 3, M 00+ 5 ey }

X, 1>V
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Figure 1: Left: Phase structure of QCD with Wilson-type quarks. Ridhihes of constanimps/my, and
lines of constanT /Tpc.

Myy = Oy — OxyCswK y OpvFuw =Ky [(1— VUi (X) 8ypy+ (L+WUT(x—1) 5x7f,y}

g>v

K [ Va)Ua(X) 8y — € H (1 y)UsT(x—3) §, 4] (2.1)

whereWX(x) andW}i?(x) are 1x 1 and 1x 2 Wilson loops,Fuy = (fuv — fy)/(81), fuv is
the standard clover-shaped combination of gauge ligks; 6/g%, ¢; = —0.331, ¢y = 1 — 8¢y,
Csw= (1—0.8412871)~%4 andu = pqa.

The phase structure of QCD g} = 0 with this action has been investigated in Ref. [1]. The
black line(K¢) in Fig. 1 (left) is the chiral limit, on which the pion mass vanishes at zero temper-
ature. Above this line, a parity-flavor symmetry is spontaneously brokemexical simulations
are performed in the normal phase beldw At finite temperature, the parity-flavor broken phase
becomes narrow, that is the colored region in the upper left of Fig. 1 f¢teftyy = 4. On the bound-
ary of this phase, pion mass vanishes. The red (¢ is the finite temperature pseudo-critical
line for N; = 4, separating the cold phase at snfaind the hot phase at lar@e

The relation between the simulation paramet@X) and the physical parameters is shown
in Fig. 1 (right). We determine the lines of constant physics (LCP’s) by thesmregtio of pseudo-
scalar meson and vector mesops/my, interpolating the data ofi,.sandmy atT = 0 in Refs. [1,

2, 3]. The temperature is estimated by the vector meson maawusingT/my = 1/(Nimya),

and normalized byl,c/my, whereT,. is the temperature at the pseudo-critical point on each LCP
(see Sec.lV in Ref. [2]). Colored lines in Fig. 1 (right) are the lines ofstamtmps/my (LCP’s)

and dashed lines are the lines of constBfif,c. (T/Tpc = 0.8—2.0.) In this study, we generate
500 - 600 configurations (5000 - 6000 trajectories) for each simulationt.pdhe lattice size is

NS x Ny = 16° x 4. The details of our simulations are given in Ref. [5].

3. Taylor expansion of the grand canonical potential

QCD at finite density is known to have a serious problem called “the sigrigamibTo avoid
this problem, we perform a Taylor expansion of physical quantities in tefrpg aroundpg = 0
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and calculate the expansion coefficients, i.e. derivatives of the phygiaatities, by numerical
simulations atug = 0, so that this calculation is free from the sign problem. The calculations
of the derivatives are basic measurements in the study of QCD thermodynagimice most of
thermodynamic quantities are given by the derivatives of partition func#aif, u,, Uq), €.9.,
pressurep and quark number densityare defined by

p 1 Nyagy 1 dInZ a(p/T%

— I Q, = A
ey = TS VT 0(pe/T) ke T)’ &4
where g is the chemical potential for the u(d) quark. Quark number susceptilojity and
isospin susceptibility ;) are given by

Xq 7] 7] Ny + Ny X 7] 7] Ny — Ny
T_3‘<a<uu/T>+a<ud/T>> T ﬁ‘(ﬁ(uuma(udm) T3 (32

Moreover the chiral condensate is defined by the derivative 8f imith respect to the quark mass.
We define the Taylor expansion coefficients of the presp(ifeLy) for the casgu, = Ly = g
as

p 2 Ug\ " 1N "InZ
—=YeaM(Z), (M ==—% ——i— . (3.3)
T4 n; n( )<T> (D=5 NS 0 (1a/T)"| o
The quark number and isospin susceptibilitiesdge= Ly = Lq are given by
Xa(T, Hg) Hq o x(T,Hg) Hq -
AP — 26,4120 ( ) Foo = 202+12c4(_|_) fo (34
where 3 gnin 2( )
TIJ + H, U Hi Hu— Hd
d - LN JTn d q_ . W= . (3.5)
"TNE T (/TP (He/ T | om0 2
The explicit forms of the coefficients are
_ M _ 1 2 M | 1
Co = Ngf%7 Cq = m(%_ 3% )7 C2 - 2—l\|s3'@27 C4 4IN3N[ ( ‘@Z‘Q{Z) (36)
oty = (Do) +(D%), o= (D) +8(Z3T)+3(P5)+6(%97)+ (1),
By = (D),  Ba=(Dn)+2(Dsn) +(D5)+(2:9%), (3.7)
whereZ, = N¢[d"IndetM /o u"] andu = pga.
P = Nitr[(OM /O MY, Zp = Ny [tr[(0°M /O p?)M 1] —tr[(OM /)M -1 (OM/a )M 1],
The derivative of the fermion matrid atu =0 is
"M . —K (1_ V4)U4(X) 5x+21,y_ (1+ y4)U4T(X_a') 5x—Zl,y forn:odd (3 8)
oun K((1-ya)Ua(x) &3 +(1+ ya)UsT (x—4) 5, 4y) forn:even '

For the calculation of these operators, the random noise method is usegen®eateN,gise
of U(1) noise vector$ni ), g = N(i,X) 3 g, wheren (i,x) is a U(1) random numben = €°;0 <
6 < 2m) which satisfieg1/N) SN, n(i,x)n*(i,y) = &y for largeN. a = 1,---,12 is the color and
spinor index. Then liM_.(1/N) SN, z}xzzl(nw)xﬁ (ni’ja) = &%y, hence

1A%
an 1 > Nhoise 12
tr M™... n=12--), 3.9
<aun Nn0|se ,Zl i a (9[1” ( ) (3.9)
whereX; 4 is the solution oMX g = (---M~ )Ui,a-
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Figure 2. Left: Quark number (black) and isospin (red) susceptibsit Right: The second derivatives of
these susceptibilities.

4. Quark number and isospin susceptibilities

We calculate the expansion coeﬁicien§$c4,c'2 andcil. The black and red symbols in Fig. 2
(left) are the quark number susceptibiligy/T? = 2c, and isospin susceptibility, /T? = 2c),
respectively. We also plot preliminary results of the second derivatif¢lsese susceptibilities
02(Xq/T?)/0(Ug/T)? = 24c4 (black symbols) and?(x;/T?2)/d(uq/T)? = 24cy (red symbols)
in Fig. 2 (right). In this study, we chood¥,,se = 10 for the calculations of the operators in
Eq. (3.7) except for the operator§#"M /o u")M~1], wheren = 1— 4. We increase the number of
noise vectors up tdlise = 50 for tr{(d"M /d u")M~1] to efficiently reduce statistical errors. (See
discussions below.)

To check the reliability of the random noise method, we calculate the opefgigrs= 1—4)
using two independent sets of noise vectors Wthise = 10 on the same configurations . Figure
3 (left) shows the time history of the imaginary part®@f and the real part o7, computed by
two series of noise sets. The operatgy is real forn even and purely imaginary for odd, and
the expectation value a#; is zero because an expectation value of imaginary part is always zero
at ug = 0 [6]. It is found that two results o/, obtained by different noise sets are consistent
with each other on each configuration, while two result&gfare sensibly different. This means
that errors from the noise method is dominatingZnwith Nppise= 10. Moreover we found that
the error from%; dominates irc, andc, through Eq. (3.7). Therefore, in reducing the errors for
second derivatives, it is efficient to increddgse for 21, keepingNnoise= 10 for other operators.

As seen in Fig. 2 (left)xq/T? and x, /T2 increase sharply &l in accordance with the
expectation that the fluctuations in the quark-gluon plasma phase are mgehtlzn those in
the hadron phase. These results agree qualitatively with previous Hegsiisggered-type quarks
[4, 7]. Moreover the result ad?(xi/T2)/d(Uq/T)? is quite similar to the results by p4-improved
staggered fermions [4]. This suggests that there are no singularitjgsainnon-zero density, as
discussed in Ref. [4]. On the other hand, we expect a large enhantenmihe quark number
fluctuations neaf,c as approaching the critical endpoint in il 1iq) plane. Although the results
in Fig. 2 (right) have large statistical errors, the result®8fx,/T2)/d(Uq/T)? near Ty show
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Figure 3: Left: Time history of 7, (top) andZ» (bottom) obtained by different noise setsTatT,c =
0.925 mps/my = 0.8. Right: Slope of the line of constant pressur@igt= 0.

quite different behavior from those gf. The second derivative ¢fy nearT,. seems to be more
than three times larger than those at high temperature, suggesting the latgatiituns near the
critical point. However, the lattice discretization error in the equation of st&teaan to be large
for the action in Eq. (2.1). The short lines in the right end denote the valuke free quark-gluon
gas (Stefan-Boltzmann) limit, both fd\ = 4 and in the continuum. It is clear that we need further
studies increasing the statistics and decreasing the lattice spacing.

5. Linesof constant pressure

It is interesting to compare the line of constant pressure (and energiydemith Tyc(Lg) and
the chemical freeze out points [8]. Here we consider the pressustezdtine in thgT, ué) plane,

_dp ap ~ [+49(p/T% | 4p d(p/T% B
Ap_ﬁATJFTIJ&)A(ug)_{T‘l 5T +?}AT+ T4 0(115) A(yé)_o. (5.2)

From this equation, the slope of tipeconstant line atiq = O is given by

T ap/TY [ (-a(p/TY)  4p
a7 = o/ (TUor 1) 52

Using the data 0d(p/T4)/d(lqg/T)? = Xq/T? in Fig. 2,p/T*andTad(p/T4)/dT in Ref. [2], we
estimate the slope of the line of constant pressugg at0. The results anps/my = 0.8 are shown

in Fig. 3 (right). The slope atiy = 0 is about-0.1. This is roughly consistent with the previous
results by p4-improved staggered fermionsmag/my = 0.7 in Ref. [6], which is denoted by the

red dot. Moreover the slope of the phase transition line in Ref. [BHiEyc/d(Lq/T)? ~ —0.07(3).

The line of constanp is almost parallel to the phase transition line. On the other hand, the slope
TdT /d(ug/T)? of the line of the chemical freeze out in tif&, u2) plane are about-0.25 [8].
Further studies at small quark mass and I&igare necessary to compare with experimental results.
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6. Conclusion

We reported the current status of our study of QCD thermodynamics with aWiype quark
action. The lines of constant physics in tf& K) plane as well as the relation between the pa-
rameters(,K) and (T /Ty, Mps/my) are determined. Simulations are performed on %16
lattice. The derivatives of pressure with respectigcand i up to 4th order are computed. The
random noise method is used. For the calculation of 4th order derivativeshoice of the number
of noise vectorNyise) is important. We discussed the fluctuations of quark number and isospin
densities. Although the statistical errors are still large, a clear quantitatfeestice between the
second derivatives gfy andy; is observedxq seems to increase rapidly nélag as g increases,
whereas the increase gf is not large neafp.. These behaviors agree with the results obtained by
p4-improved staggered fermions qualitatively, and with the expectationtirersigma model.
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