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1. Introduction

There has been a remarkable progress in the studies of neutrinos inttheviral years. The
experiments with solar, atmospheric and reactor neutriiid$ [L[R[B, 4vB]pgrovided compelling
evidences for existence of neutrino oscillations - transitions in flight betw#kerent flavour neu-
trinos, caused by nonzero neutrino masses and neutrino mixing.

The hypothesis of neutrino mixing and oscillations was formulatef] ifj [6, 1B]lit was pre-
dicted that theye oscillations will cause a “disappearance” of sola) (neutrinos on their way to
the Earth. The evidences of solay“disappearance”, obtained first in the Homestake experiment
and strengthened by the results of Kamiokande, SAGE and GALLEX/GN@rawents [[[L[9],
were made compelling by the data of Super-Kamiokande (SK) and SNOimeues [2[B]. The
hypothesis of solave oscillations, which (in one variety or another) were considered #df70
on as the most natural solution of the solar neutrino “puzzle” (see, efg. [6,[11 [IR[ I3[ 14]),
has received a convincing confirmation from the measurement of thersalénino flux through
the neutral current reaction on deuterium by the SNO experirfent [@]bgrthe first results of
the KamLAND experiment [J5]. The combined analysis of the solar neutrita datained by
Homestake, SAGE, GALLEX/GNO, Super-Kamiokande and SNO experimentsof the Kam-
LAND reactorve data [p], established the large mixing angle (LMA) MSW oscillations/transitions
[L1, [£2] as the dominant mechanism at the origin of the observed gotificit (see, e.g.[[15]).
The Kamiokande experimerit] [9] provided the first evidences for oscifiataf atmospheriw,,
andv,, while the data of the Super-Kamiokande experiment made the case of agriospu-
trino oscillations convincind[4, 16, [L7]. Evidences for oscillations oftrieas were obtained also
in the long baseline accelerator neutrino experiments [18] and MINKGE Indications for
v-oscillations were reported by the LSND collaboratipr [20].

A beautiful confirmation of the oscillations of atmospherj¢ (v,,) and reactowe neutrinos
was provided by the Super-Kamiokande data onltfig-dependence of thg-like atmospheric
neutrino events|[16]l. andE being the distance traveled by neutrinos and the neutrino energy,
and the spectrum data of the KamLAND and K2K experimepts [[2]1, 22]. Fofitst time the
data exhibit directly the effects of the oscillatory dependencé g&h andE of the probabilities
of v-oscillations in vacuum[[23]. As a result of these developments, the osaikatibsolarve,
atmospherio, andv,, acceleratow, (atL ~ 250 km and- ~ 730 km) and reactov, (atL ~ 180
km), driven by nonzer@-masses and-mixing, can be considered as practically established.

The neutrino oscillation data imply the existence of 3-neutrino mixing in vacuunthdn
present lectures we review the theory of neutrino oscillations, the phemaogy of 3v mixing,
and the current data on thewdmixing parameters. We discuss also the open questions and the
main goals of future research in the field of neutrino mixing and oscillations.

2. Neutrino Oscillationsin Vacuum

We shall consider first the simplest possibility of two-neutrino oscillation iuat (see, e.g.
[LT,[I3,[2}]). Let us assume that the state vector of the electron neutrihgroduced in vacuum
with momentunp in some weak interaction process, is a coherent superposition of theest&iesv
|vi) of two neutrinosv;, i=1,2, having the same momentysrand definite but different masses in
vacuum, m, my # my, while the linear combination di/;) and|vy), which is orthogonal tove),
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represents the state vectox) of another weak-eigenstate neutrifg,) = [V, (r)) or |vs), vs being
a sterile neutrino:
|Ve) = |V1)C0SO+ |V2)Sing ,
(2.2)
|Vy) = —|v1)sinB+ |v,)cost ,
where@ is the neutrino mixing angle in vacuum and we have chosen (for concssjene= v,.
Obviously,|v; ») are eigenstates of the Hamiltonian of theystem in vacuunto:

Ho|vi) =Ei|vi), Ei=/P2+nf i=12 (2.2)

If ve is produced at timé = O in the state given by[ (3.1), after a tirh¢he latter will evolve (in
vacuum) into the state

[Ve(t)) = &5 1) cosB+ e 1 u5) Sind = Acelt) [Ve) + Aelt) Vi), (2.3)

where we have ignored the overall space coordinate dependent éaptopr) in the right-hand

side of (2.B) and usedl (2.1). Here
Aee=e Elcod 0+ e F it 0, Ay = % sin20(e ' — g 1R (2.4)

are the probability amplitudes to find respectivelyand v, at time t of the evolution of the-
system if neutrinoe has been produced at timhe= 0. Thus, ifm # mp and if neutrino mixing
exists in vacuum@ # nmr/2,n=0,1,2, ..., we havelA e(t)|2 # 0 and transitions in flight between
ve andv,, are possible. Assuming thef andv; are stable and relativistic, we obtain fron {2.4) the
probabilities that a/e will not change intov,,, P(ve — Ve), or will transform intov,, P(ve — v,):

P(Ve — Ve;t) = |Ace(t)[2 = 1— L sirP26 (1—cos2nLLv) ,

(2.5)
P(Ve — Vyit) = [Age(t)[> = 5 sinP 20 (1—c052'r|_£v) ,
whereAn? = m3 — mé, L 2t is the distance traveled by neutrinos and
E E[Mev]
Ly = 4T 2248m-—b 1 2
v ITAm2 8mAmZ[eV2} (2.6)

is the oscillation length in vacuum. In obtainirig {2.5) we have used the eq@alityE; = E +
Am?/(2E), E = ||, valid for relativistic neutrinos ». The quantitiedn? and sirf 26 are typically
considered as free parameters to be determined by the analysis of tiemestillation data. A
comprehensive theory of neutrino mixing should predict, or at leastidi@uable to explain, the
values of these parameters found from the data.

Our derivation of the expressions for the oscillation probabilifeg (2.5)beagd on the as-
sumption that the statés;) and|vy) in the coherent superposition representing the $tajeare
produced with the same momentum. It can be shdwh [25] that one arritles same result, eq.
(B3), if the states are produced with different momenta.

It should be clear from the above discussion that the neutrino oscillatierspurely quantum
mechanical phenomenon. The requirements of coherence betweentéisévstaand|v;) in the
superposition[(2} 1) representing the(or Vu(r)) at the production point, and that the coherence be
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Figure 1: The probability ofve (ve) survival, P(ve — Ve;t) = P(Ve — Ve;t), as a function of the neutrino
energy forL = 180 km andAn? = 8.0 x 105 eV2 (from [27]).
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maintained during the evolution of the neutrino system up to the moment of nedéiection, are
crucial for the neutrino oscillations to occur. The subtleties and the implicabibtiee coherence
condition for neutrino oscillations continue to be discussed (see,[elo§1@3]).

It follows from CPT -invariance, which we will assume to hold, that

Combined with the probability conservatioR(ve — Ve;t) + P(Ve — vy;t) = 1, P(Ve — Vgt) +
P(Ve — vuit) = 1, eq. [2.J7) implies that in the simple case of two-neutrino oscillations we are
considering one has

P(ve — Vyu;t) = P(Ve — Vyit) = P(Vy — Vert) = P(Vy — Veit) . (2.8)

As it follows from (2.5),P(ve — vy;t) depends on two factors: g — cos 21 /Ly), which
exhibits oscillatory dependence on the distabhesd on they energyE (hence the name “neutrino
oscillations”), and on sff26 which determines the amplitude of the oscillations. In order to have
P(ve — vy;t) = 1, two conditions have to be fulfilled: the neutrino mixing in vacuum must be
large, sif26 = 1, and the oscillation length in vacuuly has to be of the order of or smaller
than the distance traveled by the neutrinogs 2mL. If L, > 2L, the oscillations do not have
enough time to develop on the way to the neutrino detector and on(bas- v;t) = 0. This
is illustrated in Fig. 1 showing the dependence of the probalility — Ve;t) = P(Ve — Vg;t) 0N
the neutrino energy.

A given experiment searching for neutrino oscillations, is specified, riticoéar, by the aver-
age energy of the neutrinos being studiEdand by the distance traveled by the neutrinos to the
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Source Typeob E[MeV] Lkm]  min(An?)[eV?]
Reactor Ve ~1 1 ~ 1073
Reactor Ve ~1 100 ~10°°
Accelerator Vi, Vg ~10° 1 ~1
Accelerator Vi, Vy ~10° 1000 ~1073
Atmosphericv's Ve, Vye — ~ 10° 104 ~1074
Sun Ve ~1 15x1C® ~10°11

detectorL. The requirement, < 27l determines the minimal value air? to which the exper-
iment is sensitive (figure of merit of the experiment): @n?) ~ 2E_/L. Because of the inter-
ference nature of neutrino oscillations, theoscillation experiments can probe, in general, rather
small values ofAn? (see, e.g.,[[Ad, 13]). Values of nfitar?), characterizing qualitatively the sen-
sitivity of different experiments are given in Table 1. They correspionithe reactor experiments
CHOOZ (L ~ 1 km) and KamLAND [ ~ 100 km), to accelerator experiments - pdst(1 km),
recent, current and future (K2K, MINOS, OPERA, T2K, M@)), to Super-Kamiokande experi-
ment studying atmospheric and solar neutrino oscillations, and to the sotanoneaxperiments.
Due to the large Sun - Earth distance the relatively low energies of the\ggldre experiments
with solar neutrinos have a remarkable sensitivitj\ta?.

In certain cases the dimensions of the neutrino souk&,are not negligible in compari-
son with the oscillation length. Similarly, when analyzing neutrino oscillation daéahas to
include the energy resolution of the detectE, etc. in the analysis. As can be shon|[13], if
2mAR/(Ly) > 1, and/orLAMPAE /(E?) > 1, the oscillating term in the neutrino oscillation prob-
ability will be strongly suppressed. In this case the effecty-aiscillations will be effectively
determined by the average probabilities:

P(veeve)gl—%sinzze, P(veﬁvu)’égsinzze. (2.9)

As we have seen, if (3.1) is realized atwiPL/(2E) > 1 for reactorv, for instance, they can take
part in vacuum oscillations on the way to the detector (see ¢gs$. (2.8] @)yl (& this case the
flavour content of theve state vector will change periodically on the way to the detector due to
the different time evolution of the vector's massive neutrino components.amiplitude of these
oscillations is determined by the value ofs2#. If sin®26 is sufficiently large, the neutrinos that
are being detected at distaricavill be in states representing, in general, certain superpositions of
the states of ve andv,,. The reactowe have energiek < 12 MeV and are detected through the
charged current (CC) reactiop + p — e" +n. Obviously, thev, component of the state being
detected will not give a contribution to the signal in the detector. As a resalinbasured signal

in the reactow, oscillation experiment should be noticeably smaller than the predicted one in the
absence of oscillations. This is what is observed in the KamLAND experifegld], which has

10bviously, if ve mixes withvy and/orvy, these states will be superpositions of the stateg,aind/orv; .
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a baseline roughly of L ~ 180 km. Knowing the initialve flux and comparing it with the flux
measured at the detector, one can get information about the neutrinotmstilarameters. From
the data accumulated in the KamLAND experiment, the following values of the twaimeders
were obtainedJ21] (see alsp [29] and Section 4):

|Am3,| ~ 8x 10 ° eV?, sirf26;, ~ 0.84. (2.10)

Similar considerations apply to the case of mixing and oscillations betwgén, ) andv;
(v;), which is relevant for the interpretation of the Super-Kamiokande @xgetal results on
atmospheric neutrino$|[{,]1p,]17]. The data is described perfectly wedhins of two-neutrino
Vy — Vg, Vy — V; oscillations with parameters:

|Am3,| = 2.2x 103 eV?, sirf 26,32 1.0. (2.11)

Finally, in the CHOOZ reactor neutrino experiment with a basdligel km, no disappearance
of reactorve was observed. For the energies of the reactoithe oscillations due t@AM3,| =
8 x 10°% eV2 cannot develop on the distance of 1 km: we have for,Fe:g 4 MeV, 2nL /Ly =
0.063< 1, cos 1L /L, = 1, and correspondingl(Ve — Ve) 2 1. In the range of values ¢Am3,|,
determined from the atmospheric neutrino oscillation daag,| ~ 2.5 x 103 eV?, the following
limit on the relevant mixing angle was obtain¢d]|[31]:

sir? 013 < 0.06. (2.12)

We postpone to Section 4 a more detailed discussion of the ranges of vhegrino oscil-
lation parameters determined by the current global neutrino oscillation data.

3. Matter Effectsin Neutrino Oscillations

The presence of matter can drastically change the pattern of neutrino timtdianeutrinos
can interact with the particles forming the matter. Accordingly, the Hamiltonianeoh#utrino
system in matter differs from the Hamiltonian of the neutrino system in vaddgim

Hm: H0+Hint ) (31)

whereHi; describes the interaction of neutrinos with the particles of matter. Whenygmop-

agate in matter, they can scatter (due to k) on the electrons (8, protons f) and neutrons
(n) present in matter. The incoherent elastic and the quasi-elastic scattenivigich the states of
the initial particles change in the process (destroying the coherencedretiv® neutrino states),
are not of interest - they have a negligible effect on the solar neutrimyagation in the Sun and
on the solar, atmospheric and reactor neutrino propagation in the Eagtten in the center of the
Sun, where the matter density is relatively high 150 g/cm?®), a ve with energy of 1 MeV has
a mean free path with respect to the indicated scattering processes, wtéete 18 km. We

2The KamLAND detector, which is situated in the Kamioka mine in Japan, acteedigivesve flux principally
from 16 reactors in Japan, located at different distances from thadkanmine. The baseline of 180 km we quote
represents a mean distance to the reactors contributing to the signal inntheAK® detector (see[[EDZl]).

3These processes are important, however, for the supernova nsusée, e.g.O]).
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recall that the solar radius is much smaller; R 6.96 x 10° km. The oscillatingve and vy can
scatter also elastically in the forward direction on the p andn, with the momenta and the spin
states of the particles remaining unchanged. In such a process thermaief the neutrino states
is being preserved.

Theve andv, coherent elastic scattering on the particles of matter generates nontriicasn
of refraction of theve andv,, in matter [I]L]: k(ve) # 1, k(vy) # 1. Most importantly, we have
K(Ve) # K(vyu). The differencex(ve) — k (V) is determined essentially by the difference of the real
parts of the forwarde — e~ andv,, — e~ elastic scattering amplitudels [14hnd can be calculated
in the Standard Theory. One finds][{1] B3, 34I:

(Ve) ~ k() = = ©V2GeNe, (3.2)

whereGr is the Fermi constant arid: is thee™ number density in matter. Knowing(ve) —k (Vy),
it is possible to write the system of evolution equations which describegthev, oscillations in

matter [I]L]:
id(%@@)_(—m>d><%mm> (3.3)
dt \ Autt,to) |~ \ & elt) )\ Aultto) '

whereAg(t,t0) (Au(t,to)) is the amplitude of the probability to find neutrimg (v,;) at timet of the
evolution of the neutrino system if at tinigthe neutrinove or v, has been produceti> to, and
g(t) = % [AZI?Z cos P — V2GeNe(t)], & = A‘Ezsin 20. (3.4)

The termyv/2GgNe(t) in the parameteg(t) accounts for the effects of matter on neutrino oscilla-
tions. The system of evolution equations describing the oscillations of atrimesive < v, in
matter has exactly the same form except for the matter tewtt jrwhich changes sign.

Consider first the case afe < v, oscillations in matter with constant densityNe(t) =
Ne = cong. Due to the interaction terdi; in Hp, the eigenstates of the Hamiltonian of the neu-
trino system in vacuumyi) and|v,), are not eigenstates bfy. It proves convenient to find the
statesjv{f‘2>, which diagonalize the evolution matrix in the r.h.s. of the sysfen (3.3) or alguitly,
the HamiltoniarH,. We have:

Vo) = [vI") cOSBm+[V5") sin6m @5
V) = —|v")sinBm + V") oSy, . '
Here 6, is the neutrino mixing angle in mattedr [11],
, g tan 20
S|n29m - 2 12 = ) (36)
vette? | J1-{s)2+tarP29

where the quantity

“We standardly assume that the weak interaction of the flavour neutrineg, andv; and antineutrinove, \7,1
and vy is described by the standard (Glashow-Salam-Weinberg) theory df@leak interaction (for an alternative
possibility see, e.g.,|__L:l§2]). Let us add that the imaginary parts of theafa scattering amplitudes (responsible, in
particular, for decoherence effects) are proportional to the quoreing total scattering cross-sections and in the case
of interest are negligible in comparison with the real parts.
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An?
Npes - AnrcosD (3.7)
2EV2GE
is called “resonance density" [33]. The matter-eigenstmgs) (which are also called “adiabatic”)

have energiek[", whose difference is given by

1
An? N , 2
EN—El=2e2+62= SE <(1— Nr‘;)zcoéze +S|n226> . (3.8)
e

It should be clear from[(3.5) andl (B.8) that the probabilitygf— v, transition in matter with
Ne = congt. is given by [12]

] s 1. L

Pn(Ve — Vyiit) = [Au(t)]? = ésmzzem [1—cos2r—], (3.9)
m

whereL, = (EJ'— E")/(2n) is the oscillation length in matter. Af (B.6) indicates, the dependence
of the amplitude ofe « v, oscillations in matter, sf26m, onNe has a resonance character [12].
Indeed, ifAm? cog 26 > 0, for any sif 26 +# 0 there exists a value ®f equal toN;®, such that

Sl m— 41, or e — 5 .
i26n =1, for Ne=N® (3.10)

even if the mixing angle in vacuum is small, i.e., if §9 < 1. This implies that the presence of
matter can lead to a strong enhancement of the oscillation probailite — v;t) even when
the ve < v, oscillations in vacuum are strongly suppressed due to a small value’@bsirror
obvious reasons the condition
N — NI&S — An?cos D
2E\/2G

is called “resonance condition”, while the energy at which (3.11) holdsyiieen Ne, An? and
cosd, is referred to as “resonance energy".

The oscillation length at resonance is given py [} = L,/ sin 20, while the width inNe of
the resonance (i.e., the “distance’Na between the points at which $i26, = 1/2) readAN™ =
2Ng®™tan 2. Thus, if the mixing angle in vacuum is small the resonance is nafkbif® < N&&,
andLy, at resonance is relatively largels® > L. As it follows from (3.), the energy difference
EJ'— E{" has a minimum at the resonan¢g&l" — E")"® = min (EJ'— EI") = (An?/(2E))sin 26.

It is instructive to consider two limiting case. Ne < N%, as it follows from [3]6) and
(B-8),6m =6, Lm = L, and the neutrinos oscillate practically as in vacuum. In the opposite limit,
Ne > NI&, NIStar? 20, 6, = /2 ( cos®, = —1) and the presence of matter suppresses the
Ve < v, oscillations. In this case we get frofn (8.5) apd|(3/6)) = |v]"), |vy) = —|v"), i.e.,

Ve practically coincides with the heavier of the two matter-eigenststtewhile thev,, coincides
with the lighter onev".

Since the neutral current weak interaction of neutrinos in the Standa&f is flavour sym-
metric, the formulae and results we have obtained are valid for the cage—of; mixing and
Ve <> V7 oscillations in matter as well. The case \gf — v; mixing, however, is different. It is
possible to show that to a relatively good precision we have fovghendv; indexes of refraction

: (3.11)
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K(vy) = k(vr). As a consequence, thg « v; oscillations in matter (e.g., in the Earth) proceed
as in vacuun®.

The analogs of egs.[ (3.6) [ (B.9) for oscillations of antineutrin@s;~ v, in matter can
formally be obtained by replacing. with (—Ng) in the indicated equations. It should be clear that
depending on the sign &n?cos @, the presence of matter can lead to resonance enhancement
either of theve < v, or of theve < v, oscillations, but not of the both types of oscillations. This
is a consequence of the fact that the matter in the Sun or in the Earth we aestiedein, is not
charge-symmetric (it contaires, p andn, but does not contain their antiparticles) and therefore
the oscillations in matter are neither CP- nor CPT- invarint [35]

The formalism we have developed can be applied, e.g., to the study of the eftatds in
the Ve < V(1) (Vu(r) < Ve) oscillations of neutrinos which traverse the Earth mantle (but do not
traverse the Earth core). Indeed, the Earth density distribution in the existirth models[[38] is
assumed to be spherically symmetric and there are two major density strudiueesore and the
mantle, and a certain number of substructures (shells or layers). Ttiergdius is 6371 km; the
Earth core has a radius of 3486 km, so the Earth mantle depth is 2885 km. &hestaetron num-
ber densities in the mantle and in the core rdal [BERE" = 2.2 Nacm 3, NS =2 5.4 Nacm 3, my
andN, being the nucleon mass and Avogadro numb&he electron number densilye changes
relatively little around the mean values§ = 2.3 cm 3 Na andN¢ 22 5.4 Nacm 3, along the tra-
jectories of neutrinos which cross a substantial part of the Earth mantheg arantle and the core,
and theNe = congt. approximation was shown to be remarkably accurate in what concernalthe ¢
culation ofv-oscillation probabilities[[3€, 39]. This is related to the fact that the chaob@snsity
along the path of the neutrinos in the mantle (or in the core) take place ovdepgths which are
typically considerably smaller than the corresponding oscillation length in mHftinr example,
An? =103 eV? E =1 GeV and siA260 = 0.5, we haveN® = 4.6 cm 3 Ny, sirf 26y, = 0.8 and
the oscillation length in mattek,,, = 3 x 10® km, is of the order of the depth of the Earth mantle.

In the case of neutrinos crossing the Earth core, new resonancdfikesdoecome apparent.
For sirf 8 < 0.05 andAn? > 0, we can havé?2’ (ve — v,) = P2’ (v, — Ve) = P2 (An?,0) = 1
only due to the effect of maximal constructive interference between the amplitudes of the ve — v,
transitions in the Earth mantle and in the Earth core [B9, [40]. The effect differs from the MSW
one [39] and the enhancement happens in the case of interest at af/tdiaeenergy between the
resonance energies corresponding to the density in the mantle and thatoofréh Themantle-
core enhancement effect is caused by the existence (for a givertrajectory through the Earth
core) ofpoints of resonance-like total neutrino conversion, P2’ (An?, 8) = 1 in the corresponding
space ofv-oscillation parameterg [#0]. The points wh@&® (An?, 0) = 1 are determined by the

5In what concerns the possibility of mixing and oscillations betweervitend a sterile neutrings, ve < Vs, the
relevant formulae can be obtained from the formulae derived fordbe ofve < v, ;) oscillations by ] replacing
Ne with (Ne — 1/2Np), whereN;, is the number density of neutrons in matter.

®The matter effects in thee < vy (Ve < V) oscillations will be invariant with respect to the operation of time
reversal if theNe distribution along the neutrino path is symmetric with respect to this operattmnlatter condition is
fulfilled for the Ne distribution along a path of a neutrino crossing the EEB, 37].

"The change ol from the mantle to the core can be well approximated by a step funn [38]
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conditions [4]:

—cos B p cos &},
tang’ + \/ cos207 _467)’ tang’ = + cos Bcod 20740 (3.12)
where the signs are correlated and og%@sg26% —46%) < 0. In eq. [31R) # = (ES*" -
El'™LM™" and 2p” = (E;*° — E")L%" are the oscillation phases (phase differences) accumu-
lated by the (two) neutrino states after crossing respectively the first nlapée and the core,
Ery" (Ey) andL™" (L°®) being the energies of the two states and the neutrino path length in
the mantle layer (core), argl, and 6/, are thev-mixing angles in the mantle and in the core. For
Am? < 0 the mantle-core enhancement can take place for the antineutrino transﬁ[yons,ﬁe
and ve — vy,. A rather complete set of values Afr?/E > 0 and sif26 for which both con-
ditions in eq. [3.42) hold an2’(An?, 8) = 1 was found in[40]. The location of these points
determines the regions wheR8" (An?, 8) is large,P2’(An?,8) % 0.5. For sirf 8 < 0.05, there
are two sets of values dfn? and sirf 8 for which eq. [3.1R) is fulfilled andP?’(An?,0) = 1.
These two solutions of eq[ (3]12) occur for, e.g., values of the Nadle#hg- 0; 13;23, at 1)
sirf 26 = 0.034; Q039; 0051, and at 2) sit26 = 0.15; 017; 0.22 (see Table 2 in the last article
quoted in [4P]). FolAm? = 2.0 (3.0) x 103 eV2, for instanceP2’ (An?, 8) = 1 occurs in the case
of the first solutiorf atE = (2.8 -3.1) GeV E = (4.2—4.7) GeV).

The effects of the mantle-core enhancemeR3¥{ Ve — v,) = P2’ (v, — Ve) = P2’(AN?, 6)
are relevant, in particular, for the searches of subdomimg(p; — V(e oscillations of atmo-
spheric neutrinos (see, e.d., |[39] 42]). In the case of threeimeumixing, for which we
have compelling experimental evidences (see Section 4), and energias afmospheric neu-
trinos crossing the Earth coe < 2 GeV, thevy,,) — V(g transition probabilities of interest,
P2V (ve — vy) = P¥(v, — Ve), are simply related to the two-neutrino transition probabilities dis-
cussed abovg [13] (see al§o][41B” (Ve — V) = PV (v, — Ve) & sir? 6,3P2" (AmE,, B13), where
623 andAm%1 are the atmospheric neutrino mixing angle and neutrino mass squaredrdiféfiere
responsible for the dominam, — v; andv, — v; oscillations of atmospheric neutrinos, afid
is the CHOOZ angle (see eq$. (3.11) dnd (2.12)).

4. Oscillations of Solar Neutrinos

Consider next the oscillations of soleg while they propagate from the central part, where
they are produced [#4], to the surface of the Sun. For details cangetre production, spectrum,
magnitude and particularities of the solar neutrino flux, the methods of detec¢sofar neutrinos,
description of solar neutrino experiments and of the data they providecfee the reader to
[F4, [L4.[2}]. The electron number densMy changes considerably along the neutrino path in the
Sun: it decreases monotonically from the value~o100 cnm2 N4 in the center of the Sun to 0
at the surface of the Sun. According to the contemporary solar models€sg, [44[45]) Ne
decreases approximately exponentially in the radial direction towards tlaeswf the Sun:

Nelt) = Ne<to>exp{—t“°} | (@.1)

o

8The first solution corresponds to cag 2 —1, cos 2y’ = —1 and sik(26/,— 46/,) = 1. The enhancement effect
in this case was called “neutrino oscillation length resonance” (NOL]1 [39
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where(t —tg) = d is the distance traveled by the neutrino in the S\tip) is the electron number
density in the point ofe production in the Sur, is the scale-height of the changeN(t) and
one has[[45}fo ~ 0.1R..

The system of evolution equatiorfs {3.3) does not admit, in general, extatibas. However,
there are few notable exceptions in which the evolution equations can lezlsolactly (see, e.g.,
(A4, [47]). Remarkably, these include the case of exponentially vaiyiidg, [49], eq. [411), rele-
vant for the description of the solar neutrino oscillations in the Sun. Psihgn more remarkable
is the fact that[J50] the system of evolution equatidns](3.3), Witlgiven by eq. [4]1), describing
the solar neutrino oscillations in the Sun, is equivalent to a second orderedifial equation -
the confluent hypergeometric equatipn| [51], which coincides in form wetStthrodinger (energy
eigenvalue) equation obeyed by the radial part of the non-relativistie Wwaction of the hydrogen
atom [52]. On the basis of the corresponding exact solutions exprest&ms of confluent hyper-
geometric functions, using the asymptotic series expansions of the [altea[§itiple expression
for the solar neutrino survival probabiliti; (Ve — Ve), containing only elementary functions, has
been derived[44, 53] (see aldo][54]). It was also demonstratethinakpression faP., (Ve — Ve)
thus found provides a very precise (and actually, the most precisgjiamescription of the MSW
oscillations and transitions of the solar neutrinos in the $Un[39, $6, 5€]eXpression of interest
for P, (Ve — Ve) has the form[[4g], §3]:

Po (Ve — Ve) = Py + PP%, (4.2)
wherel5® is the average probability of solag survival,
- 1 1
Po=5+ (2 — PC> cos B cos D, (4.3)

andP¥ is an oscillating term
PO = —/P:(1— P-) cos B2 sin 20 cog ®,1 — D) . (4.4)
In egs. [4.8) and[(4.4)

- exp[—Zmo% sir? 9} —exp[—zmo%]
R = l—exp{—Zmo%] (4.5)

is [48] the “jump” or “level-crossing” probability for exponentially varyietectron number density

Ne ®, and 63 is the neutrino mixing angle in mattdr J11] in the pointwefproduction in the Sun.
The phasesb,; and @, in the oscillating term, eq.[(4.4), have a simple physical interpretation
[F3.[50]. In the exponential density approximation one fifidk [53]:

Py — Pyp = —2argl (1—c)—argl (a—1)+argl (a—c)
AP

—rOAZrIT;In[rO\@GFNe(xo)] +E(L—xo) (4.6)

9An expression for the “jump” probability corresponding to the case ofsitg (Ne) varying linearly along the
neutrino path was derived a long time ago by Landau and ZEer [58nAlytic description of the average probability
of solar neutrino transitions based on the linear approximation for thegehaftNe in the Sun and on the Landau-Zener
result was proposed irm‘sg]. The drawbacks of this description, winicertain cases (e.g., non-adiabatic transitions
with relatively large siA26) is considerably less accuraEl[SS] than the description based on thes @stained in the
exponential density approximation, were discusseql ih[[46} 48, 55].
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wherea = 1+ iroAn?/(2E)sir? 8, ¢ = 1+ irgAnm?/(2E), T (y) is the Gamma function and= 1
A.U. The part of the phas@b,; — ;) given byAm?(L — R.)/(2E), is accumulated on the path
of neutrinos in vacuum from the solar surface to the surface of the ;Baghrest is generated in
the Sun. Numerical studies have shown t{¥$; — ®»;) does not depend on the valueN(xo),
i.e., on the point of/e production in the Sur{[$7].

Few comments are in order. Both eqs.|4.5) gnd| (4.6) are valid for ang wedlanm? (or
An?/(2E)) and for any, including 8 > 11/4 [B3]. The solar neutrino transitions are called “adia-
batic” [[[7] if P; = 0; otherwise they are called “non-adiabatt€” As was shown in[[34], the oscil-
lating termP; can be relevant in the solar neutrino transitions, i.e., can give a non-indgbgntri-
bution inP., (Ve — Ve), only for An?/(2E) < 108 eV2/MeV: atAn?/(2E) 2 5x 10-8 eV2/MeV
we have effectivelyP; (Ve — Ve) = P_g In the latter case one speaks about solar neutrino transi-
tions. AtAn?/(2E) < 1078 eV?/MeV a very precise and easy to use expression for the phase

(o1 — Byp) was found in[[5]7]:

An? 3 AP, An?

The effects of solar matter in the — v, oscillations or transitions of solar neutrinos be-
come negligible at sufficiently larg¢ JIL2] and sufficiently smfll| [#8, [53, Adf. For solar neu-
trinos we have afn? 2 6x 1074 eV2: P, 20, P, 2 0, cos B2 = cos P, andP. (Ve — Ve) =
1-1/2 sirf 26, which coincides with the average probability of survivalvgfwhen the oscilla-
tions take place in vacuum. An? < 5 x 10-1% eV? one finds [4B[ 33, 54 = co< 6, cos B =
—1, (Py1— r2) = AMP(L — Xg) /(2E), and correspondinglip. (Ve — Ve) = 1—1/2 sirf26 [1—
cogAn?(L — %)/ (2E))], i.e., the solar neutrinos oscillate as in vacuum. For
5x 1010 eV?2 < An? < 2 x 108 eV? the solar matter effects are still not negligible and solar
neutrinos take part is the so-called “quasi-vacuum oscillations (QVQally, for sirf 6 ~ 0.3
of interest for the description of the solar neutrino data (see furthex)haveP. = 0, P, = 0,
cos BY = —1 and correspondingl}. (Ve — Ve) = sir? 8, approximately foAm?/(2E) ~ (1075 —
5x 1078) eV2/MeV. The analytic expression f@, (ve — Ve) given by egs.[(4]2) {(4.6) anf (1.7)
provides a very precise analytic description of the selasscillations/transitiond 5%, b7].

Let us note that the solar neutrino energies relevant for the interpretdttbe results of the
solar neutrino experiments lie in the interatz (0.233— 14.4) MeV. As we shall see, the neutrino
mass squared difference responsible for the solar neutrino oscillatioosstrained by the data to
be in the rangéAm? = Amg,; = (7.0 — 9.0) x 10~° eV2. Under these conditions we hae= 0
andP; = 0. The SNO experiment is sensitive to solarneutrinos with energieE < 6.5 MeV.
Thus, forE = 10 MeV, the solar neutrino survival probability relevant for the intetqtien of the
data from SNO experiment is given B (ve — Ve) = sir? 8. This allows, in particular, a direct
determination of the solar neutrino mixing parametef 8ifrom the SNO data.

Py — Py = 0.130(

5. Determining the Neutrino Mixing Parameters

The formalism of neutrino oscillations in vacuum and in matter we have deklepesed in
the analyses of the neutrino oscillation data provided by the solar, atmasphéireactor neutrino
experiments as well as by the experiments with accelerator neutrinos.

1OFor a more rigorous definition of the adiabatic and non-adiabatic neuteinsitions sed [§, 55.57].
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The Super-Kamiokande atmospheric neutrino data and the K2K and MIN@Gade well
described in terms of (dominant) 2-neutring — v; (v, — V) vacuum oscillations (se¢ [1,]18,

1.8 T T T T o
1.6
1.4
1.2
1
0.8 T '
1y . -
0.6 | L&
0.4 7 +
0.2 +
O N 3 aaaual N 3 aaaual 2. ol 3. AR |
1 10 10 10 10
L/E (km/GeV)

Figure 22 The L/E dependence of thg-like atmospheric neutrino event rate observed in the Super
Kamiokande experiment [[L6].

L L L L LI LI L TITL]

4

Data/Prediction (null oscillation)

M9]). The corresponding, — v; oscillation probability is given by:

N _ . > AMAL
P(Vy — Vy) = 1— Sin 20, sin? “JA" (5.1)

The best fit values and the 99.73% C.L. allowed ranges of the atmosphetito (/4-) oscillation
parameters readl [p1]:

|AME | =2.5x 103 eV? | sirf26s = 1.0,
(5.2)
AMZ| = (1.9—3.2) x 10 3 eV?, sinf26, > 0.87.
A

The sign ofAmﬁ and of cos Bj, if sin?26a # 1.0, cannot be determined using the existing data.
The latter implies that when, e.g., %EGA = 0.92, one has sfHa 22 0.64 or Q36.

In ref. [18] SK collaboration presented the first evidence for aniflasion dip” in the
L/E—dependencd, andE being the distance traveled by neutrinos and the neutrino energy, of
a particularly selected sample of (essentially milti-GeM)like events'?. Such a dip is predicted
due to the oscillatory dependence of the— v; (v, — V;) oscillation probability on ¥E: the
Vu — Vr (Vv — Vy) transitions of atmospheric neutrinos are predominantly two-neutrino trarsitio
governed by vacuum oscillation probability. The dip in the obsetvés distribution corresponds

UThese arei—like events for which the relative uncertainty in the experimental determinafitheL /E ratio does
not exceed 70%.
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to the first oscillation minimum of the, (v,) survival probability,P(v, — vy) (P(vy — vy)),
asL/E increases starting from values for whighmZ|L/(2E) < 1 andP(v, — v,) = 1. This
beautiful result represents the first ever observation of a diremttedf the oscillatory dependence
onL andE of the probability of neutrino oscillations in vacuum.

The combined neutrino oscillation analysis of the solar neutrino and the KarbDLd&ta
shows [2]L[ 29[ §2] that the. -oscillation parameters lie in the so-called “low-LMA’ region. The
best fit values and the 99.73% C.L. allowed ranges of vaIuAméf and sirf 6, read:

Am? =8.0x10°eV?, sirff, =0.30,
(5.3)
Amg = (7.1-8.9)x 10°eV?, sirf 6, = (0.24—0.40) .

The value ofam? is determined with a remarkably high precision. Maximatmixing is ruled
out at~ 60 [P9,[61]; at 95% C.L., cos, > 0.28. One also has\m? /|Amz | ~ 0.03< 1.

The interpretation of the solar and atmospheric neutrino, K2K, KamLANDMINOS data
in terms ofv-oscillations requires the existence of/3nixing in the weak charged lepton current:

3
V|L:ZU|jij7 Izevl'lvra (54)
=1

wherev_ are the flavour neutrino fields;,_ is the left-handed field of neutring; having a mass
m; andU is the Pontecorvo-Maki-Nakagawa-Sakata (PMNShixing matrix [8.[T]. All existing
v-oscillation data, except the data of LSND experim&nf2d], can be described assuming/3-
mixing in vacuum and we will consider only this possibility. The minimab 4nixing scheme
which could incorporate the LSND indications feroscillations is strongly disfavored by the data
[F4]. Thev-oscillation explanation of the LSND results is possible assumimgiiixing [63].

The PMNS matrix can be parametrized by 3 angles and, depending on wtiethreassive
neutrinosv; are Dirac or Majorana particles, by 1 or 3 CP-violati@{/) phases[[G€, 67]. In the
standard parameterizatign [86]

Upmns = V (812, B13, 023, 0) diag 1,9, €P),

C12C13 S12C13 S13
V = | —S12C23—C1093513€¢° C12C23— S1253512€° Sp3C13€° |, (5.5)
$12523 — C12C2351360  —C12523 — $12C23513€/° C23C13€°
wherec;j; = cos8j, sj = sing;j, the anglesd; = [0,11/2], 6 = [0,2m] is the DiracCPV phase
anda, 3 are two Majoran&PV phases[[G€,§7]. One can identifyr? = Am3, > 0. In this case
|AMZ |=|AmE, | =2 |AME,|, B12 = B, B23 = Oa. The anglefyzis limited by the data from the CHOOZ

experiment[[3J1]. The existinga-data is essentially insensitive 823 obeying the CHOOZ limit
[L7]. The probabilities of survival of reactog and solarve, relevant for the interpretation of the

12In the LSND experiment indications for oscillationg — Ve with (An?)_snp =~ 1 €V? were obtained. The LSND
results are being tested in the MiniBooNE experimérit [63].
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Solar + KamLAND(766.3 ton year) + CHOOZ
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Figure3: The 90%, 95%, 99% and 99.73% C.L. allowed regions inﬁhél -sir? 61, plane, obtained in a
three-neutrino oscillation analysis of the solar neutrk@mLAND and CHOOZ data[[}9].

KL, CHOOZ andv, - data, depend o643 (see, e.g.[[89]):

PV = sir 613+ cod 613 [1— Sirf 26,5 sir? Ar‘;lgElL:| ’

P 007 = 1— Sin? 20y sin? 478t | (5.6)

P3 = sin’ 613+ cost O13 P2/ (A2, B12; B13) ,

whereP2 is the 2v mixing solarve survival probability, eq.[(4]2), in the case of transitions driven
by Amg; and 62, in which (the solae™ number densityNe is replaced byNecos 613 [fJ], P2’ =

P, + P (see egs.[(4.3) anfl (}#.4)). In the LMA solution region one hdsM54),. 22 0. Using the
existing atmospheric and solar neutrino, CHOOZ and KamLAND data, one [[23d[61]:

Sin? 613 < 0.041  99.73% CL. (5.7)

In Fig. B we show the allowed regions in thmgl —Sirt By plane for few fixed values of s 3.
Thus, the fundamental parameters characterizing the 3-neutrino mixing) ahe 3 angles
612, 623, 613, ii) depending on the nature of - 1 Dirac (©), or 1 Dirac + 2 Majoranad, a, 3),
CPV phases, and iii) the 3 neutrino masges, mp, mz. It is convenient to express the two larger
masses in terms of the third mass and the meas\réd = Am2, > 0 andAm3. In the convention
we are using, the two possible signswhi correspond to two types of-mass spectrum:
e with normal hierarchyym < m, < mg,
Am/i = An‘él >0, My(3) = (Wﬁ—‘rAm%l(ﬂ))%, and
e with inverted hierarchym < my <y,
AMZ = AM2, < 0, mp=(m2 — Am2,) 7, etc.

The spectrum can also be
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e normal hierarchical (NH): m < m, < mg,

mp 2 (A, )z ~0.009 eV)mg 2 |AmZ |z ~0.05; or
e inverted hierarchical (IH): mg < My < my,

with my » = |Am2 |2 ~0.05 eV; or
e quasi-degenerate (QD): my = mp = mg = my, mj2 > |AmZ|. In this case one hagy 2 0.10 eV.

As is well-known, neutrino oscillations are not sensitive to the absolute s¢ateutrino
masses. Information on the absolute neutrino mass scale can be derflé@Bidecay experi-
ments [7P[71] 72] and from cosmological and astrophysical data. Thestnimgent upper bounds
on theve mass were obtained in the TroitZk [71] and MaipZ][72] experiments:

my, < 2.3eV at 95% CL. (5.8)

We havemy, = m » 3 in the case of the QI»-mass spectrum. The KATRIN experimeft][72] is
planned to reach a sensitivity wf;, ~ 0.20 eV, i.e. it will probe the region of the QD spectrum. The
CMB data of the WMAP experimenf 73], combined with data from large sdaletsire surveys
(2dFGRS, SDSS), lead to the following upper limit on the sum of neutrino ragsse, e.g.[[74]):

z m; =2 < (04-17)eV at95% CL. (5.9)
]

Data on weak lensing of galaxies, combined with data from the WMAP and Rlkd&kperiments,
may allowZ to be determined with an uncertainty &t~ 0.04 eV [74[75].

The type of neutrino mass spectrum, i.e. (mni), can be determined by studying oscillations
of neutrinos and antineutrinos, say, <> ve andv,, < Ve, in which matter effects are sufficiently
large. This can be done in long base-lin®scillation experimentd [76]. If sfre6;3 = 0.05 and
sir? 623 = 0.50, information on sg@\m3 ) might be obtained in atmospheric neutrino experiments
by investigating the effects of the subdominant transitiepg — Ve, and \7“(6) — Ve(m of at-
mospheric neutrinos which traverse the Eath [4[L, 42]. vy (or \7“(9)) crossing the Earth core,
the corresponding, e (or Vu(e)) transition probabilities can be maxim#l]40] due to the mantle-
core enhancement effect (neutrino oscillation length resonande)d8lissed in Section 3. For
Amﬁ > 0, the neutrino transitionzy(e) — Ve are enhanced, while faﬁm% < 0, the enhancement
of antineutrino transitions,, ) — V) takes place, which might allow to determine tym? ).

If sin? 813 is sufficiently large, information about smrmi) can be obtained by studying the
oscillations of reactowe on distances ok (30— 50) km [[77]. An experiment with reactove,
which might have the capability to determine §ym? ), was proposed recently i [78].

6. Outlook

After the spectacular experimental progress made in the studies of neagditiations, fur-
ther understanding of the structure of neutrino masses and neutrino noxkimgjr origins and of
the status of CP-symmetry in the lepton sector requires an extensive diehgimg program of
research in neutrino physics. The main goals of this research progiartdsnclude [6P]:

e High precision measurement of the solar and atmospheric neutrino oscillpticareetersimz,,
921, andAm%l, 923.

e Measurement of, or improving by at least a factor of (5 - 10) the existppeulimit on, 6,3 -
the only small mixing angle ilpyns. Together with the Dirac CP-violating phase, the arigjlg
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determines the magnitude of CP-violation effects in neutrino oscillations.

e Determination of the sign (ﬂm,§ (Anﬁl) and of the type of-mass spectruniNH, IH, QD, etc.).

¢ Determining or obtaining significant constraints on the absolute scalerasses, or omin(m;).

e Determining the nature of massive neutringsvhich can be Dirac fermions possessing distinct
antiparticles, or Majorana fermions, i.e. spin 1/2 particles that are identittathveir antiparticles.
This is of fundamental importance for making progress in our understguoditne origin of neu-
trino masses and mixing and of the symmetries governing the lepton sectotioliegateractions.
The presence of massive Dirac neutrinos is associated with the existeaa®served additive
lepton charge, which can be, e.g. the total lepton chargele+ L, +L;. If no lepton charge

is conserved by the particle interactions, the massive neutvinedll be Majorana fermions (see,
e.g., [IB[69[79)).

e Establishing whether the CP-symmetry is violated in the lepton sector a) due tirétoepbase

0, and/or b) due to the Majorana phaseandp if v; are Majorana particles.

e Searching with increased sensitivity for possible manifestations, othefitivaar neutrino oscil-
lations, of the non-conservation of the individual lepton chatges= e, u, 7, such au — e+,

T — U+, etc. decays.

e Understanding at fundamental level the mechanism giving rise to neutrissesi@nd mixing
and toL, —non-conservation, i.e., finding tAéeory of neutrino mixing. This includes understand-
ing the origin of the patterns of-mixing andv-masses suggested by the data. Are the observed
patterns ofv-mixing and ofAm%L31 related to the existence of new fundamental symmetry of par-
ticle interactions? Is there any relations between quark mixing and neutrinognexin, does the
relation 612+ 6:=11/4, wheref; is the Cabibbo angle, hold? 83 = /4, or 6,3 > 1/4 Or else
623 < 11/4? What is the physical origin @PV phases itUpyns? IS there any relation (correla-
tion) between the (values 0YPV phases and mixing angleslipymns? Progress in the theory of
v-mixing might also lead, in particular, to a better understanding of the mechafigeneration

of baryon asymmetry of the Universg[80].

Obviously, the successful realization of the experimental part of théarek program would
be a formidable task and would require many years. A number of experimérith are expected
to make important contributions to the future studies of neutrino mixing — T2KpRoOHOOZ,
Daya Bay, CUORE, GERDA, etc., sde| 6] B, B2, 83], are alreadgnpreparation.

The mixing anglesé1, 6,3 and 6,3, DiracCPV phased andAm%1 andArT%1 can, in principle,
be measured with a sufficiently high precision in a varietwaiscillation experiments (see, e.g.
[B9]). The Dirac CP-violating phas&is a source of CP-violation im-oscillations (see, e.g[ [B6,
B4]). The magnitude of the CP-violation effectsirpscillations is controlled by siy3sind.

The neutrino oscillation experiments, however, cannot provide informatiothe absolute
scale ofv- masses and on the nature of massive neutriosThe flavour neutrino oscillations
are insensitive to the Majorana CP-violating phageand 3 [66, B%]. Establishing whether;
have distinct antiparticles (Dirac fermions) or not (Majorana fermionsj fsirmdamental impor-
tance for understanding the underlying symmetries of particle interacfi@hsfit! the origin of
v-masses. The only feasible experiments having the potential of establiskifdajorana na-
ture of massive neutrinos at present are ({8 )oy-decay experiments searching for the process
(A,Z) — (A,Z+2)+e +e (for reviews see, e.g.[ L8, BB.]85]). The observatior{[88)o,-
decay and the measurement of the corresponding half-life with suffaoentracy, would not only
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be a proof that the total lepton charge is not conserved, but might gredsd a unique informa-
tion on the i) type of neutrino mass spectrym] [87] (see [88]), ii) absakeale of neutrino
masses (see, e.g[ 88]), and iii) Majora@B-violating (CPV) phased[89, B6]. if; are Majo-
rana fermions, getting experimental information about the Majorana CPinglahases itUpyns
would be a remarkably challenging problem][§0, B1, 92]. The phasassd can affect signifi-
cantly the predictions for the rates of the (LFV) decpys> e+ y, T — L+, etc. in alarge class of
supersymmetric theories with see-saw mechanism of neutrino mass geng@@lidrhe Majorana
CPV phase(s) in the PMNS matrix can play the role of the CP-violating paraisletecessary for
the generation of baryon asymmetry of the Universe (5de [94] andftremees quoted therein).

The compelling experimental evidences obtained during the last severral fgg existence
of neutrino oscillations, caused by nonzero neutrino masses and neuiisimg, opened a new
exciting field of research in elementary particle physics and astrophyBiese is no doubt that
progress in the studies of neutrino mixing and oscillations will lead to more pnofanderstanding
of the fundamental forces governing particle interactions and of theets@wve are living in.
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